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Abstract. The aim of this paper is to prove the existence and unique-
ness of fixed point for (¢ — ¢)- weak contraction mappings and (¢ — ¢)-
weak contraction mappings in a complete and Hausdorff generalized
metric space.
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1. Introduction

An element v of a set X is called a periodic point for the mapping 7" : X — X,
if v = TPv for some p € N. If equality holds for p = 1, then v is called a fixed
point of T. So any fixed point is a periodic point but the inverse is not true.
A noticeable subject for a mapping T : X — X is the study of conditions in
which a unique fixed point exists.
The fixed point theorem most frequently cited in literature is Banach contrac-
tion mapping principle, which asserts that if X is a complete metric space and
T : X — X is a contractive mapping i.e., there exists A € [0,1) such that for
all z,y € X,

d(Tz, Ty) < \d(z,y). (1)

then T has a unique fixed point. The contractive property (1) implies that T
is uniformly continuous. In 1969, Boyd and Wong [4] introduced the notion of
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p-contraction. A mapping 7' : X — X in a metric space is called ¢-contraction
if there exists an upper semi-continuous function ¢ : [0, 00) — [0, 00) such that
for all z,y € X,

d(Tz, Ty) < p(d(a,y)).

In 2000, Branciari introduced the notion of a generalized metric space in which
the rectangle inequality has been supposed instead of triangle inequality of a
metric space. He also extended the Banach contraction principle in such space.
After that, many results were established about fixed points in this useful space.
For more details about fixed point theory in generalized metric spaces, we refer
the reader to Akram and Siddiqui [1], Azam and Arshad [3], Das [7,8], Das and
Lahiri [9,10], Fora et al. [12], Mihet [14], Samet [15,16] and Sarma et al. [17].
In 2012, Chen and Chen [6] introduced the notion of (¢ — ¢) and (¢ — p)-weak
contraction mapping in a generalized metric space and proved two theorems
which assure the existence of a periodic point for these two types of weak
contraction.

In this article, we refine these results; in fact we prove the existence and unique-
ness of fixed points for these types of functions.

2. Preliminaries
We recall the definition of a generalized metric space as follows.

Difinition 2.1. [5] Let X be a nonempty set. If the mapping d: X x X — R,
satisfies:

(1) d(z,y) 20, for all z,y € X and d(x,y) = 0 if and only if x = y;

(2) d(z,y) = d(y,x) for all x,y € X;

(3) d(z,y) < d(z,w) + d(w, z) + d(z,y) for all xz,y € X and for all distinct
points w,z € X — {z,y} (rectangular property).

Then d is called a generalized metric on X and (X,d) is called a generalized
metric space (g.m.s.).

Let (X, d) be a generalized metric space, {x,} be a sequence in X and x € X.
If for every € > 0 there is an ng € N such that d(x,,z) < e, for all n > ng
then {z,} is said to be g.m.s. convergent to z. We denote this by lim z, =z,

n—oo

or z, — x, as n — oo. If for every € > 0 there is an ny € N such that
d(xp, Tnym) < &, for all n > ng then {x,} is called a g.m.s. Cauchy sequence
in X. If every g.m.s. Cauchy sequence in X is g.m.s. convergent in X, then X
is called a complete generalized metric space.

Now we recall the notion of Meir-Keeler function (see [13]). A function ¢ :
[0,00) — [0,00) is said to be a Meir-Keeler function if for each n > 0, there
exists § > 0 such that for ¢ € [0,00) with n <t <7+, we have ¢(t) < n. In



FIXED POINTS FOR WEAK CONTRACTION ... 51

[2,11], the authors proved the existence and uniqueness of fixed points for var-
ious Meir-Keeler type contractive functions. In [6] Chen and Chen introduced
the below notions of the weaker Meir-Keeler function ¢ : [0, 00) — [0, 00) and
stronger Meir-Keeler function 1 : [0,00) — [0, 1).

Definition 2.2. [6] A mapping ¢ : [0,00) — [0,00) is called a weaker Meir-
Keeler function if for each n > 0, there exists 6 > 0 such that for t € [0, 00)
with n <t <n+ 9, there exists ng € N such that ™ (t) < 7.

Definition 2.3. [6] A mapping ¢ : [0,00) — [0,1) is called a stronger Meir-
Keeler function if the function v satisfies following condition

V>0 39>0 3v,€(0,1) Vie[0,00)(n<t<n+d=9(t) <.

In the following we mention some conventions. Throughout the paper we use
notations ¢, p and v, for mappings satisfying the convention.

Conventions
e By ¢ we mean a mapping ¢ : [0,00) — [0, 00) which satisfies:
1) ¢ is a weaker Meir- Keeler function;
2) ¢(t) > 0 for t > 0 and ¢(0) = 0;
3) for all t € (0,00), {¢"(t)} is decreasing;
) for ¢, C [0,00), we have
(¢a.1) if limy, o £, = 7 > 0, then lim, o ¢(t,) < r, and
(Pa.2) if limy, o0 t, = 0, then lim,, o ¢(t,) = 0.
o Let ¢:[0,00) — [0,00) be a non - decreasing function satisfying:
(p1) @(t) > 0 for t > 0 and ¢(0) = 0;
(p2) @ is subadditive, i.e. for every a, as € [0,00), p(ag+a2) < p(a1)+
p(az);
(p3) for all t,, € (0,00),lim, 00 t, = 0 if and only if lim,, o @(t,) = 0.

(¢
(¢
(¢
(¢4

e Let the function ¢ : [0,00) — [0,1) satisfies the following conditions:
(1) ¥ : [0,00) — [0,1) is a stronger Meir-Keeler funcion;
(2) ¥(t) > 0 for t > 0 and (0) =0

3. Fixed Point Theorems

Now we recall the notion of the (¢ — ¢)-weak contraction mapping and then
prove existence and uniqueness of a fixed point for the (¢ —¢)-weak contraction

mapping.
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Definition 3.1. [ﬁ] Let (X.d) be a generalized metric space, and T : X — X
be a function satisfying

p(d(Tz, Ty)) < d(p(d(z,y))), (2)
for all x,y € X. Then T is said to be a (¢ — @)-weak contraction mapping.

Theorem 3.2. Let (X, d) be a Hausdorff and complete generalized metric space.
If T : X — X is a (¢ — p)-weak contraction mapping, then T has a unique
fized point in X.

Proof. Let x5 be an arbitrary point of X, and define the sequence {z,}
inductively by
Tnit=Txq, n=2012---.

Since T': X — X is a (¢ — ¢)-weak contraction mapping, by (2) for each
n,i € N, we observe that

@(d(Tzn-1,TTnsi 1))
d(pld(rn-1,Tnti-1)))
O(D(p(d(wn—2,Tnyi-2))))
#*(p(d(Tn—2, Tnti-2)))-

lf’(d(:ﬂﬂ‘! mﬂ+£))

/AN/AN

Il

So by induction we have
eld(xn, 2nyi)) < o™ (@(d(z0,2i))), n,i€N.

On the other hand according to (¢3), for a fixed i € N the sequence {¢" (¢(d(zq, z:)))}
is decreasing, and so converges to some n = 0. In fact, for each § > 0, there
exists p € N such that for every n > p we have

n < " (p(d(zo, x:))) <n+0. 3)

We show that n = 0. Suppose 1 > 0. Since ¢ is a weaker Meir Keeler function,
corresponding to 7, we may choose § > 0 and ng € N such that ¢™(t) < n for
every t € [,1+ 0). By (3) with respect to 4, there exists py € N such that for
all n = py

n < ¢"(e(d(zo,25))) < n+ 0. (4)

Letting ¢t = ¢P0(p(d(xg, x;))), we conclude that

PP (p(d(z0, 74))) < .

which contradicts with (4). Therefore, lim, o ¢"(p(d(z0,2;))) = 0,that is,
for each i € N,
lim ¢(d(zn, Tnti)) = 0.

n—oo
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In particular when i = 1,2, we get

Jim_o(d(wn, Tnt1)) =0, (5)
ﬂlil-glo 99(0-'(3711 5 :I:n-i-?.)) = 0. (6)

Now we show that lim, ;.. ¢(d(z,,z,)) = 0, that is, for every £ > 0, there
exists n € N such that d(z,, zs) < = for r,s > n. If not, there exists £ > 0 such
that for any n € N, there are r,, s, € N with r, > s,, = n satisfying

{P(d(ﬂ,‘?—-“ s Lay, )) ; .
Further, corresponding to s,, we can choose r,, in such a way that it is the small-
est integer with r,, > s, = nand p(d(zs, , ., )) = c. Therefore (d(zs, , v, 1)) <
¢ . By the rectangular inequality and subadditivity of ¢, we have
€ < ‘P(d(mr" s, )) S ‘P(d(mr,, 585, =2) -+ d(il'r,‘-z, Zp,—1) + d(Zr,-1,%5,))
< pld(zy, ®r,—2)) + @(d(@r, —2, 20, -1)) + €.
Letting n — oo, by (5) and (6) we get
I'll‘i—l"r'}(. (Ia(d(g:"n 1 La, )) =¢&.
On the other hand, we have
old(z,,  xs,)) < ld(zy,,xr,—1) + d(Tr,—1. 25, —1) + d(zs, -1, 25,,))
< @(d(@r, @r,-1)) + PA(Tr, 1,7, 1)) + P(d@0,-1,25,)),
which shows that

liminf o(d(z,, 1,25, 1)) = ¢,

n—0oc

and

o(d(zy,—1.2r,) +d(z,,, v5,) + d(zs, , 25, 1))
eld(zy, —1.2,)) +@ld(xy,, x5,)) + @ld(zs, . 25, —1))-

(,-Q(d(.?.‘,r” —1:¥5,—1 ))

/AN /AN

It means that
limsup ¢(d(zy, -1, 25, -1)) < &

n—00
So we obtain
lim p(d(z,,-1,%s,.-1)) =¢.

n—00

Using the inequality (2), then

e(d(@r,,xs,)) = e(d(Tr,-1,TTs,-1))
< ‘f)(ﬁo(d(mr"—lsrsn—l)))'
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Letting n — oo, by the condition (¢4), we have

e < lim ¢(p(d(xy,—1,%s,-1))) < €.
n—oo

So we get a contradiction. Hence, for every ¢ > 0, there exists n € N such that
d(xp,zs) < € for r;s > n, that means lim, ;o @(d(z,, zs)) = 0. Now letting
tn = SUp,. s>, d(7,, ), we see that lim,, . ¢(t,) = 0, and then lim, o t, =0
by condition (¢3); which implies that lim, 5o d(2y, zs)) = 0. Thus {z,} is a
g.m.s. Cauchy sequence in complete generalized metric space X, and so it is
g.m.s. convergent to some v € X.
In this situation we show that v is a fixed point for T'.
In a particular case if there exist n,m € N with n < m such that z,, = x,,,
then, we observe that

{xnaxn+17"'}:{xnvxn—i-l;"' amm—1}~ (7)

Since {z,} is g.m.s. convergent to v, then for every ¢ > 0, we have d(z,,v) < e
for enough large numbers r. The equality (7) implies that for each £ > 0 and
n<r<m-1,d.,v) <e Summing up we have x, = T,y1 = -+ = Ty, =
-+« =wv. Moreover v = x,, = Tz, is a fixed point of T

In the general case by the inequality (2), we obtain

e(d(Tzn, Tv)) < ¢(p(d(zn,v))).
Therefore, by (3) and (¢4) we get

lim p(d(Tzy,Tv)) =0.

n—oo

Put t,, = d(Tx,,Tv) and use the condition (p3) to see that

lim d(Tx,,Tv) =0.

n—oo

Since (X, d) is Hausdorff we conclude that

Tv = lim Tx, = lim x,41 = v.
n—oo n—oo

So v is a fixed point of T'.

Finally we show that the fixed point v to T is unique.Suppose that v; and vy

are two distinct fixed points of T

Putting = v; and y = vy in (2), we have

p(d(Tv1, Tvg)) < ¢(p(d(v1,02))).
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On the other words

p(d(v1,v2)) < P(p(d(v1, v2)))- (8)

Let t, = ¢(d(v1,v2)). Then we have lim, .o t, = r > 0 and by (¢4),
lim,, o ¢(tn) < r, which contradicts with inequality (8). Therefore,

p(d(vi,v2)) = lim ¢, =0.

So by (1), we have d(vy,v2) =0, that is, v1 = v9. O

Remembering the functions ¥ and ¢, we next define the notion of the (¢ — p)-
weak contraction mapping and then prove the fixed point theorem for the
(¢ — p)-weak contraction mappings.

Definition 3.3. [6] Let (X, d) be a generalized metric space, and let T : X — X
be a function satisfying

e(d(Tz, Ty)) < ¢(e(d(z,y)))-(d(z,y)), (9)
for all z,y € X. Then T is said to be a (¢ — p)-weak contraction mapping.

Theorem 3.4. Let (X, d) be a Hausdorff and complete generalized metric space.
IfT: X — X is a (Y — p)-weak contraction mapping, then T has a unique
fixed point v in X.

Proof. Let g be an arbitrary point of X, and the sequence {z,} is defined
inductively by
Tn41 :T,In, (712071,2,)

Since T is a (¢ — ¢)-weak contraction mapping, we have for each n € N,

o(d(Twp_1,Try))
< Ple(d(@n-1,70)))-p(d(Tn-1,Tn))
< @(d(@n-1,7n))

o(d(2n, Tni1))

Thus the bounded below sequence {(d(xy,, zn+1))} is decreasing and hence it
is convergent to some 7 > 0. Suppose lim, o @(d(zy, Tpt1)) =n > 0. Then
for each 6 > 0 there exists ns € N such that for all n € N with n > ng

n < o(d(@n, Tnt1)) <n+0 (10)
Further, corresponding to 7, there exists v, € [0,1) such that for all n > ns,

w(sa(d(mn; xn+1))) < Y-
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Therefore, it can be deduced that for each n € N with n > ng + 1
(P(d(irnv anrl)) = @(d(Tﬂfn—h Txn))

< Plpld(zn_1,2n)))-0(d(Tn-1,70))
< '771-<P(d($n—1axn))
< 'Vg_n5~<)0(d(xn5>$n5+l>)'

Since v, € [0,1), so we get a contradiction. Therefore n =0 and

lim p(d(zp,xn+1)) = 0. (11)
A similar process also shows that
lim p(d(2g 042)) = 0. (12)

By a similar argument to proof of Theorem 3.2. we find that {z,} is a g.m.s.
convergent sequence i.e. lim, .., T, = v for some v € X. Now we show that v
is the unique fixed point of T'.

By using the inequality (9), we obtain

p(d(Txn, Tv)) < p(e(d(zn, v)))-e(d(zn, v)).

Therefore,
lim o(d(Tz,,Tv)) = 0.

n—oo

By putting t,, = d(T'z,, Tv) and using the condition (¢3), we have
lim d(Tz,,Tv) =0.

Since (X, d) is Hausdorff,
Tv= lim Tz, = lim z,41 =v;
n—oo n—oo

which means that v is a fixed point of 7. Suppose that v; and vy are two
distinct fixed points of T
Putting z = v; and y = vy in (9), we have

@(d(Tv, Tva)) < (p(d(vi,v2))).p(d(v1, v2)).
That is,
e(d(v1,v2)) < P(p(d(v1,v2)))-¢(d(v1, v2)). (13)
If ¢t = p(d(vy,v2)) > 0, then by condition (¢2), we obtain ¢(¢) > 0 and since

1 is a stronger Meir-Keeler function then ¢ (t) < 1, which contradicts with the
inequality (13). Therefore, d(vy,v2) = 9(t) = 0. That is, v1 = va. O



1]

FIXED POINTS FOR WEAK CONTRACTION ... 57

References

M. Akram, A. Akhlag, and A. Siddiqui, fixed-point theorem for A-
contractions on a class of generalized metric spaces, Korean J. Math. Sci.,
10 (2) (2003), 1-5.

A. Anthony Eldred and P. Veeramani, Existence and convergence of best
proximity points. J. Math. Anal. Appl., 323 (2006), 1001-1006.

A. Azam and M. Arshad, Kannan fixed point theorem on generalized
metric spaces, J. Nonlinear Sci. Appl., 1 (1) (2008), 45-48.

D. W. Boyd and S. W. Wong, On nonlinear contractions. Proc. Amer.
Math. Soc., 20 (1969), 458-464

A. Branciari, A fixed point theorem of Banach-Caccippoli type on a class
of generalized metric spaces, Publ. Math. Debrecen, 57 (2000), 31-37.

C. M. Chen and C. H. Chen, periodic point for the weak contraction
mappings in complete metric spaces, Fized Point Theory and Applications,
79 (2012), doi:10.1186,/1687-1812-2012-79.

P. Das, A fixed point theorem on a class of generalized metric spaces,
Korean J. Math. Sci., 9 (2002), 29-33.

P. Das, A fixed point theorem in a generalized metric space, Soochow J.
Math., 33 (1) (2007), 33-39.

P. Das and B. K. Lahiri, Fixed point of a LjubomirC”iric"s quasi-
contraction mapping in a generalized metric space, Publ. Math. Debrecen.,
61 (2002), 589-594.

P. Das and B. K. Lahiri, Fixed point of contractive mappings in general-
ized metric spaces, Math. Slovaca, 59 (4) (2009), 499-504.

M. DelaSen, Linking contractive self-mappings and cyclic Meir-Keeler con-
tractions with Kannan self-mappings. Fized Point Theory Applications.,
23 (2010), doi:10.1155/2010/572057.

A. Fora, A. Bellour, and A. Al-Bsoul, Some results in fixed point theory
concerning generalized metric spaces, Mat. Vesnik, 61 (3) (2009), 203-208.

A. Meir and E. Keeler, A theorem on contraction mappings. J. Math.
Anal. Appl., 28 (1969), 326-329.

D. Mihet, On Kannan fixed point principle in generalized metric spaces,
J. Nonlinear Sci. Appl., 2 (2) (2009), 92-96.



58 M. ZARE AND P. TORABIAN

[15] B. Samet, A fixed point theorem in a generalized metric space for map-
pings satisfying a contractive condition of integral type, Int. J. Math.
Anal., 3 (26) (2009), 1265-1271.

[16] B. Samet, Discussion on: a fixed point theorem of Banach-Caccioppoli
type on a class of generalized metric spaces by A. Branciari, Publ. Math.
Debrecen., 76 (4) (2010), 493-494.

[17] I. R. Sarma, J. M. Rao, and S. S. Rao, Contractions over generalized
metric spaces, J. Nonlinear Sci. Appl., 2 (3) (2009), 180-182.

Mahtab Zare

Department of Mathematics

M.Sc of Mathematics

Estahban Branch, Islamic Azad University
Estahban, Iran

E-mail: zare_8585@Qyahoo.com

Parisa Torabian

Department of Mathematics

Assistant Professor of Mathematics
Jahrom Branch, Islamic Azad University
Jahrom, Iran

E-mail: parisatorabian@yahoo.com



