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Abstract. In this paper we give some fixed point theorems in cone
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1. Introduction

Let E be a normed linear space. the subset P of E is called a cone if
(i) P is closed, non-empty and P # {0},

(ii) ax 4+ by € P for all z,y € P and all non-negative real numbers a, b,
(iii) PN —P = {0}.

For a given cone P C E, we can define a partial ordering < with
respect to P by x < y if and only if y —x € P. z < y will stand for
r < yand z # y, while x < y will stand for y — x € intP, where intP
denotes the interior of P. The cone P is called normal if there is a number
M > 0 such that for all z,y € E, 0 < z < y implies ||z| < M||y]|.

The least positive number satisfying the above conditions is called the
normal constant of P.
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Definition 1.1. Let X be a non-empty set, (E, ||.||) a normed space that
is ordered by a normal cone P with constant normal M=1, intP # ()
and < is a partial ordering with respect to P. Also suppose that and the
mapping d : X x X — E satisfies

(i) 0 < d(z,y) for all x,y € X and d(z,y) =0 if and only if z=y,

(ii) d(z,y) = d(y, z) for all for all z,y € X

(iii) d(z,y) < d(z, z) + d(z,y) for all z,y,z € X.

Then d is called a cone metric on X, and (X,d) is called a cone metric
space.

For example suppose E = Cr[0,1], P={p € E: ¢ > 0}, X = R and
d: X x X — E defined by d(x,y) = |z — y|¢ where ¢ : [0,1] — R such
that ¢(t) = e'. It easy to see that (X, d) is a cone metric space.

Let (X,d) be a cone metric space, {z,} a sequence in X , z € X and
also for every ¢ € F with 0 < ¢, there is an integer N > 0 such that for
all n > N, d(zp,x) < c¢. Then {z,} is said to be convergent to x. We
denote this by lim, ., z, = .

If for every ¢ € F with 0 < ¢ there is an integer N > 0 such that for all
n,m > N, d(x,, x,) < ¢, Then {z,} is said to be Cauchy sequence. If
every Cauchy sequence is convergence, then X is called a complete cone
metric space.

Also sequence {z,} is said to be bounded if there is M > 0 such that
for all n € N we have

d(0,z,) < M.

Fixed point theory is an important tool for solving equations T'(x) = x.
However, if T does not have fixed points, then one often tries to find an
element x which is in some sense closest to T'(z). A classical result in
this direction is a best approximation theorem due to Ky Fan ([3]).

In this paper we consider sufficient conditions that ensure the existence
of fixed point in cone metric space. It is notable that we use the results
of [1-4].
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2. Main Results

In this section we present some fixed point theorems on cone metric
spaces.

Let M be a cone metric space. A mapping T : M — M is called a
pointwise contraction if there exists a mapping a: M — [0, 1) such that

d(Tz,Ty) < a(x)d(x,y) for any x,y € M.

Let M be a cone metric space. A mapping T : M — M is called an
asymptotic pointwise mapping if there exists a sequence of mappings
an : M — [0,1) such that

d(T"(x), T"(y)) < an(x)d(z,y) for any z,y € M

Now if {a,} converges pointwise to « : M — [0, 1), then T is called an
asymptotic pointwise contraction.

Proposition 2.1. Let M be a complete cone metric space , P a normal
cone with normal constant K and T : M — M a pointwise contraction.
If there is b € (0,3) and ng € N such that

1) a(zn) <b, for all n>ng, v9 € M, Tpi1 = T g
2)  lim a(z,) =0,
n—oo
then T has a unique fixed point in X.
Proof. Choose g € X and n > 1. Set
x1 =Txo, 9 = Txy = T?20, ..., g1 = Ty = T g, - - -
We have
d(xrm xn—l—l) = d(Txn—h Txn) < CV(xn—l)d(xn—la xn)-

For n > m > ng,We have

d(x'm xm) < d(-l'n,xn—l) + d(xn—lyxn—Q) + ...+ d(xm—l-l,xm)
< O+ D) d (o, 1),
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thus d(2y, Tm) < £5d(70, 21). Since P is normal we obtain,

bm
(e, 2]l < s Ko, )]
This implies d(xy,, ;) — 0. Hence {z,} is a Cauchy sequence. By com-
pleteness of M, there is * € M such that z,, — z*. Thus, d(Tz*, z*) <
d(Txy, Tx*)+d(Txy, 2*) < a(xy)d(zy, 2%) +d(Txy, x*). Since z, — x*,
thus
[d(Ta*, 2)|| < Ka(@n)||d(Tn, xp)|| + K||d(Tzn, )| — 0.

Therefore, d(Tx*,2*) = 0, and so T'z* = z*. Now, if y* is another fixed
point of T, then

d(z*,y*) = d(Tz*, Ty*) < a(z®)d(z*, y").

Hence d(z*,y*) = 0, and so x* = y*. Therefore, the fixed point of T is
unique. [

Let M be a cone metric space and F a family of subsets of M. Then we
say that F defines a convexity structure on M if it contains the closed
balls and is closed under intersection. We will say that F is compact
if any family (Aq)aer of elements of F | has a nonempty intersection
provided (,cp Ao # 0 for any finite subset F' C T

We will say that a function ¢ : M — [0,00) is F-convex if {z;¢(x) <
r} € F for any r > 0. We will say that a convexity structure F on M is
T -stable if mappings

¢(u) :=limsupd(xn,u)  for all u € M,

n—oo

are F -convex .

Lemma 2.2. Let M be a cone metric space and F a compact convexity
structure on M which is T -stable. Then for any mappings ¢, there
exists xog € M such that

¢(zo) = inf{o(z),z € M}.

The proof is easy and will be omitted.
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Proposition 2.3. Let M be a complete cone metric space , P a normal
cone with normal constant K and T : M — M a asymptotic pointwise
contraction. Assume that there exists a convexity structure F which is
compact and T -stable. Then T has a unique fized point in X.

Proof. Since F is compact and T' -stable, then there exists xg € M
such that

limsup d(T"(x), xp) = inf{limsup d(T"(x),u);u € M}.

n—oo n—oo

Let us show that limsup,, . d(T"(x),z9) = 0. Indeed we have
AT (2), T™ (2)) < o (20)d(T"(2), 70).
for any n,m > 1. If we let n go to infinity, we get

lim sup d(T" (), T (0)) < (20 (0).

n—oo

which implies that

limsup d(T"(z), o) < limsup d(T"(x), T™(x¢))

n—oo n—oo

< am(z0) limsup d(T"(x), o).

n—0o0

If we let m go to infinity, we get

limsup d(T"(z), x0) < a(zg) limsup d(T"(x), zo).

n—oo n—oo

Since a(zg) < 1, we get limsup,,_,. d(T"(z),z9) = 0, which implies
that {T"(x)} converges to zp. Indeed, since T is asymptotic pointwise
contraction, we have, for all n,

d(T (o), T (20)) < a1 (wo)d(o, T™ (0))-
Since M be a complete cone metric space, we have

(T (o), 7" (o)) | < K [ (wo)d(wo, T" (o))
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Therefore,d(T'(zp),x0) = 0, and so T'zog = xg. Now, if yg is another fixed
point of T, then

d(zo,y0) = d(T"(z0),T"(y0)) < an(z0)d(z0,Yo)-
Next we let n go to infinity to get

d(z0,y0) < a(zo)d(z0, Yo),
and so xg = yo. Therefor, the fixed point of 7" is unique. [

Proposition 2.4. Let X be a complete cone metric space, P a normal
cone with normal constant K and T : X — X. If there is a continuous
map ¢ : P —1[0,3), b€ (0,1) and ng € N such that
1) d(Tz,Ty) < o(d(z,y))(d(Tz,y) + d(z,Ty))
2)  p(d(xp, Tpi1)) < b, for all n>ng, 9 € X, T =T g
3)  »(0) =0,
then T has a unique fixed point in X.

Proof. Choose g € X and n > 1. Set 1 = Txg,20 = Tax1 =
T?x0, ..., xpe1 = Ty = T g, -+ . We have

d(xvu xn+1) = d(TIn—ly Txn) g @(d(zn—h xn))(d(Txna xn—l) + d(Txn—la In))

Therefore  d(zy, Tnt+1) < b(d(@ni1, 2n) + d(Tn, Tno1)). Thus d(zp,Tpe1) <
2 d(2y, xn_1), where h = 2. For n>m > n,

N

AT, Tn-1) + d(xp-1,Tn—2) + ... + d(Trmt1, Tm)
(hnil + ...+ hm)d(l’o, :Iil),

d(Tp, Tm)

N

then d(zy,xm) < %d(:co,xl). Since P is normal we obtain,
hm
ld(zn, 2m)ll < 77— Klld(zo, 21)]l
This implies d(zp,xm) — 0, hence {z,} is a Cauchy sequence. By
completeness of X, there is #* € X such that x,, — z*. Thus,
d(Tz*,z*) < d(Txn,Tz") + d(Tzp,x")
< o(d(zn, 2%)(d(Txy, %) + d(Tx", x0)) + d(Txy, 7).
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Since x,, — z* and ¢(0) = 0, thus

[d(Tz", 2%)|| <
Ko(d(zn, z°)(|d(Ton, z0) | + |d(Tz", 7)) + K|l d(Tzn, )| — 0.

Therefore, d(Tx*,2*) = 0, and so T'z* = z*. Now, if y* is another fixed

point of T, then
d(z",y") = d(Tz",Ty") < (d(z",y")(d(Tz", y*) + d(Ty", x7)).

Hence d(z*,y*) = 0, and so z* = y*. Therefor, the fixed point of T is
unique. [

Example 2.5. Suppose E = R2, P = {(z,y) € E:x, y >0},
X ={(x,0): 2 € 0,1]} U{(0,2) : z € [0,1]}.

The mapping d : X x X — F is defined by
4

2
Then (X,d) is a complete cone metric space. Let T': X — X define by
T(x,0) = (0,z) and T(0,2) = (z,0), also and let ¢ : P — [0, 3) define

’2
by
3
2t 0<t<1
_ 8 ~

then we have
d(T((x1,72)), T((y1,92))) < p(d((21,72), (1, y2)) (T ((z1,22)))+d(T((y1,y2))]

for all (z1,x2), (y1,y2) € X and so by Proposition 2.4. T" has a unique
fixed point in X.
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