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Abstract. We characterize bounded and compact generalized com-
position operators between Bloch type spaces and weighted Dirichlet
type spaces. Then, we show that these results can be employed to char-
acterize bounded and compact Volterra type operators between these
spaces. Finally, we give a connection between weighted and generalized
composition operators to conclude some results about boundedness and
compactness of them.
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1. Introduction

Let H(D) be the space of all analytic functions on the open unit disk
D in the complex plane C. For v € (0,00), the Bloch type space (or
a-Bloch space) B is the space of all f € H(D) satisfying

[ fllge = sup(1 — [2]%)*|f'(2)| < <.
zeD
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The little Bloch type space Bf consists of those functions f € B for
which

lim (1~ |2[*)*|'(2)| = 0.

|2|—1
The space B* is a Banach space with the norm || f|| = [ f(0)|+ || f ||z~ and
B is a closed subspace of BY. If « =1 or a € (0, 1), then B coincides
with the classical Bloch space B or the classical (1 — «)-Lipschitz class
Ay _q, respectively (see [5, Theorem 5.1] or [20]).
For p € (0,00) and 3 > —1, the weighted Bergman space Ag is the space
of all f € H(D) for which

B
1
P
11 = [ 15 (toe ) date) < o,
where dA denotes normalized Lebesgue area measure on D. Equivalently,
fe Ag if and only if

/D FEP = [2P)dA(z) < oo,

It is well known that Ag is a Banach space for p > 1, and a Hilbert
space for p = 2.
For p € (0,00) and 3 > —1, the weighted Dirichlet type space DZ is the
space of all f € H(DD) satisfying
: 1Y’
111, = [ 1P (tog ) da) < .
s D ||

We note that f € Dg if and only if f' € A:g. It is well known that
fe Ag if and only if f’ € A§+ﬁ' Namely

/\f(Z)Ip(1—|Z|2)5dA(Z)2/If’(Z)Ip(l—|Z|)p+ﬁdA(Z)+|f(0)!p (1)
D D

for p € (0,00), f > —1 and for any analytic function f in D which is
a standard result. The inequality in one direction is a classical result
due to Hardy and Littlewood (see [5, Theorem 5.6]), while the reverse
inequality can easily be proved by the methods used in [5, Chapter 5].
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Therefore one can say, D}’: 5 = .Ag. For general background about
weighted Bergman spaces AZ and Bloch type spaces B we refer [7], [20]
and the references therein.

In (1) and in the sequel of this paper, we use the notation A < B to
mean that there is a positive constant C' such that A < C'B, and A B
if A< B < A. Constants denoted by C', are positive and not necessarily
the same in each occurrence.

Let ¢ be a non constant analytic self-map of D and g € H(D). The
weighted composition operator gCy, is defined by gCy,(f) = g(f o ¢) for
f € H(D). In the special case of g = 1, we get the composition operator
Cy(f) = f oe. The generalized composition operator defined by

(o) / F©)g(e)de,  f e HD),

was introduced by Li and Stevi¢ in [8]. If g = ¢’ then CY is essen-
tially composition operator, since the difference C$ — C, is a constant.
Therefore, gCy, and C$ are generalizations of the composition operators.
The main subject in the study of (weighted) (generalized) composition
operators is to describe operator theoretic properties of (gC.,)(C%) Cy
in terms of function theoretic properties of (g) ¢. For general theory of
composition operators, we refer the reader to [4] and [16]. Boundedness
and compactness of composition operators C, on Bloch space B were
described by Madigan and Matheson [10]. Recently, Ohno, Stroethoff
and Zhao studied weighted composition operators between Bloch type
spaces in [13]. Also composition operators from Bloch space B to the
weighted Dirichlet space DZ, were considered by Smith in [12]. Li and
Stevié¢ investigated the boundedness and compactness of the generalized
composition operators on Bloch type spaces and Zygmund spaces in [8].
The authors investigated boundedness and compactness of the general-
ized composition operators and the products of Volterra type operators
and composition operators between Qp spaces in [11] and between log-
arithmic Bloch type spaces and Qp type spaces in [15].

In this paper we are interested in the problem of using function theoretic
properties of analytic functions g and analytic self-maps ¢ on D to deter-
mine when generalized composition operator C3 between the weighted
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Dirichlet type spaces and Bloch type spaces is bounded or compact. As
the following equations show, these results can be employed to charac-
terize bounded and compact Volterra type operators between the above
mentioned spaces where the Volterra type operators defined on H(D) as
follows

Vy(f)(z) = /O HOF(©)de and Uy(f)(z) = /0 T ©g()de,

for symbol g in H(D). If g(z) = z or g(z) = log t, then Vj is the
integration operator or the Cesaro operator, respectively. For a survey
on the study of such operators see [17]. Note that

UyColf) = /0 (f o 0) (©)g(€)de = CEI(f),

so Uy is the generalized composition operator C% for ¢(z) = z. There-
fore, U, is bounded (compact) whenever C% is bounded (compact) when
©(z) = z. As we know, on a general space of analytic functions, the
differentiation operator D is typically unbounded. On the other hand,
the composition operator U, is bounded on various spaces of analytic
functions on D (see [5, 16]), though the product DC,, is possibly still
unbounded there. Here, we consider new operator VyDC, noting the
equality

V,DC,y(f) = /O (o) (O (©)de = 2 (f),

one can consider V;DC, as a generalized composition operator, and
apply the results obtained about generalized composition operators to
characterize boundedness and compactness of V;, DC,. Finally, we give a
connection between weighted composition operators gC, and generalized
composition operators C% and conclude some results about boundedness
and compactness of them.

In the sequel, we need the following estimates. For functions f in B¢,
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integrating the estimate |f/(2)| < (1”3”‘[!";“)&, we obtain

- 501 =| [ @] < it [ 2

1
< m\lfl!sa- (2)

To estimate functions in Dg, we make use of the following lemma. For
the proof see [6], [7], or the original source [19].

Lemma 1.1. Let0<p<oo, 8> —1and f € Ag. Then

I 122 < ((HB) / rf<z>|p<1—\z|2>ﬂdA<z>)” (z e D),

with equality if and only if f is a constant multiple of the function
2

fal2) = (=oh(2)) 7 .

From this Lemma, we have

, 11
If[(2)| K C———5 (2 €D).
(-1
for f € Djj and hence
z |z| dp
- = "(Qd¢| < Cliflloz =
1= s01=| [ o] < sty [
C
< S SE— p. 3
TN 1f1lpz (3)

Using the estimates (2) and (3), it follows from the proof of the Weak
Convergence Theorem in [16] that:

Lemma 1.2. Let0 < a,p < 00, § > —1, g € H(D) and ¢ be an analytic
self-map of D. Let X = B or Dg; Y =B orDj. Then C}: X —Y
is compact if and only if for any bounded sequence (f,) in X which
converges to zero uniformly on compact subsets of D as n — oo, we have
I1C% frully — 0 as n — oo.
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2. The Boundedness and Compactness of
C}: B — Dg

In this section, we characterize the boundedness and compactness of
the generalized composition operators from Bloch type spaces B to
weighted Dirichlet type spaces Dp To do this, we need a-generalized

hyperbolic Dp denoted by Dh’g deﬁned as ’Dp but with the ordinary
derivative ]gp( )| replaced by the Q- generahzed hyperbolic derivative

%. Thus, for 0 < o, p < 00, > —1 and g € H(D), an analytic

function ¢ on I belongs to DZ’% , if and only if

_ 9P (10 2 date) < o
”*D”Dzzp‘/ﬂﬂl—rso(z)\?) (lgu) dA(z) < co.

Theorem 2.1. Let 0 < a,p < o0, > —1, g € H(D) and ¢ be an
analytic self-map of D. Then the following statements are equivalent.

3 h7 .
(i) ¢ € Dojs

(it) C%: B* — DJ is bounded;

(iii) C% : By — Dj is bounded.

proof. (i)=(ii). For f € B*, we have

l9(2)]

(1 _ |QO(Z)|2)O‘ HfHBO‘7

(CLH) ()] =11 (e(2)llg(2)] <

and then

1 B
€381l = [ 17 el PlaCIp (1og 1) dACG) < If el

B.p

Thus if ¢ € Da B then C% : B* — DZ is bounded.
(ii)==(iii). It is trivial, since By C B®.
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(ili))=(1). For f € B* if we set fs(z) = f(sz) for 0 < s < 1, then
fs € By and || fs||gg < [|f|le. Using a well known result of Ramey and
Ullrich [14], there are functions f1, fo € B* such that

(-2 SIAEI+ 1B (zeD).
Then
fo s (log ) A £ fy(Ifi(sw()IP + (o))
<lsg())” (1og ) dA(2)
= 1C2fusliy, +1CE sl

holds for all s € (0,1). Hence, if C% : By — Dg is bounded, by an

application of Fatou’s lemma, this estimate implies that Hcp||; hg < OO
o,B,p

and ¢ € DZ% ,- The proof is now complete. [

Theorem 2.2. Let 0 < a,p < o0, > —1, g € H(D) and ¢ be an
analytic self-map of D. Then the following statements are equivalent.

(i) C%:BY — D} is compact;

(ii) C%: By — DZ is compact;
(i) Timy 1 [ o0 Ty (08 4) dA(2) = 0 and ¢ € DY .

proof. (iii)=>(i). From the boundedness of C% with f(z) = z, we have

L ::/D]g(z)|p <log|i’>ﬁdA(z) < o

Let (f,) be a sequence in the closed unit ball of B¢ such that f,, — 0
uniformly on compact subsets of D as n — oo. By hypothesis, for every
e > 0, there is 6 € (0, 1) such that

&P e DY s
/w(z)>6 (1= |p(2)]?)er <1 8 \z|> dA(z) < e.

Let K ={w e D: |w| <d}. Then
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8
081l / o (o()Pla ()P <1ogi|> dA(2)
=[PP (log,l‘

lo(2)]<6 z

ot Pl (1oe Y dars
v eEPlsP (o8 ) a4

< Lsup |fr ()P + ¢l fallga < L sup [f(w)]P +e.
weK weK

)ﬁdA(z)

By [3, IV,Theorem 2.1], the sequence (f,) also converges to zero on
compact subsets of D as n — oo. In particular, sup,,cx | f,(w)[P — 0 as
n — oo. Hence ||C’gfn||D§ — 0 as n — oo. By Lemma 1.2, C% : B* —
Dg is compact.

(i)=>(ii). It is trivial, since B§ C B®.

(ii)==>(iii). Suppose Cj : Bf — Dj is compact. Then by Theo-
rem21,g06Daﬁp
converges to zero uniformly on compact subsets of D, using Lemma 1.2,

. n . . .
Next, since (—f=) is norm bounded in Bf and it

we have HC’g(ﬁ)HDP — 0 as n — 0o. Whence for every € > 0 there is

an integer N > 1 such that

I}
v [ @ Dlgap (1og |1|) JA(z) < ¢

for all n > N. Thus for each r € (0,1)

Noppp(N-1) /

le(2)[>r

3
lg(2) [P <10g |1z|) dA(z) < ¢

Taking r > Nﬁ, we obtain

o (10 ) da() < e (4)
/cp(z)>r ( |Z!>
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On the other hand, for f in Bpg, the unit ball of B, if we let fi(z) =
f(tz), then f; — f uniformly on compact subsets of D as ¢ — 1. Since
C% : By — D} is compact, using Lemma 1.2, [|CZ(f; — f)HDZ — 0 as
t — 1. Thus for every € > 0 there is a ¢t € (0,1) such that

) , 1\’
[ lezsye - caryer (log|z|> dA(z) < e

Using this inequality along with (4), we have

[ cary@pios ) aac)
[e()]>r 2l
1

! —\8
<Osv0 [ LRGP s A

< Ce(1+sup|fi(2) ).
z€eD

Thus for every f € Bps and every € > 0, there exists a § = d(f,¢) such
that

g v 1N
/Wm (CerV 2P (k)g |z|> M) <=

for all r € [4,1). Since C% is compact, thus {C3f : f € Bgg} is a rela-
tively compact subset of Dg. Hence there exist finitely many functions
fis.., fm € Bpg such that for each f € Bgg, |CLf — Cg’kaDZ <e
for some k € {1,...,m}. Let § = maxicr<m 0(fr,€). Then for each
f € Bpg we have

o (1oe LY aacs
/W(Mr(cgf) ()] (1 gM) dA(z) < O,

if r € [6,1). As mentioned in the previous theorem, there are two func-
tions f1, fo € B* such that

(1= 2P S IAE]+ If5(2)]-

If fis, fos defined as in the previous theorem, then we have
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1 1
c ————|(C? f15s ! P (CYfas ’ P
o /mn»{nﬁs@g'( e @I+ (CLfae) (2]

7o

(log ﬁ) e

, , 1\’
e (A (s + [ fa(s0(2)P] lsg(=)? (1og m) dA(2)

le(z)[>r

P B
>C L’% (log i) dA(2),
Sl 11— [s0(2)?|*? ||

for all r € [§,1). Using Fatou’s lemma, this estimate implies (iii). O
We recall that for p > 1, Dg is a Banach space. Using Lemma 4 in [8], one
can say C% : By — D} is weakly compact if and only if C% : By — Dj
is compact.

In the case p = 2 and @ = 1, we obtain the following result. First we
define o,(z) = == for a € D, the conformal automorphism of I) which
exchanges the origin and the point a. Such a map is its own inverse and

satisfies the fundamental identities

1—|af”
loa(2)] =

S M 1l = (1))

Theorem 2.3. Let >0, g € H(D) and ¢ be an analytic self-map of
D. IfC%: B — D% is compact, then

l9(2)I(1 — |z])=*!

— 0.
lo(z)l=1 1 —|p(2)]?

The converse of this implication is true, provided that

Az
L= [ ) % < o0, forr e (0,1).

proof. Let f,(z) = 1-la? (24 ) for any a € D\ {0}. Clearly

a l1—-az

1—|a|? 1 — |oa(2)]? 1
! / a
= = = g

which implies that sup,cp | f2(2)[(1 —|z|?) < 1. Also f,(0) = 31_;'2' S0

{fa: 3 <la| <1} is a bounded family of functions in B and f, converges
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to zero uniformly on compact subsets of D as |a| — 1. By compactness

of C% and Lemma 1.2, we have HCf,faHD% — 0 as |a| — 1. Let D(\,r)

denote the pseudohyperbolic disk D(A\,r) = {z € D : |oa(2)| < r}.
Observe that for any A € D and 0 < r < 1, we have

IC26ully = [ 152D Plat) (log| )6 A2)

[Pl (s ) aae

/ 2 2| 2 1 ’
= [ oo Platonw)Pls )P (os ) ddw)

WV

20 [((CYfa) 0 0n) (w)[P(1 = |or(w)][?) dA(w)

[w|<r

L= 9t ) oo () Pd Al
>0 (i) [ et ooy mPaaw)

NG
c(l 'M) ((C2f2) 0 00) (0)?

14 |)|
(1= (- a)? e
—C(15h1) R lIRa = AR)
_ £+2 a2
_ A=A (1 faP)? o). -

(T4 [ADP=2 1 —ap(N)[*

Since Hcg%fa”Dg — 0 as |a] — 1, then for given £ > 0 there is an r,
0 < r < 1, such that HC’f,faHD?i < ¢ whenever |a] > r. Hence for
any point zg € D with |p(29)] > r we have ”chﬁp(m)HDg < . Hence,
employing (5) with ¢(zp) instead of a, we obtain

(L= AD2*H 1 — ()2

— lg(N)| < e.
1+ A)E1 1= o(z0)p (V)2
Setting A = 2, we have
_ 2+
ool — )i

1 —[(20)]?
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Hence 5
lg(2)[(1 — |z[)z*

m = 0.
lo(z)| =1 1 —|p(2)?

To prove the converse, assume L = flso(Z)|>T (f A|(ZZ‘§2 < oo and

l9(2)I(1 — |27+

m = 0.
lo(z)| =1 1 —|o(2)?

For compactness of CJ : B — Dg, we show that the conditions in (iii)

of Theorem 2.2 hold. By the definition of limit, for every € > 0 there
exists r € (0, 1) such that

B 1

g — =)z e

1—1e(2)? 1— 2|’

for every z with |p(z)| > r. Integrating this inequality, we obtain

|9(2)|?(log ;)" 2(1 - |4])?
/Iw(z)|>r (1 —le(2)[?)? C/ |7 1 — |¢( )[?)2 dA(z)
s ce / Ysr (1= |z
= LCe.

On the other hand, we clearly have

921 |2])?
/W)KT 1ol A4E) < o0

h, .
Hence, ¢ € Dy}, and lim; fw)(z)bt%(log ‘Z|) dA(z) = 0.
Therefore, by Theorem 2.2, C : B — Dﬂ is compact. [

3. The Boundedness and Compactness of

Cg:Dg—JS’a
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In this section, we characterize the boundedness and compactness of
the operator C% from weighted Dirichlet type spaces D]B) to Bloch type
spaces B%.

Theorem 3.1. Let 0 < a,p < o0, > —1, g € H(D) and ¢ be an
analytic self-map of D. Then C% : Dg — B® is bounded if and only if
lg(2)|(1=]=>)*

2408
(1-le(2)?) P
proof. For the boundedness of C, let f € Dg. Then f’ € A} and from
Lemma 1.1, we have

L :=sup,cp < 00.

T 11l
|f’<z>|<c*"";ﬂ=o*”ﬁ (zeD).  (6)
-2 (-]

From this inequality along with C%f(0) =0 , it follows that

sup(1 — [2[*)*|(CLf) (2)] = sup(l — [2[)1f (e(2)]]9(2))]

z€D
- sup%a o) 1 (o))
2D (1 [p(z)2) 5
< CsupMHfHD
2 (1 p())
— CL|fl-

Therefore, CJ : Dp — B% is bounded.

2
Conversely, consider the functions f,(z fo 1 |;£| ’ d§ , for a € D.

Then by Lemma 1.1, f, € Djj and | faHDg ~1 w1th constant depending
only on 3 and p. Fix zp € D and a = ¢(29), the boundedness of C% :
Dg — B“ implies that ||C%fs|pe < C’||fa||D£ < C for all a, since
C% f4(0) = 0. Therefore,
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¢ 2 [[C5 allsn = sup(l — |21%)° 1 fale(2)llg(2)]

S
+2
1—la* |7
=sup(l — |2])* | ——~5|  19(2)]
2€D (1 —ap(2))?
(1 —|z0/*)*|g(20)]
> wl

(1= le(20)?) #

Hence, sup,cp Lﬁwéﬂ <oo. O
(I=le(2)]?) P
Theorem 3.2. Let 0 < a,p < o0, > —1, g € H(D) and ¢ be an
analytic self-map of D. Then C% : Dg — B* is compact if and only if
lg@IA=l=12)> _
1 B+2 .
(I=le(z)?) »

proof. Let C : Dg — B% be compact. Note that f,, defined as in
the previous theorem, converges to zero uniformly on compact subsets

CY Dg — B is bounded and lim, )

of D as |a|] — 1. Let (z,) be a sequence in D such that |p(z,)| — 1 as
n — oo. Using the test function f,,(2) = f,(.,)(2), we get

ICY fullge = sup(1 — |2[*)*|(CLfn) (2)]
z€eD
1 B+2

>(1- ’Zn|2)a(m

from which the result follows.
Conversely, from the boundedness of C¥ with f(z) = z, we have

L :=sup(1 —[2[*)%[g(2)] < oo.
zeD

Suppose (fy,) is a sequence in unit ball of Dg such that f,, — 0 uniformly
on compact subsets of D as n — oco. By definition of limit, for every

e > 0 there is § € (0, 1) such that supy..i,(.)[>s} % < e. Then
(1=le(2)]?) 7~
using (6), we get
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1C% fullse = sup(1 — |21*)*|(CLfa)' (2)]

z€eD
= sup (1 [ lo(:)]
le(2)|<o
£ s (1= Rl
3<]p(z)I<1
2)|(1 — |z|*)™
<L sup [£(w) +Clfullpy sup LN EDR
0l <5 [e(:)>8 (1 — |ip(2)|) 5
< L sup [£3(w)] + Cel fullpg

lw| <o
< L sup |f)(w)] + Ce.

lw|<o
By [3, IV, Theorem 2.1], the sequence (f}) also converges to zero on
compact subsets of D as n — co. In particular supy, s |f;(w)| — 0 as
n — oo. It follows that ||C%fn|lge — 0 as n — oco. By Lemma 1.2,
C% : Dy — B* is compact. [
Finally, we give a connection between two operators gCy, and C%.
To do this, for a > 0 we consider the standard weighted Banach spaces
of analytic functions defined as follows:

HE ={f € HD) : [fllmge = sup(1 — |z[)*|f(2)] < oo},

HY = {f € HY + Jim (1~ |2))°|(2)] = 0}
For more details about spaces of this type we refer to [1, 2, 9, 12] and the

references therein. Then, we consider the differentiation operator D and
the integration operator T from H(D) into H(D) defined by (Df)(z) =

f(z) and (T'f)(z fo &)d¢, respectively. Now, consider the following
diagrams
9Cy 9Ce 0
Hye — A A H
DT |+ r| T b
B — D} D — - B
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Clearly, by the definitions of the spaces H3°, B, .AZ and Dg, the opera-
tors D and T between these spaces as mentioned in the above diagrams
are bounded for a,p > 0 and 6 > —1. Also these diagrams commute,
that is,

TogC,oD=C? and DoCfoT = gC,,

which imply that, weighted composition operators gC, : Ag — H?
and ¢gC,: HY — .Ag are bounded (compact) if and only if the gen-
eralized composition operators CJ : Dg — B*and C% : B* — Dg are
bounded (compact), respectively.

Acknowledgement: The authors would like to thank A. H. Sanatpour
for helpful conversations.
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