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Abstract. In this paper we study the weighted composition operator
1Cy on the Dirichlet type spaces DE (D). We show that if the weighted
composition operator Cy is bounded on such spaces(for 1 < p < 2)
then the related measure pip o, is a Carleson measure. Also we show
that if the weighted composition operator ¥Cy is an isomety on DE (D)
then 1.¢ is a rotation map on D.

AMS Subject Classification: 47B38; 30H05; 47B33.
Keywords and Phrases: Weighted composition operator, Dirichlet
type spaces, Boundedness, Carleson measure, Isometry.

1 Introduction

Let D be the open unit disc in the complex plane C. The Lebesgue area
measure on D is defined by dA(z) = rdrdf = dzdy. Denote by H (D) the
class of all analytic functions on D.
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Given a > —1 and p > 1, the standard weighted Bergman space
AL,(D) consists of all analytic functions f on D for which

114 Z/D\f(Z)!p(l— |2[*)*dA(2)

is finite. The space A(Q), usually denoted by A?, is called the (unweighted)
Bergman space. Note that A% (D) is Banacah space for p > 1 and Hilbert
space for p = 2 (see [5], [06] and [21] for the theory of these spaces).
The weighted Dirichlet type space Db is the space of all f in H(D)
such that f' € A%, equipped with the norm ||f|[pz = [f(0)] + [|f/|] 42 -
The space D = D? is the classical Dirichlet space of analytic functions.
Clearly DP C D? when 1 < g < p.

Given an analytic functions ¢ and % in the unit disc D such that
(D) C D, the weighted composition operator ¢C,, defined by

VCf (2) = ¥(2)f ((2)),

for f € H(D) and z € D. The composition operator C,, is obtained when
1 = 1. Clearly these operators are linear. By an easy application of the
Closed Graph Theorem, the action of these operators on any classical
Banach or Hilbert space of analytic functions in the unit disc implies
theirs boundedness on that space.

A linear operator T on a Banach space X is said to be an linear
isometry if

TSl x = IIfllx,

for any f € X. On a Hilbert space this is equivalent to T*T = I; if the
(Hilbert space) isometry is also onto, it is called a unitary operator and
is characterized by the property T*T =TT* = 1.

Let u be a finite positive Borel measure on D. For |[{| =1and 0 < § <
2, 5(&,6) is the Calreson set {z € D : |z —¢| < §}. The measure y is said
to be Carleson if there is a constant C such that u(S(&,8) < C62+ for all
& and §. Carleson measures have been useful in the study of composition
operators in several settings (see [7], [ 1], [12], [13], [20]). For w € D, let
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N3 (¢, w) denotes the number of zeroes (counting multiplicities) of the
equation ¢(z) — w. for 1 < p < 2 and w € D and analytic map ¢ on D,
we define modified counting function

(L= 2P (2)P
¢ (2)]>~7

where the sum extends over the zeros of ¢ —w, repeated by multiplicity.
In particular, Np q.4(¢,w) =0 for w ¢ ¢(D). Clearly with ¢ =1, « =0
and p = 2 we have Na(¢, w).

Let f1p o o be the measure defined on D by djiy, o (W) = Np .4 (¢, w)dA(w),
1<p<2.

Np,md}(d)aw) = Z

Interest in the spaces of DP is motivated by the work of R. Roan
[17] and B. D. MacCluer [12], who studied composition operators on S?,
the space of functions with derivatives in the Hardy space H? for p > 1.
In [15], G. Mirzakarimi and K.Seddighi characterize compact weighted
composition operators on D2. Other related works appears in [13], where
MacCluer and J. H. Shapiro studied the boundedness and compactness
of composition operators on the weighted Dirichlet space DX in the case
p = 2. Also the isometric composition operators on analytic function
spaces has been studied by many authors. For more information see
[1, 2, 3]. In [8] Kolaski gave a characterization of all surjective isometries
of a weighted Bergman space A5. The Hilbert Bergman space A2, of
course, possesses plenty of isometries. Carswell and Hamond [2] have
shown, among other results that the only composition operators that are
isometries of the weighted Hilbert Bergman space A2 are the rotations.
As another well-known analytic function space, Hilbert space H? has
plenty of isometries. How ever Nordgreen [16] showed that the only
isometries of H? among the composition operators are the operators
induced by inner functions that vanish at the origin. Also Bayart [!]
showed that every composition operator on H? which is similar to an
isometry is induced by an inner function with a fixed point in the disk.
In this article we study the boundedness of the weighted composition
operators on Dirichlet type spaces DE(D) in the case 1 < p < 2 and
«a > —1. The relations between the boundedness of such operators and
a special class of measures on the unit disk, Carleson measure, is shown.
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Also we study the isometric composition operators on D&(D) and obtain
the condition for which the isometric weighted composition operator
1Cy define an isometric composition operator Cy, 4 on the space Dg (D).

2 Weighted composition operators on Dirichlet
type spaces

Definition 2.1. Suppose 1 < p < 2, a > —1 and p is a finite positive
Borel measure on . Then p is a Carleson measure for A5 (D), if and
only if A5(D) C LP(p) and the identity map

Io: AP — LP(p)

is a bounded linear operator. It is equivalent with following statement:
There exists a constant C such that

LU @Paut:) < Iy g

for allf € AL(D).

The action of composition operators and weighted composition op-
erators on analytic function spaces such as Bergman, Hardy, Dirichlet
and Dirichlet type spaces has been studied by many authors (see for

example [7], [9], [10], [19] and [20]). The books [!] and [1&] are good
monographs in this content.
In [20], Zorboska has studied bounded and compact composition opera-

tors on weighted Dirichlet spaces. His method involves integral averages
of determining function for the operator. In this article we study the
boundedness of the weighted composition operators on the Dirichlet type
spaces Dh(D) for 1 < p < 2.

Theorem 2.2. The composition operator Cy is bounded on Di(D) if
and only if pip a1 is a Carleson measure.

Proof. Suppose Cy is bounded on DY then for f € DE(D) with f(0) =0
there exists a constant C' such that [|Cy(f)||prmy < ClIf|pr(w)- Since
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the evaluation at ¢(0) is bounded operator on DX (D), so

/lf 2)P16'(2)P(1 — |o*)*dA(2) < C/le'(Z)lp(l |2[%)dA(z).

(1)

By the usual change of variable formula, if w = ¢(z) then dA(w) =
¢/ (2)[?dA(z). So

LI GEIPEEPa = Rraae) = [ 1£ 0N, a6 ujdaw)
(2)
- / /() P10
Let g € AL(D) and f(z) = [; g(w)dw. Then f'(z) = g(z) and inequality
(1) implies that

/ 9P dppas (=) < C / 9()P(L = |22 dA(2).

Hence by Remark 1, i, o1 is a Carleson measure.
Now suppose that pi, 1 is a Carleson measure. Then for g € AL (D) we
have

/Ig(Z)\pdup,a,l(Z) SC/ l9(2)IP(1 = |2*)*dA(2),
D D

for a Constant C. But for f € DE(D) we have f’ € AL (D). By using
formula (2) and since eveluation at ¢(0) is a bounded linear operator on
Dk, we have

1fodll pz () = /D |(foo) (2)[P(1 = |2*)*dA(2) + | fop(0)]

= [ 17O diga(z) +1£0000)

<G /D ' (2)P(1 = [2[*)*dA(2) = C1lIf1] g (o)
for constant Cy. So Cy is bounded on DY(D). [

Theorem 2.3. Suppose that the weighted composition operator Cy is
bounded on DE(D), then puy, o is a Carleson measure.
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Proof. Suppose that ¥/Cy is bounded on DE(D) and f € DE(D) with
f(0) = 0. Hence there exists a constant C such that

[WCs(HIpzm) < ClIfllpe(y-

So for a constant C), we have

/DW(z)Iplf’@b(Z))Ip!<f>’(z)\”(1 — |2)*dA(2)

+/ W (PN (@)1 |2[*)*dA(2)
D

! p — |z 2\« 2).
ng/DIIf(z)H (1 - [2)*dA(z)
Thus
/D P GE)PIE P — |22)dAz)

<c, /D I/ NP~ 22)°dA(z). (3)

By the usual change of variable formula, if w = ¢(z), similar to the proof
of theorem 2.2,

/ ()Pl BDIPI ()P (1—|2[2) dA(z) = / 17 () PNy dA(2)
D D
(4)
- / 1 ()] Pl (10).
D
Let g € AL(D) and f(z) = [ g(w)dw. Then f'(z) = g(z) for z € D and

according to (3) and (4) we have

/Hg(Z)deup,a,wS/Hg(Z)Hp(l—le)“dA(Z)-
D D

Hence by Definition 2.1 1, o4 is a Carleson measure. g

Lemma 2.4. Suppose that the weighted composition operator ¢Cy is
bounded on DE(D). Then for 1 < q < p, 1.¢ is in DL(D).
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Proof.. If ¢)Cy is bounded on DY(D), then for any f € DE(D) there
exists a constant M such that

1Y Cos fll prmy < M| fllprm)y < oc.
If we let f = Identity, then
1199/l pr(wy = [V Cs(1d)|| pr(m) < 00
So v.¢ is in DE(D) and thus for ¢ < p, is in DA(D). O

Proposition 2.5. Suppose that the weighted composition operator Cy
is bounded on DE(D). Then for 1 < q < p, Hq,ap 1S @ finite measure on
D.

Proof.. If 1/Cy is bounded on DE(D) then for f € D we have

1Y fogl| pr(py < oc.

So if we consider f = 1, then

PCof(2) = hCs1(2) = h(2)1(d(2)) = ¥(2)-

Thus
[WCs1|| pr(wy = |¢(0)|+/D|1//(2)\p(1— |2[%)*dA(2) < c0.  (5)

The triangle inequality gives us

[We'| < [9'¢+ e[+ [¢'¢l.

Since Im ¢ C D and [¢(z)| < 1 for z € D, so for a constant C), we have
/D|¢(z)|1’y¢’(z)\1’(1 — |2[*)*dA(2)
< /D[|(w¢’>(z> + (W) (2) + (') (2)IP(1 - |2*)*dA(2)

<G, [ 1oV P (1 = |PdA) +C, [ [08)(:)P(1 = o) dAC)
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<, / W) (2)P(1 — [2)?)*dA(=) + C, / WP~ [22)°dA(2).
D D
Hence, according to formula (5) and Lemma 4,
/D (P18 (2) (1 — |2)*dA(z) < oo

Thus the Holder inequality gives us

Nq,ou,/; / q,0,) (;57 (w)
- /D 6(2)[9]¢/(2)7(1 — |2[2)°dA(2)
Pl ()P(1 — |2]2)~ z% — [z]2)e z% 0.
s(/ﬂ)wm 6 (2)P(1 — |2)*dA(2) </Dl<1 2P)RdA(2) 7 <

So the proposition is proved. O

Theorem 2.6. Suppose that the weighted composition operator Cy is
bounded on DE(D) and 1 < g < p. Then pg 0. is a Carleson measure.

Proof. Since ¢ < p, Holder inequality implies that

paa(S.0) = [ 66/ |9(1 — [2P)?dA(z) <
¢~1(5(¢,9))
p'pl—z2°‘dAz% 11—z2°‘dAzpr%q
g POPA— R aAGE 10— f)aac)
< fpaw(S(C,8) P A(™1(S(¢,8) 7). (6)

Since 9 Cy is bounded on standard weighted Bergman spaces, then def-
inition 2.1 implies that the measure A¢~! is Carleson. Thus inequality
(6) yields

g (S(C,6)) < (C16%7) 7 11,0, p(S(C,8)7, (7)

for a constant C7. Since ¥Cy is bounded on D so according to Theorem
2.3, there is a constant C3 such that p, o < Cy6%+, for all ¢ and § as
described above. Thus formula (7) implies that i, .4 (S(¢,8)) < C6*T,
for a constant C. So fig .,y is a Carleson measure. g
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3 Isometric weighted composition operators on
Dirichlet type spaces

In this section we characterized all isometries among the weighted com-
position operators on the Dirichlet type spaces by using simple ideas.
The following two theorems has been proved in [9]

Theorem 3.1. Let ¢ be a self map of the unit disk. Then the induced
composition operator Cy is a surjective isometry on the weighted Dirich-
let type space D&, 1 < p < 00, —1 < a < o0 if and only if ¢ is a rotation
map.

Theorem 3.2. Let ¢ € Aut(D). Then the induced composition opeara-
tor Cy is an isometry on the weighted Dirichlet type space DE(D), 1 <
p < o0, and —1 < a < oo, if and only if ¢ is a rotation map.

To prove our main results in this section, we use the following lemma
that has been proved in [14].

Lemma 3.3. Let pu be a positive measure on the measure space 2, M a
subspace of LP(Q,du), 1 < p < oo and let T be a linear isometry of M.
Then

[ Tl Tadu = [ flgPgdn
Q Q
for all f,g in the subspace M.

Theorem 3.4. If the weighted composition operator yC,, is an isometry
of DE(D) then (¢.)(0) = 0.

Proof. Consider M = D (D) a subspace of LP(D, (1 — |z|?)*dA), re-
spectively. Put g = 1 and T'f = ¢¥C,f in Lemma 3.3 Use the Mean
Value Property to get

1 2 )
/fwdA = 2/ ( f(re®Ydm(0))w(r)rdr
D 0 0

1
—2 /O F(O)w(r)rdr = cuf(0),
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for some positive constant ¢,,. Using the lemma 3.3, we get

[ wda= [ @CunICoP @O TwdA -

D D

/ (WC, )P~ (Fwd A = / G[PCy frod A =
D D

1 2w
P fod)(re'?)dm(0))w(r)rdr = cy|h|P o .
2 [ ([ @l oo e am(O))wtr)rdr = eulwP(0)(fod) 0
Hence f(0) = ¢(0)(fo¢)(0). Choosing f(z) = I,we get the result. [

Theorem 3.5. Suppose that the weighted composition operator ¥Cy is
an isometry of D& (D). Then 1. is a rotation map.

Proof. Let v(z) = (¢.¢)(z). Then according to theorem 3.4 v(0) = 0.
But the composition operator 1)Cy is an isometry on DL (D), so we have

1WCo(Nllnz )y = Il pzcoy, for f € DP(H»). Consider f = Identity,
then |1/l pg o) = 1711 pg)- S0 1100 Il ) = 114z o) Hence

0= |11 iy — 11(W8) s / | 1LP = () PI(L — |2*)*dA(2).
This equality is only possible if |1 — [(¢.¢)'| | = 0. So
).¢(2) = [Az
for |[A\| = 1. That is ¢.¢ is a rotation. O
Corollary 3.6. Suppose that the weighted composition operator ¥Cy is
an isometry of DE(D) and 1.¢ € Aut(D) Then the un-weighted compo-

sition operator Cy ,, is an isometry of D5(D).

Proof. The corollary follows by using theorem 3.5 and Theorem 3.2
O
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Conclusion

In this paper we study the relation between the boundedness of the
weighted composition operator ¢)Cy and the Carleson measure i, oy -
Also we study the isometric weighted composition operators on Dirichlet
type spaces DE(D). In section 2, firs we show that if the weighted
composition operator ¢)Cy is bounded on DX(D), then the measure i, oy
is a Carleson. Next, we show that the boundedness of ¥/Cy on DE(D)
implies that for 1 < ¢ < p, pig,q,p is also a Carleson measure.

In section 3, we show that if the weighted composition operator ¥Cy is
an isometry on Dirichlet type spaces, then .¢ will be a rotation map.
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