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Abstract. In this paper we study the weighted composition operator
ψCφ on the Dirichlet type spaces Dp

α(D). We show that if the weighted
composition operator ψCφ is bounded on such spaces(for 1 ≤ p < 2)
then the related measure µp,α,ψ is a Carleson measure. Also we show
that if the weighted composition operator ψCφ is an isomety on Dp

α(D)
then ψ.φ is a rotation map on D.
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1 Introduction

Let D be the open unit disc in the complex plane C. The Lebesgue area
measure on D is defined by dA(z) = rdrdθ = dxdy. Denote by H(D) the
class of all analytic functions on D.
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Given α > −1 and p ≥ 1, the standard weighted Bergman space
Apα(D) consists of all analytic functions f on D for which

||f ||p
Apα

=

∫
D
|f(z)|p(1− |z|2)αdA(z)

is finite. The space A2
0, usually denoted by A2, is called the (unweighted)

Bergman space. Note that Apα(D) is Banacah space for p ≥ 1 and Hilbert
space for p = 2 (see [5], [6] and [21] for the theory of these spaces).
The weighted Dirichlet type space Dpα is the space of all f in H(D)
such that f ′ ∈ Apα, equipped with the norm ||f ||Dpα = |f (0)| + ||f ′||Apα .
The space D = D2 is the classical Dirichlet space of analytic functions.
Clearly Dp ⊂ Dq when 1 ≤ q < p.

Given an analytic functions ϕ and ψ in the unit disc D such that
ϕ(D) ⊂ D, the weighted composition operator ψCϕ defined by

ψCϕf (z) = ψ(z)f (ϕ(z)),

for f ∈ H(D) and z ∈ D. The composition operator Cϕ is obtained when
ψ = 1. Clearly these operators are linear. By an easy application of the
Closed Graph Theorem, the action of these operators on any classical
Banach or Hilbert space of analytic functions in the unit disc implies
theirs boundedness on that space.

A linear operator T on a Banach space X is said to be an linear
isometry if

||T f ||X = ||f ||X ,

for any f ∈ X. On a Hilbert space this is equivalent to T ∗T = I; if the
(Hilbert space) isometry is also onto, it is called a unitary operator and
is characterized by the property T ∗T = TT ∗ = I.

Let µ be a finite positive Borel measure on D. For |ξ| = 1 and 0 < δ ≤
2, S(ξ, δ) is the Calreson set {z ∈ D : |z−ξ| < δ}. The measure µ is said
to be Carleson if there is a constant C such that µ(S(ξ, δ) ≤ Cδ2+α for all
ξ and δ. Carleson measures have been useful in the study of composition
operators in several settings (see [7], [11], [12], [13], [20]). For w ∈ D, let
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N2(φ,w) denotes the number of zeroes (counting multiplicities) of the
equation φ(z)− w. for 1 ≤ p < 2 and w ∈ D and analytic map ψ on D,
we define modified counting function

Np,α,ψ(φ,w) =
∑ (1− |z|2)α|ψ(z)|p

|φ′(z)|2−p

where the sum extends over the zeros of φ−w, repeated by multiplicity.
In particular, Np,α,ψ(φ,w) = 0 for w /∈ φ(D). Clearly with ψ = 1, α = 0
and p = 2 we have N2(φ,w).
Let µp,α,ψ be the measure defined on D by dµp,α,ψ(w) = Np,α,ψ(φ,w)dA(w),
1 ≤ p < 2.

Interest in the spaces of Dp is motivated by the work of R. Roan
[17] and B. D. MacCluer [12], who studied composition operators on S p,
the space of functions with derivatives in the Hardy space Hp for p ≥ 1.
In [15], G. Mirzakarimi and K.Seddighi characterize compact weighted
composition operators on D2

α. Other related works appears in [13], where
MacCluer and J. H. Shapiro studied the boundedness and compactness
of composition operators on the weighted Dirichlet space Dp

α in the case
p = 2. Also the isometric composition operators on analytic function
spaces has been studied by many authors. For more information see
[1, 2, 3]. In [8] Kolaski gave a characterization of all surjective isometries
of a weighted Bergman space Apα. The Hilbert Bergman space A2

α, of
course, possesses plenty of isometries. Carswell and Hamond [2] have
shown, among other results that the only composition operators that are
isometries of the weighted Hilbert Bergman space A2

α are the rotations.
As another well-known analytic function space, Hilbert space H2 has
plenty of isometries. How ever Nordgreen [16] showed that the only
isometries of H2 among the composition operators are the operators
induced by inner functions that vanish at the origin. Also Bayart [1]
showed that every composition operator on H2 which is similar to an
isometry is induced by an inner function with a fixed point in the disk.
In this article we study the boundedness of the weighted composition
operators on Dirichlet type spaces Dp

α(D) in the case 1 ≤ p < 2 and
α > −1. The relations between the boundedness of such operators and
a special class of measures on the unit disk, Carleson measure, is shown.
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Also we study the isometric composition operators on Dp
α(D) and obtain

the condition for which the isometric weighted composition operator
ψCφ define an isometric composition operator Cψ.φ on the space Dp

α(D).

2 Weighted composition operators on Dirichlet
type spaces

Definition 2.1. Suppose 1 ≤ p < 2, α > −1 and µ is a finite positive
Borel measure on D. Then µ is a Carleson measure for Apα(D), if and
only if Apα(D) ⊂ Lp(µ) and the identity map

Iα : Apα → Lp(µ)

is a bounded linear operator. It is equivalent with following statement:
There exists a constant C such that∫

D
|f(z)|pdµ(z) ≤ C||f ||p

Apα(D)
,

for allf ∈ Apα(D).

The action of composition operators and weighted composition op-
erators on analytic function spaces such as Bergman, Hardy, Dirichlet
and Dirichlet type spaces has been studied by many authors (see for
example [7], [9], [10], [19] and [20]). The books [4] and [18] are good
monographs in this content.
In [20], Zorboska has studied bounded and compact composition opera-
tors on weighted Dirichlet spaces. His method involves integral averages
of determining function for the operator. In this article we study the
boundedness of the weighted composition operators on the Dirichlet type
spaces Dpα(D) for 1 ≤ p < 2.

Theorem 2.2. The composition operator Cφ is bounded on Dp
α(D) if

and only if µp,α,1 is a Carleson measure.

Proof. Suppose Cφ is bounded on Dp
α then for f ∈ Dp

α(D) with f(0) = 0
there exists a constant C such that ||Cφ(f)||Dp

α(D) ≤ C||f ||Dp
α(D). Since
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the evaluation at φ(0) is bounded operator on Dp
α(D), so∫

D
|f ′(φ(z)|p|φ′(z)|p(1− |z|2)αdA(z) ≤ C

∫
D
|f ′(z)|p(1− |z|2)αdA(z).

(1)
By the usual change of variable formula, if w = φ(z) then dA(w) =
|φ′(z)|2dA(z). So∫

D
|f ′(φ(z))|p|φ′(z)|p(1− |z|2)αdA(z) =

∫
D
|f ′(w)|pNp,α,1(φ,w)dA(w)

(2)

=

∫
D
|f ′(w)|pdµp,α,1(w).

Let g ∈ Apα(D) and f(z) =
∫ z

0 g(w)dw. Then f ′(z) = g(z) and inequality
(1) implies that∫

D
|g(z)|pdµp,α,1(z) ≤ C

∫
D
|g(z)|p(1− |z|2)αdA(z).

Hence by Remark 1, µp,α,1 is a Carleson measure.
Now suppose that µp,α,1 is a Carleson measure. Then for g ∈ Apα(D) we
have ∫

D
|g(z)|pdµp,α,1(z) ≤ C

∫
D
|g(z)|p(1− |z|2)αdA(z),

for a Constant C. But for f ∈ Dp
α(D) we have f ′ ∈ Apα(D). By using

formula (2) and since eveluation at φ(0) is a bounded linear operator on
Dp
α, we have

||foφ||Dp
α(D) =

∫
D
|(foφ)′(z)|p(1− |z|2)αdA(z) + |foφ(0)|

=

∫
D
|f ′(z)|pdµp,α,1(z) + |foφ(0)|

≤ C1

∫
D
|f ′(z)|p(1− |z|2)αdA(z) = C1||f ||Dp

α(D),

for constant C1. So Cφ is bounded on Dp
α(D). �

Theorem 2.3. Suppose that the weighted composition operator ψCφ is
bounded on Dp

α(D), then µp,α,ψ is a Carleson measure.
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Proof. Suppose that ψCφ is bounded on Dp
α(D) and f ∈ Dp

α(D) with
f(0) = 0. Hence there exists a constant C such that

||ψCφ(f)||Dp
α(D) ≤ C||f ||Dp

α(D).

So for a constant Cp we have∫
D
|ψ(z)|p||f ′(φ(z))||p|φ′(z)|p(1− |z|2)αdA(z)

+

∫
D
|ψ′(z)|p||f(φ(z))||p(1− |z|2)αdA(z)

≤ Cp
∫
D
||f ′(z)||p(1− |z|2)αdA(z).

Thus ∫
D
|ψ(z)|p||f ′(φ(z))||p|φ′(z)|p(1− |z|2)αdA(z)

≤ Cp
∫
D
||f ′(z)||p(1− |z|2)αdA(z). (3)

By the usual change of variable formula, if w = φ(z), similar to the proof
of theorem 2.2,∫
D
|ψ(z)|p||f ′(φ(z))||p|φ′(z)|p(1−|z|2)αdA(z) =

∫
D
||f ′(w)||pNp,α,ψdA(z)

(4)

=

∫
D
||f ′(w)||pdµp,v,ψ(w).

Let g ∈ Apα(D) and f(z) =
∫ z

0 g(w)dw. Then f ′(z) = g(z) for z ∈ D and
according to (3) and (4) we have∫

D
||g(z)||pdµp,α,ψ ≤

∫
D
||g(z)||p(1− |z|2)αdA(z).

Hence by Definition 2.1 µp,α,ψ is a Carleson measure. �

Lemma 2.4. Suppose that the weighted composition operator ψCφ is
bounded on Dp

α(D). Then for 1 ≤ q < p, ψ.φ is in Dq
α(D).
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Proof.. If ψCφ is bounded on Dp
α(D), then for any f ∈ Dp

α(D) there
exists a constant M such that

||ψCφf ||Dp
α(D) ≤M ||f ||DP

α (D) <∞.

If we let f = Identity, then

||ψ.φ||Dp
α(D) = ||ψCφ(Id)||Dp

α(D) <∞.

So ψ.φ is in Dp
α(D) and thus for q < p, is in Dq

α(D). �

Proposition 2.5. Suppose that the weighted composition operator ψCφ
is bounded on Dp

α(D). Then for 1 ≤ q < p, µq,α,ψ is a finite measure on
D.

Proof.. If ψCφ is bounded on Dp
α(D) then for f ∈ Dp

α we have

||ψfoφ||Dp
α(D) <∞.

So if we consider f = 1, then

ψCφf(z) = ψCφ1(z) = ψ(z)1(φ(z)) = ψ(z).

Thus

||ψCφ1||Dp
α(D) = |ψ(0)|+

∫
D
|ψ′(z)|p(1− |z|2)αdA(z) <∞. (5)

The triangle inequality gives us

|ψφ′| ≤ |ψ′φ+ ψφ′|+ |ψ′φ|.

Since Im φ ⊂ D and |φ(z)| ≤ 1 for z ∈ D, so for a constant Cp we have∫
D
|ψ(z)|p|φ′(z)|p(1− |z|2)αdA(z)

≤
∫
D

[|(ψφ′)(z) + (ψ′φ)(z)|+ |(ψ′φ)(z)|]p(1− |z|2)αdA(z)

≤ Cp
∫
D
|(ψφ)′(z)|p(1− |z|2)αdA(z) + Cp

∫
D
|(ψ′φ)(z)|p(1− |z|2)αdA(z)
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≤ Cp
∫
D
|(ψφ)′(z)|p(1− |z|)2)αdA(z) + Cp

∫
D
|ψ′(z)|p(1− |z|2)αdA(z).

Hence, according to formula (5) and Lemma 4,∫
D
|ψ(z)|p|φ′(z)|p(1− |z|2)αdA(z) <∞.

Thus the Holder inequality gives us

µq,α,ψ(D) =

∫
D
Nq,α,ψ(φ,w)dA(w)

=

∫
D
|ψ(z)|q|φ′(z)|q(1− |z|2)αdA(z)

≤ (

∫
D
|ψ(z)|p|φ′(z)|p(1− |z|2)αdA(z))

q
p (

∫
D

1(1− |z|2)αdA(z))
p−q
p ≤ ∞.

So the proposition is proved. �

Theorem 2.6. Suppose that the weighted composition operator ψCφ is
bounded on Dp

α(D) and 1 ≤ q < p. Then µq,α,ψ is a Carleson measure.

Proof. Since q < p, Holder inequality implies that

µq,α,ψ(S(ζ, δ)) =

∫
φ−1(S(ζ,δ))

|ψφ′|q(1− |z|2)αdA(z) ≤

(

∫
φ−1(S(ζ,δ))

|ψ|p|φ′|p(1−|z|2)αdA(z))
q
p (

∫
φ−1(S(ζ,δ))

1(1−|z|2)αdA(z))
p−q
p

≤ µp,α,ψ(S(ζ, δ))
q
pA(φ−1(S(ζ, δ))

p−q
p ). (6)

Since ψCφ is bounded on standard weighted Bergman spaces, then def-
inition 2.1 implies that the measure Aφ−1 is Carleson. Thus inequality
(6) yields

µq,α,ψ(S(ζ, δ)) ≤ (C1δ
2+α)

p−q
p µp,α,ψ(S(ζ, δ))

q
p , (7)

for a constant C1. Since ψCφ is bounded on Dp
α so according to Theorem

2.3, there is a constant C2 such that µp,α,ψ ≤ C2δ
2+α, for all ζ and δ as

described above. Thus formula (7) implies that µq,α,ψ(S(ζ, δ)) ≤ Cδ2+α,
for a constant C. So µq,α,ψ is a Carleson measure. �
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3 Isometric weighted composition operators on
Dirichlet type spaces

In this section we characterized all isometries among the weighted com-
position operators on the Dirichlet type spaces by using simple ideas.
The following two theorems has been proved in [9]

Theorem 3.1. Let φ be a self map of the unit disk. Then the induced
composition operator Cφ is a surjective isometry on the weighted Dirich-
let type space Dp

α, 1 ≤ p <∞, −1 < α <∞ if and only if φ is a rotation
map.

Theorem 3.2. Let φ ∈ Aut(D). Then the induced composition opeara-
tor Cφ is an isometry on the weighted Dirichlet type space Dp

α(D), 1 ≤
p <∞, and −1 ≤ α <∞, if and only if φ is a rotation map.

To prove our main results in this section, we use the following lemma
that has been proved in [14].

Lemma 3.3. Let µ be a positive measure on the measure space Ω, M a
subspace of Lp(Ω, dµ), 1 ≤ p <∞ and let T be a linear isometry of M.
Then ∫

Ω
Tf |Tg|p−2Tgdµ =

∫
Ω
f |g|p−2gdµ

for all f, g in the subspace M.

Theorem 3.4. If the weighted composition operator ψCϕ is an isometry
of Dp

α(D) then (ψ.ϕ)(0) = 0.

Proof. Consider M = Dp
α(D) a subspace of Lp(D, (1 − |z|2)αdA), re-

spectively. Put g = 1 and Tf = ψCϕf in Lemma 3.3 Use the Mean
Value Property to get∫

D
fwdA = 2

∫ 1

0
(

∫ 2π

0
f(reiθ)dm(θ))w(r)rdr

= 2

∫ 1

0
f(0)w(r)rdr = cwf(0),
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for some positive constant cw. Using the lemma 3.3, we get∫
D
fwdA =

∫
D

(ψCφf)|ψCφ1|p−2(ψCφ1)wdA =

∫
D

(ψCϕf)|ψ|p−2(ψ)wdA =

∫
D
|ψ|pCφfwdA =

2

∫ 1

0
(

∫ 2π

0
(|ψ|pfoφ)(reiθ)dm(θ))w(r)rdr = cw|ψ|p(0)(foφ)(0).

Hence f(0) = ψ(0)(foφ)(0). Choosing f(z) = I,we get the result. �

Theorem 3.5. Suppose that the weighted composition operator ψCφ is
an isometry of Dp

α(D). Then ψ.ϕ is a rotation map.

Proof. Let γ(z) = (ψ.φ)(z). Then according to theorem 3.4 γ(0) = 0.
But the composition operator ψCφ is an isometry on Dp

α(D), so we have
||ψCφ(f)||Dp

α(D) = ||f ||Dp
α(D), for f ∈ Dp

α(D). Consider f = Identity,
then ||ψ.φ||Dp

α(D) = ||I||Dp
α(D). So ||(ψ.φ)′||Apα(D) = ||1||Apα(D). Hence

0 = ||1||p
Apα(D)

− ||(ψφ)′||p
Apα(D)

=

∫
D
| |1|p − |(ψφ)′|p|(1− |z|2)αdA(z).

This equality is only possible if |1− |(ψ.φ)′| | = 0. So

ψ.φ(z) = |λ|z

for |λ| = 1. That is ψ.φ is a rotation. �

Corollary 3.6. Suppose that the weighted composition operator ψCφ is
an isometry of Dp

α(D) and ψ.φ ∈ Aut(D) Then the un-weighted compo-
sition operator Cψ.ϕ is an isometry of Dp

α(D).

Proof. The corollary follows by using theorem 3.5 and Theorem 3.2
�
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4 Conclusion

In this paper we study the relation between the boundedness of the
weighted composition operator ψCφ and the Carleson measure µp,α,ψ.
Also we study the isometric weighted composition operators on Dirichlet
type spaces Dp

α(D). In section 2, firs we show that if the weighted
composition operator ψCφ is bounded on Dp

α(D), then the measure µp,α,ψ
is a Carleson. Next, we show that the boundedness of ψCφ on Dp

α(D)
implies that for 1 ≤ q < p, µq,α,ψ is also a Carleson measure.
In section 3, we show that if the weighted composition operator ψCφ is
an isometry on Dirichlet type spaces, then ψ.φ will be a rotation map.
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