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The statistical analysis and modeling of lifetime data are essential in al-
most all applied sciences such as, biomedical science, engineering, nance,
and insurance, amongst others. A number of one-parameter continuous
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distributions for modelling lifetime data has been introduced in statis-
tical literature including exponential, Lindley, gamma, lognormal, and
Weibull. The exponential, Lindley and Weibull distributions are more
popular than the gamma and lognormal distributions because the sur-
vival functions of the gamma and the lognormal distributions cannot be
expressed in closed forms and both require numerical integration. The
Lindley distribution is a very well-known distribution that has been ex-
tensively used over the past decades for modeling data in reliability,
biology, insurance, and lifetime analysis. It was introduced by Lindley
[18] to analyze failure time data, especially in applications of modeling
stress-strength reliability. The motivation for introducing the Lindley
distribution arises from its ability to model failure time data with in-
creasing, decreasing, unimodal and bathtub shaped hazard rates. It may
also be mentioned that the Lindley distribution belongs to an exponen-
tial family and it can be written as a mixture of an exponential and a
gamma distributions. This distribution represents a good alternative to
the exponential failure time distributions that suffer from not exhibit-
ing unimodal and bathtub shaped failure rates (Bakouch et al. [4]). The
properties and inferential procedure for the Lindley distribution were
studied by Ghitany et al. [10, 11]. They show via a numerical example
that the Lindley distribution gives better modeling than the one based
on the exponential distribution when hazard rate is unimodal or bathtub
shaped. Furthermore, Mazucheli and Achcar [19] showed that many of
the mathematical properties are more exible than those of the exponen-
tial distribution and proposed the Lindley distribution as a possible al-
ternative to exponential or Weibull distributions. The need for extended
forms of the Lindley distribution arises in many applied areas. The emer-
gence of such distributions in the statistics literature is quite recent. For
some extended forms of the Lindley distribution and their applications,
the interested reader is referred to Kumaraswamy Lindley (Cakmakya-
pan and Ozel, [6]), beta odd log-logistic Lindley (Cordeiro et al., [8]),
generalized Lindley (Nadarajah et al., [21]), quasi Lindley distributions
(Shanker and Mishra, [21]).

The probability density function (pdf) and cumulative density function
(cdf ) of the power Lindley distribution are given respectively by
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f(x) =
βλ2

1 + λ
(1 + xβ)xβ−1 e−λx

β
,

F (x) = 1− (1 +
λxβ

1 + λ
)e−λ x

β
. (1)

It can be seen that this distribution is a mixture of exponential and
gamma distributions. Having only one parameter, the Lindley distribu-
tion does not provide enough exibility for analyzing different types of
lifetime data. To increase the exibility for modeling purposes it will be
useful to consider further alternatives to this distribution. Our purpose
here is to provide a generalization that may be useful for more com-
plex situations. Once the proposed distribution is quite exible in terms
of pdf and hazard rate function (hrf), it may provide an interesting al-
ternative for describing income distributions and can also be applied in
actuarial science, nance, bioscience, telecommunications and modeling
lifetime data. Therefore, goal is to introduce a new distribution using
the Lindley distribution. Alizadeh et. al [1], introduced a new class of
exponentiated distributions which called Extended Exponentiated dis-
tribution (EE-G). The cdf and pdf of this family are given by

F (x;α, γ, ξ) =
 G(x;ξ)α

1−G(x;ξ)γ

0

dt

(1 + t)2
dt =

G(x; ξ)α

G(x; ξ)α + 1−G(x; ξ)γ , (2)

f(x;α, γ, ξ) =
g(x; ξ)G(x; ξ)α−1 [α+ (γ − α)G(x; ξ)γ ]

[G(x; ξ)α + 1−G(x; ξ)γ ]2
, (3)

where α, γ > 0 are two shape parameters and ξ is the vector of pa-
rameters for baseline cdf G. For α = γ, it contains exp-G family of
distributions. Taking G(x; ξ) as Lindley distribution with parameters λ,
we introduce a new extension of Exponentiated Lindley distribution.

The article is outlined as follows: In Section 2, we introduce the EGL
distribution and provide plots of the density and hazard rate func-
tions. Shapes, quantile function, moments, and moment generating func-
tion are also obtained. Moreover, mean deviation, Lorenz and Bonferroni
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curves, order statistics. In Section 3, the asymptotic properties and ex-
treme values are obtained. Estimation by the method of maximum like-
lihood and an explicit expression for the observed information matrix
are presented in Section 4. The simulation study presented in Section
5. The applications to real data sets are considered in Section 6. Finally,
Section 7 offers some concluding remarks.

2. Main Properties

2.1 Probability density and cumulative density functions

Inserting (1) in (2), the cdf of the EGL with three parameters (α, γ, λ >
0) is defined as

F (x;α, γ, λ) =


1− (1 + λx

1+λ)e
−λ x

α


1− (1 + λx

1+λ)e
−λ x

α
+ 1−


1− (1 + λx

1+λ)e
−λ x

γ . (4)

The corresponding pdf of EGL is given by

f(x;α, γ, λ) =
λ2(1 + x)e−λ x


1− (1 + λx

1+λ )e
−λ x

α−1 
α+ (γ − α)


1− (1 + λx

1+λ )e
−λ x

γ

(1 + λ)


1− (1 + λx
1+λ )e

−λ x
α

+ 1−

1− (1 + λx

1+λ )e
−λ x

γ2 ,

(5)

where λ is a scale parameter α and γ are the shape parameters. Here, a and b
govern the skewness of (5). A random variable X with the pdf (5) is denoted by
X ∼ EGL(α, γ, λ) where λ, α, γ > 0 are four shape parameters and x > 0. It
is easy to see that:

• For α = γ, we obtain Exponentiated Lindley.

• For α = γ = 1, we obtain Lindley.

Some of the possible shapes of the density function (5) for the selected param-
eter values are illustrated in Figure 1. As seen in Figure 1, the density function
can take various forms depending on the parameter values. It is evident that the
EGL distribution is much more flexible than the Lindley distribution, i.e. the
additional shape parameter allows for a high degree of flexibility of the EGL dis-
tribution. Both unimodal and monotonically decreasing and increasing shapes
appear to be possible.

120 V. RANJBAR, M. ALIZADEH AND E. ALTUN

curves, order statistics. In Section 3, the asymptotic properties and ex-
treme values are obtained. Estimation by the method of maximum like-
lihood and an explicit expression for the observed information matrix
are presented in Section 4. The simulation study presented in Section
5. The applications to real data sets are considered in Section 6. Finally,
Section 7 offers some concluding remarks.

2. Main Properties

2.1 Probability density and cumulative density functions

Inserting (1) in (2), the cdf of the EGL with three parameters (α, γ, λ >
0) is defined as

F (x;α, γ, λ) =


1− (1 + λx

1+λ)e
−λ x

α


1− (1 + λx

1+λ)e
−λ x

α
+ 1−


1− (1 + λx

1+λ)e
−λ x

γ . (4)

The corresponding pdf of EGL is given by

f(x;α, γ, λ) =
λ2(1 + x)e−λ x


1− (1 + λx

1+λ )e
−λ x

α−1 
α+ (γ − α)


1− (1 + λx

1+λ )e
−λ x

γ

(1 + λ)


1− (1 + λx
1+λ )e

−λ x
α

+ 1−

1− (1 + λx

1+λ )e
−λ x

γ2 ,

(5)

where λ is a scale parameter α and γ are the shape parameters. Here, a and b
govern the skewness of (5). A random variable X with the pdf (5) is denoted by
X ∼ EGL(α, γ, λ) where λ, α, γ > 0 are four shape parameters and x > 0. It
is easy to see that:

• For α = γ, we obtain Exponentiated Lindley.

• For α = γ = 1, we obtain Lindley.

Some of the possible shapes of the density function (5) for the selected param-
eter values are illustrated in Figure 1. As seen in Figure 1, the density function
can take various forms depending on the parameter values. It is evident that the
EGL distribution is much more flexible than the Lindley distribution, i.e. the
additional shape parameter allows for a high degree of flexibility of the EGL dis-
tribution. Both unimodal and monotonically decreasing and increasing shapes
appear to be possible.

120 V. RANJBAR, M. ALIZADEH AND E. ALTUN

curves, order statistics. In Section 3, the asymptotic properties and ex-
treme values are obtained. Estimation by the method of maximum like-
lihood and an explicit expression for the observed information matrix
are presented in Section 4. The simulation study presented in Section
5. The applications to real data sets are considered in Section 6. Finally,
Section 7 offers some concluding remarks.

2. Main Properties

2.1 Probability density and cumulative density functions

Inserting (1) in (2), the cdf of the EGL with three parameters (α, γ, λ >
0) is defined as

F (x;α, γ, λ) =


1− (1 + λx

1+λ)e
−λ x

α


1− (1 + λx

1+λ)e
−λ x

α
+ 1−


1− (1 + λx

1+λ)e
−λ x

γ . (4)

The corresponding pdf of EGL is given by

f(x;α, γ, λ) =
λ2(1 + x)e−λ x


1− (1 + λx

1+λ )e
−λ x

α−1 
α+ (γ − α)


1− (1 + λx

1+λ )e
−λ x

γ

(1 + λ)


1− (1 + λx
1+λ )e

−λ x
α

+ 1−

1− (1 + λx

1+λ )e
−λ x

γ2 ,

(5)

where λ is a scale parameter α and γ are the shape parameters. Here, a and b
govern the skewness of (5). A random variable X with the pdf (5) is denoted by
X ∼ EGL(α, γ, λ) where λ, α, γ > 0 are four shape parameters and x > 0. It
is easy to see that:

• For α = γ, we obtain Exponentiated Lindley.

• For α = γ = 1, we obtain Lindley.

Some of the possible shapes of the density function (5) for the selected param-
eter values are illustrated in Figure 1. As seen in Figure 1, the density function
can take various forms depending on the parameter values. It is evident that the
EGL distribution is much more flexible than the Lindley distribution, i.e. the
additional shape parameter allows for a high degree of flexibility of the EGL dis-
tribution. Both unimodal and monotonically decreasing and increasing shapes
appear to be possible.

120 V. RANJBAR, M. ALIZADEH AND E. ALTUN

curves, order statistics. In Section 3, the asymptotic properties and ex-
treme values are obtained. Estimation by the method of maximum like-
lihood and an explicit expression for the observed information matrix
are presented in Section 4. The simulation study presented in Section
5. The applications to real data sets are considered in Section 6. Finally,
Section 7 offers some concluding remarks.

2. Main Properties

2.1 Probability density and cumulative density functions

Inserting (1) in (2), the cdf of the EGL with three parameters (α, γ, λ >
0) is defined as

F (x;α, γ, λ) =


1− (1 + λx

1+λ)e
−λ x

α


1− (1 + λx

1+λ)e
−λ x

α
+ 1−


1− (1 + λx

1+λ)e
−λ x

γ . (4)

The corresponding pdf of EGL is given by

f(x;α, γ, λ) =
λ2(1 + x)e−λ x


1− (1 + λx

1+λ )e
−λ x

α−1 
α+ (γ − α)


1− (1 + λx

1+λ )e
−λ x

γ

(1 + λ)


1− (1 + λx
1+λ )e

−λ x
α

+ 1−

1− (1 + λx

1+λ )e
−λ x

γ2 ,

(5)

where λ is a scale parameter α and γ are the shape parameters. Here, a and b
govern the skewness of (5). A random variable X with the pdf (5) is denoted by
X ∼ EGL(α, γ, λ) where λ, α, γ > 0 are four shape parameters and x > 0. It
is easy to see that:

• For α = γ, we obtain Exponentiated Lindley.

• For α = γ = 1, we obtain Lindley.

Some of the possible shapes of the density function (5) for the selected param-
eter values are illustrated in Figure 1. As seen in Figure 1, the density function
can take various forms depending on the parameter values. It is evident that the
EGL distribution is much more flexible than the Lindley distribution, i.e. the
additional shape parameter allows for a high degree of flexibility of the EGL dis-
tribution. Both unimodal and monotonically decreasing and increasing shapes
appear to be possible.



EXTENDED GENERALIZED LINDLEY DISTRIBUTION ... 121

-

Figure 1. Plots of Pdfs of the EGL model for selected λ, α and γ.

2.2 Survival and hazard rate functions

Central role is played in the reliability theory by the quotient of the pdf and
survival function. We obtain the survival function corresponding to (4) as

S(x;λ, α, γ) =
1−


1− (1 + λx

1+λ )e
−λ x

γ


1− (1 + λx

1+λ )e
−λ x

α
+ 1−


1− (1 + λx

1+λ )e
−λ x

γ . (6)

In reliability studies, the hrf is an important characteristic and fundamental
to the design of safe systems in a wide variety of applications. Therefore, we
discuss these properties of the EGL distribution. The hrf of X takes the form

h(x;λ, α, γ) =
λ2(1 + x)e−λ x


1− (1 + λ x

1+λ )e
−λ x

α−1 
α+ (γ − α)


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1−


1− (1 + λx

1+λ )e
−λ x

γ . (7)

Plots of the hrf of the EGL distribution for several parameter values are dis-
played in Figure 2.

Figure 2 shows that the hrf of the EGL distribution can have very flexible
shapes, such as increasing, decreasing, bathtub followed by upside down bath-
tub, and bathtub shapes for the selected values of the model parameters. This
attractive flexibility makes the hrf of the EGL distribution useful and suit-
able for non-monotone empirical hazard behaviors which are more likely to be
encountered or observed in real life situations.
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In reliability studies, the hrf is an important characteristic and fundamental
to the design of safe systems in a wide variety of applications. Therefore, we
discuss these properties of the EGL distribution. The hrf of X takes the form

h(x;λ, α, γ) =
λ2(1 + x)e−λ x


1− (1 + λ x

1+λ )e
−λ x

α−1 
α+ (γ − α)


1− (1 + λ x

1+λ )e
−λ x

γ


1− (1 + λx

1+λ )e
−λ x

α
+ 1−


1− (1 + λx

1+λ )e
−λ x

γ
1−


1− (1 + λx

1+λ )e
−λ x

γ . (7)

Plots of the hrf of the EGL distribution for several parameter values are dis-
played in Figure 2.

Figure 2 shows that the hrf of the EGL distribution can have very flexible
shapes, such as increasing, decreasing, bathtub followed by upside down bath-
tub, and bathtub shapes for the selected values of the model parameters. This
attractive flexibility makes the hrf of the EGL distribution useful and suit-
able for non-monotone empirical hazard behaviors which are more likely to be
encountered or observed in real life situations.
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where c0 = a0
b0

and for k  1,

ck =
1
b0
[ak −

1
b0

k

r=1

brck−r] (9)

Equation (8) shows that me can write the cdf of EGL an a Linear combination
of generalized lindly distribution. Then we can write

f(x) =
∞

k=0

ck+1
(k + 1)λ2(1 + x)

1 + λ
e−λx[1− (1 +

λ

1 + λ
x)e−λx]k.

2.4 Moments and moment generating function

Some of the most important features and characteristics of a distribution can be
studied through moments (e.g. tendency, dispersion, skewness and kurtosis).

Now we obtain ordinary moments and the moment generating function of the
EGL distribution. We define and compute

A(a1, a2, a3, a4;λ) =
 ∞

0

xa1 (1 + x)a2 e−a3 x

1− (1 +

λ

1 + λ
x)e−λx

a4
dx.

(10)
Using generalized binomial expansion, one can obtain

A(a1, a2, a3, a4;λ) =
∞

l,r=0

l

k=0

(−1)l

a4
l


l

k


a2
r


(
λ

1 + λ
)l × Γ(a1 + 1 + k + r)

(λ l + a3)a1+1+k+r
. (11)

Next, the nth moment of the EGL distribution is given by

E [Xn] =
λ2

1 + λ

∞

k=0

k ck A(n, 1, λ, k;λ). (12)

For integer values of k, let µk = E(Xk) and µ = µ1 = E(X), then one can
also find the kth central moment of the EGL distribution through the following
well-known equation

µk = E(X − µ)k =
k

r=0


k

r


µr(−µ)k−r. (13)

The moment generating function of a random variable provides the basis of an
alternative route to analytical results compared with working directly with its
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pdf and cdf. Using (12) and (13), we obtain

MX(t) = E

et X


=

λ2

1 + λ

∞

k=0

(k + 1) ck+1A(k + 1, λ, 0, λ− t).

Using (13), the variance, skewness and kurtosis measures can be obtained. Skew-
ness measures the degree of the long tail and kurtosis is a measure of the degree
of tail heaviness. For the EGL distribution, The skewness can be computed as

S =
µ3

µ
3/2
2

=
µ3 − 3µ2µ


1 + 2µ31

(µ2 − µ21 )3/2
,

and the kurtosis is based on octiles as

K =
µ4

µ2
2

=
µ4 − 4µ1µ


3 + 6µ21 µ


2 − 3µ41

µ2 − µ21
.

When the distribution is symmetric S = 0, and when the distribution is right
(or left) skewed S > 0(or S < 0). As K increases, the tail of the distribution
becomes heavier. These measures are less sensitive to outliers and they exist
even for distributions without moments.
We present first four ordinary moments, skewness and kurtosis of the EGL
distribution for various values of the parameters in Table 1. Plots for skewness
and kurtosis are presented in Figure 3.
Next, we define and compute

B(a1, a2, a3, a4; y, λ) =
 y

0

xa1 (1 + x)a2 e−a3 x

1− (1 +

λ

1 + λ
x)e−λx

a4
dx.

(14)
From the generalized binomial expansion, we have

B(a1, a2, a3, a4; a, λ)

=
∞

l,r=0

l

k=0

(−1)l

a4
l


l

k


a2
r


(
λ

1 + λ
)l ×

γ(a1 + 1 + k + r, y
λ l+a3

)
(λ l + a3)a1+1+k+r

,

(15)

where γ(λ, z) =
 z
0
tλ−1 e−t dt denotes the incomplete gamma function. Now,

the nth incomplete moment of the EGL distribution is found to be

mn(y) = E [Xn |X < y] =
λ2

1 + λ

∞

k=0

(k + 1) ck+1 B(n, 1, λ, k, y;λ). (16)
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Table 1: Moments, skewness, and kurtosis of the EGL dist. for the some
parameter values.

Figure 3. Hazard Rate Function of the EGL model for selected λ, α and γ.
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2.5 Mean deviations

The amount of scatter in a population may be measured to some extent by
deviations from the mean and median. These are known as the mean deviation
about the mean and the mean deviation about the median, defined by

δ1 (X) =
 ∞

0

|x− µ| f(x) dx,

and

δ2 (X) =
 ∞

0

|x−M | f(x) dx,

respectively, where µ = E(X) and M = Median(X) = Q(0.5) denotes the
median and Q(p) is the quantile function. The measures δ1 (X) and δ2 (X) can
be calculated using the relationships

δ1 (X) = 2µF (µ)− 2
 µ

0

x f(x) dx,

and

δ2 (X) = µ− 2
 M

0

x f(x) dx.

Finally we have

δ1 (X) = 2µF (µ)− λ2

1 + λ

∞

k=0

(k + 1)ck+1A(β, 1, λ, k;λ, β),

and

δ2 (X) = µ− 2β λ2

1 + λ

∞

k=0

(k + 1)ck+1B(β, 1, λ, k;M,λ, β).

2.6 Bonferroni and Lorenz curves

The Bonferroni and Lorenz curves have applications in economics as well as
other fields like reliability, medicine and insurance. Let X ∼ EGL(λ, α, γ) and
F (x) be the cdf of X, then the Bonferroni curve of the EGL distribution is
given by

B(F (x)) =
1

µF (x)

 x

0

tf(t)dt,
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where µ = E(Y ). Therefore, from (15), we have

B(F (x)) =
1

µF (x)
× β λ2

1 + λ

∞

k=0

(k + 1)ck+1B(β, 1, λ, k;x, λ, β).

The Lorenz curve of the EGL distribution can be obtained using the relation

L(F (x)) = F (x)B(F (x)) =
1
µ
× β λ2

1 + λ

∞

k=0

(k + 1)ck+1B(β, 1, λ, k;x, λ, β).

2.7 Order statistics

Order statistics make their appearance in many areas of statistical theory and
practice. Suppose X1, . . . , Xn is a random sample from any EGL distribu-
tion. Let Xi:n denote the ith order statistic. The pdf of Xi:n can be expressed
as

fi:n(x) = K f(x)F i−1(x) {1− F (x)}n−i = K
n−i

j=0

(−1)j

n− i
j


f(x)F (x)j+i−1,

where K = 1/B(i, n− i+ 1). We use the result of Gradshteyn and Ryzhik [?]
for a power series raised to a positive integer n (for n  1)

 ∞

i=0

ai u
i

n

=
∞

i=0

dn,i u
i, (17)

where the coefficients dn,i (for i = 1, 2, . . .) are determined from the recurrence
equation (with dn,0 = an0 )

dn,i = (i a0)−1
i

m=1

[m(n+ 1)− i] am dn,i−m. (18)

We can show that the density function of the ith order statistic of any EGL
distribution can be expressed as

fi:n(x) =
∞

r,k=0

mr,k fGL(x;λ, r + k + 1), (19)

where fGL(x;λ, β, r+k+1) denotes the density function of generalized Lindley
distribution with parameters λ and r + k + 1,

mr,k =
n! (r + 1) (i− 1)! cr+1

(r + k + 1)

n−i

j=0

(−1)j fj+i−1,k

(n− i− j)! j! .
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These equations show the effect of parameters on the tails of the EGL distri-
bution.

3.2 Extreme value

Let X1, ..., Xn be a random sample from (5) and X̄ = (X1+ ...+Xn)/n denote
the sample mean, then by the usual central limit theorem, the distribution
of
√
n(X̄ − E(X))/


V ar(X) approaches the standard normal distribution as

n → ∞. Sometimes one would be interested in the asymptotic of the extreme
values Mn = max(X1, ..., Xn) and mn = min(X1, ..., Xn). For (4), it can be
seen that

lim
t→0

F (t x)
F (t)

= xα,

and

lim
t→∞

1− F (t x)
1− F (t) = e−αλx.

Thus, it follows from Theorem 1.6.2 in Leadbetter et al. [16] that there must
be norming constants an > 0, bn, cn > 0 and dn such that

Pr [an(Mn − bn)  x]→ e−e−λαx ,

and
Pr [an(mn − bn)  x]→ 1− e−x

α

,

as n → ∞. Using Corollary 1.6.3 of Leadbetter et al. [16], we can obtain the
form of normalizing constants an, bn, cn and dn.

4. Estimation

Several approaches for parameter estimation have been proposed in the litera-
ture but the maximum likelihood method is the most commonly employed. Here,
we consider estimation of the unknown parameters of the EGL distribution by
the method of maximum likelihood. Let x1, x2, ..., xn be observed values from
the EGL distribution with parameters α, γ and λ. The log-likelihood function
for (α; γ;λ ) is given by

n = 2n log(λ) +
n

i=1

log(1 + xi)− λ
n

i=1

xi + (α+ 1)
n

i=1

log ki

+
n

i=1

log(α+ (γ − α)kαi )− 2
n

i=1

log(kαi + 1− kγi ),
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where
ki = 1− (1 +

λ

1 + λ
xi)e−λxi .

The derivatives of the log-likelihood function with respect to the parameters
α, γ and λ are given respectively, by

∂n
∂α

=
n

i=1

log ki +
n

i=1

1− kα−1
i (α+ ki)

α+ (γ − α)kαi
− 2

n

i=1

αkα−1
i

kαi + 1− kαi
∂n
∂γ

=
n

i=1

kαi
α+ (γ − α)kαi

+ 2
n

i=1

kγi log(ki)
kαi + 1− kγi

∂n
∂λ

=
2n
λ
−

n

i=1

xi + (α− 1)
n

i=1

k
(λ)
i

ki
+

n

i=1

α(γ − α)kα−1
i k

(λ)
i

α+ (γ + α)kαi

−2
n

i=1

αk
(λ)
i kα−1

i − γk(λ)i kγ−1
i

kαi + 1− kγi
,

where

k
(λ)
i =

∂ki
∂λ

= xie−λxi

1 +

λ

λ+ 1
xi +

1
(1 + λ)2


.

The maximum likelihood estimates (MLEs) of (α; γ;λ) , say (α; γ; λ), are the
simultaneous solution of the equations ∂n

∂α = 0; ∂n∂γ = 0; ∂n∂λ = 0.

For estimating the model parameters, numerical iterative techniques should
be used to solve these equations. We can investigate the global maxima of
the log-likelihood by setting different starting values for the parameters. The
information matrix will be required for interval estimation. Let θ = (α, γ, λ)T ,
then the asymptotic distribution of

√
n(θ− θ̂) is N4(0,K(θ)−1), under standard

regularity conditions (see Lehmann and Casella, 1998, pp. 461-463), whereK(θ)
is the expected information matrix. The asymptotic behavior remains valid if
K(θ)) is superseded by the observed information matrix multiplied by 1/n, say
I(θ)/n, approximated by θ̂, i.e. I(θ̂)/n. We have

I(θ) = −




Iαα Iαγ Iαλ
Iγα Iγγ Iγλ
Iλα Iλγ Iλλ



 ,

where

Iαα =
∂2n
∂α2

; Iαγ = Iαγ =
∂2n
∂α∂γ

,
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Iγλ = Iλγ =
∂2n
∂γ∂λ

; Iαλ = Iαγ =
∂2n
∂α∂λ

.

5. Simulation Study

The performance of the maximum likelihood method is evaluated for estimat-
ing the EGL parameters using a Monte Carlo simulation study. The coverage
probabilities (CPs), mean square error (MSES) and the bias of the param-
eter estimates, estimated average lengths (ALs) are calculated. We generate
N = 10, 000 samples of sizes n = 50, 55, ..., 500 from the EGL distribution with
α = 2, γ = 5, λ = 0.5. Let (α, γ, λ) be the MLEs of the new model parameters
and (sα, sγ , sλ) be the standard errors of the MLEs. The estimated biases and
MSEs are given by

Bias(n) =
1
N

N

i=1

(̂i − ),

and

MSE(n) =
1
N

N

i=1

(̂i − )2,

for  = α, γ, λ. The CPs and ALs are given, respectively, by

CP(n) =
1
N

N

i=1

I(̂i − 1.95996s̂i , ̂i + 1.95996s̂i),

and

AL(n) =
3.919928
N

N

i=1

s̂i .

Figure 4 displays the numerical results for the above measures. We conclude
below results from these plots:

 The estimated biases decrease when the sample size n increases,

 The estimated MSEs decay toward zero as n increases,

 The CPs are near 0.95 and approach the nominal value when the sample
size increases,

 The ALs decrease for all parameters when the sample size increases.

These results reveal the consistency property of the MLEs.
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-

Figure 4. Estimated CPs, biases, MSEs and ALs for the selected parameter
values.

6. Application

In this section, we illustrate the fitting performance of the EGL distribution
using two real data sets. For the purpose of comparison, we fitted the following
models to show the fitting performance of EGL distribution by means of real
data set:

• Gamma Distribution, G(α, λ).

• Weibull Distribution, W (α, λ).

• Generalized Exponential Distribution, GE(α, λ), with distribution func-
tion given by

F (x) =
�
1− e−λx

α
.

��� �� �������� �� �������� ��� �� �����

�

������ �� ��������� ���� ������� ���� ��� ��� ��� ��� �������� ���������
������

�� �����������

�� ���� �������� �� ���������� ��� ������ ����������� �� ��� ��� ������������
����� ��� ���� ���� ����� ��� ��� ������� �� ����������� �� ����� ��� ���������
������ �� ���� ��� ������ ����������� �� ��� ������������ �� ����� �� ����
���� ����

� ����� ������������� ���� ���

� ������� ������������� � ��� ���

� ����������� ����������� ������������� ����� ��� ���� ������������ �����
���� ����� ��

� ��� �
�
�� ����

��
�

��� �� �������� �� �������� ��� �� �����

�

������ �� ��������� ���� ������� ���� ��� ��� ��� ��� �������� ���������
������

�� �����������

�� ���� �������� �� ���������� ��� ������ ����������� �� ��� ��� ������������
����� ��� ���� ���� ����� ��� ��� ������� �� ����������� �� ����� ��� ���������
������ �� ���� ��� ������ ����������� �� ��� ������������ �� ����� �� ����
���� ����

� ����� ������������� ���� ���

� ������� ������������� � ��� ���

� ����������� ����������� ������������� ����� ��� ���� ������������ �����
���� ����� ��

� ��� �
�
�� ����

��
�

�������� ������������� ������� ������������ ��

��� ��� ��� ��� ���

��
��

��
��

��
��

��
��

�

�
�

�
�
�

��� ��� ��� ��� ���

��
��

��
��

��
��

��
��

��
��

�

�
��

��
��

��
��

��
�

�

��� ��� ��� ��� ���

��
�

��
�

��
�

��
�

�

�
��

��
��

��
��

��
�

�

��� ��� ��� ��� ���

��
��

�
��

��
�

��
��

�
�

�
��

��
��

��
��

��
�

�

��� ��� ��� ��� ���

��
��

��
��

��
��

��
��

�

�
��

��
��

��
��

�
�

�

��� ��� ��� ��� ���

��
�

��
�

��
�

��
�

��
�

��
�

�

�
��

��
��

��
��

�
�

�

��� ��� ��� ��� ���

��
��

�
��

��
�

��
��

�

�

�
��

��
��

��
��

�
�

�

��� ��� ��� ��� ���

��
�

��
�

��
�

��
�

�

�
�

�

��� ��� ��� ��� ���

��
��

��
��

��
��

�
�

�

�

��� ��� ��� ��� ���

��
��

��
��

��
��

�

�
�

�

������ �� ��������� ���� ������� ���� ��� ��� ��� ��� �������� ��������� �������

� ������� ������������� �����

� ����� ������� ������������� ����� ���

� ����������� �������� ����� ��� ���������� �� ��� ����� ���� ������������ �������� ����� ��

� ��� �
�
�� �� � ��

� � �
���� �

��

� ���� �������� ����� �� ��� ���� ������������ �������� ����� ��

� ��� �
� ������

�

������� ��������

� ������������� ����� ������� ������������� ������ �� ��� ���� ������������ �������� �����
��

� ��� �
�
�� �� � ��

�

� � �
���� ��

��



EXTENDED GENERALIZED LINDLEY DISTRIBUTION ... 133

• Lindley Distribution, L(λ).

• Power Lindley distribution, PL(β, λ).

• Generalized Lindley, GL(α, λ), (Nadarajah et al. [21], with distribution
function given by

F (x) =

1− (1 +

λx

1 + λ
)e−λ x

α
.

• Beta Lindley, BL(α, β, λ), with distribution function given by

F (x) =
 L(x,λ)

0

tα−1(1− t)β−1dt.

• Exponentiated power Lindley distribution, EPL(α, β, λ), with distribu-
tion function given by

F (x) =

1− (1 +

λxβ

1 + λ
)e−λ xβ

α
.

• Odd log-logistic power Lindley distribution OLL−PL(α, β, λ), (Alizadeh
et al. [1]), with distribution function given by

F (x) =
PL(x, β, λ)α

PL(x, β, λ)α + (1− PL(x, β, λ))α .

• Kumaraswamy Power Lindley, KPL(α, β, γ, λ) (Broderick et al. [22])

F (x) = 1− (1− PL(x, β, λ)α)γ .

Estimates of the parameters of EGL distribution, Akaike Information Cri-
terion (AIC), Bayesian Information Criterion (BIC), Cramer Von Mises and
Anderson-Darling statistics (W ∗ and A∗) are presented for each dataset. We
have also considered the Kolmogorov-Smirnov (K-S) statistic and its corre-
sponding p-value and the minimum value of the minus log-likelihood function
(-Log(L)) for the sake of comparison. Generally speaking, the smaller values of
AIC,BIC,W ∗ and A∗, the better fit to a data set. All the computations were
carried out using the software R.

Note that initial values of model parameters are quite important to obtain the
correct MLEs of parameters. To avoid local minima problem, we first obtain the
parameter estimate of the Lindley distribution. Then, the estimated parameter
of the Lindley distribution is used as the initial value of the parameter of the
PL and GL distributions. Then, the estimated parameters of PL distribution,
λ and β, is used as the initial values of the EGL distribution. This approach is
quite useful to obtain correct parameter estimates of extended models.
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6.1 First application

Fonseca and Franca [9] studied the soil fertility in influence and the charac-
terization of the biologic fixation of N2 for the Dimorphandra wilsonii rizz
growth. For 128 plants, they made measures of the phosphorus concentration
in the leaves. The data, which have also been analyzed by Bidram and Nek-
oukhou [5], are listed in Table 3.

Table 2: First data set.

The ML estimates of the parameters and the goodness-of-fit test statistics for
the real data set is presented in Table 3 and 4 respectively. As we can see, the
smallest values of AIC,BIC,A∗,W ∗ and −l statistics and the largest p-values
belong to the EGL distribution. Therefore the EGL distribution outperforms
the other competitive considered distribution in the sense of this criteria.

Table 3: Parameter ML estimates and theirs standard errors (in parentheses)
for first data set.
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6.1 First application

Fonseca and Franca [9] studied the soil fertility in influence and the charac-
terization of the biologic fixation of N2 for the Dimorphandra wilsonii rizz
growth. For 128 plants, they made measures of the phosphorus concentration
in the leaves. The data, which have also been analyzed by Bidram and Nek-
oukhou [5], are listed in Table 3.

Table 2: First data set.

The ML estimates of the parameters and the goodness-of-fit test statistics for
the real data set is presented in Table 3 and 4 respectively. As we can see, the
smallest values of AIC,BIC,A∗,W ∗ and −l statistics and the largest p-values
belong to the EGL distribution. Therefore the EGL distribution outperforms
the other competitive considered distribution in the sense of this criteria.

Table 3: Parameter ML estimates and theirs standard errors (in parentheses)
for first data set.
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6.1 First application

Fonseca and Franca [9] studied the soil fertility in influence and the charac-
terization of the biologic fixation of N2 for the Dimorphandra wilsonii rizz
growth. For 128 plants, they made measures of the phosphorus concentration
in the leaves. The data, which have also been analyzed by Bidram and Nek-
oukhou [5], are listed in Table 3.

Table 2: First data set.

The ML estimates of the parameters and the goodness-of-fit test statistics for
the real data set is presented in Table 3 and 4 respectively. As we can see, the
smallest values of AIC,BIC,A∗,W ∗ and −l statistics and the largest p-values
belong to the EGL distribution. Therefore the EGL distribution outperforms
the other competitive considered distribution in the sense of this criteria.

Table 3: Parameter ML estimates and theirs standard errors (in parentheses)
for first data set.
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6.1 First application

Fonseca and Franca [9] studied the soil fertility in influence and the charac-
terization of the biologic fixation of N2 for the Dimorphandra wilsonii rizz
growth. For 128 plants, they made measures of the phosphorus concentration
in the leaves. The data, which have also been analyzed by Bidram and Nek-
oukhou [5], are listed in Table 3.

Table 2: First data set.

The ML estimates of the parameters and the goodness-of-fit test statistics for
the real data set is presented in Table 3 and 4 respectively. As we can see, the
smallest values of AIC,BIC,A∗,W ∗ and −l statistics and the largest p-values
belong to the EGL distribution. Therefore the EGL distribution outperforms
the other competitive considered distribution in the sense of this criteria.

Table 3: Parameter ML estimates and theirs standard errors (in parentheses)
for first data set.
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In addition, the profile log-likelihood functions of the EGL distribution are
plotted in Figure 4. These plots reveal that the likelihood equations of the
EGL distribution have solutions that are maximizers.

Here, we also applied likelihood ratio (LR) tests. The LR tests can be used for
comparing the EGL distribution with its sub-models. For example, the test of
H0 : α = γ against H1 : α = γ is equivalent to comparing the EGL and GL
distributions with each other. For this test, the LR statistic can be calculated
by the following relation

LR = 2

l(α, β, γ, λ)− l(α∗, 1,γ∗,λ∗)


,

Table 4. Goodness-of-fit test statistics for first data set.

where α∗,γ∗ and λ∗ are the ML estimators of α, γ and λ, respectively, obtained
under H0. Under the regularity conditions and if H0 is assumed to be true, the
LR test statistic converges in distribution to a chi square with r degrees of free-
dom, where r equals the difference between the number of parameters estimated
under H0 and the number of parameters estimated in general, (for H0 : β = 1,
we have r = 1). Table 5 gives the LR statistics and the corresponding p-values.

Table 5. The LR test results for first data set.
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In addition, the profile log-likelihood functions of the EGL distribution are
plotted in Figure 4. These plots reveal that the likelihood equations of the
EGL distribution have solutions that are maximizers.

Here, we also applied likelihood ratio (LR) tests. The LR tests can be used for
comparing the EGL distribution with its sub-models. For example, the test of
H0 : α = γ against H1 : α = γ is equivalent to comparing the EGL and GL
distributions with each other. For this test, the LR statistic can be calculated
by the following relation

LR = 2

l(α, β, γ, λ)− l(α∗, 1,γ∗,λ∗)


,

Table 4. Goodness-of-fit test statistics for first data set.

where α∗,γ∗ and λ∗ are the ML estimators of α, γ and λ, respectively, obtained
under H0. Under the regularity conditions and if H0 is assumed to be true, the
LR test statistic converges in distribution to a chi square with r degrees of free-
dom, where r equals the difference between the number of parameters estimated
under H0 and the number of parameters estimated in general, (for H0 : β = 1,
we have r = 1). Table 5 gives the LR statistics and the corresponding p-values.

Table 5. The LR test results for first data set.
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From Table 5, we observe that the computed p-values are too small so we reject
all the null hypotheses and conclude that the EGL fits the first data better than
the considered sub-models according to the LR criterion.

We also plotted the fitted pdfs and cdfs of the considered models for the sake of
visual comparison, in Figure 5. Figure 5 suggests that the EGL fits the skewed
data very well.

Figure 5. The profile log-likelihood functions of the EGL distribution for
first data set.

6.2 Second application

And the second data set refers to the failure times of 20 mechanical components
reported in Murthy et al. [20] (2004) and, more recently, in Cordeiro et al. [7].

Table 6: Second data set.

Table 6 and 7 present the parameter ML estimates and the goodness-of-fit test
statistics for the second data, respectively. We see that the EGL distribution
outperforms the considered models according to the considered goodness-of-fit
criteria. In addition, the profile log-likelihood functions of the EGL distribution
are plotted in Figure 6. These plots reveal that the likelihood equations of the
EGL distribution have solutions that are maximizers.
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Table 7: Parameter ML estimates and theirs standard errors (in parentheses)
for second data set.

Here, we also applied likelihood ratio (LR) tests for the second data set. The
LR test results for the second data set are given in Table 7. The null hypotheses
are all rejected in favor of the EGL distribution since the p-values are less than
0.01.

Figure 6. Fitted densities of distributions for second data set.
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Table 7: Parameter ML estimates and theirs standard errors (in parentheses)
for second data set.

Here, we also applied likelihood ratio (LR) tests for the second data set. The
LR test results for the second data set are given in Table 7. The null hypotheses
are all rejected in favor of the EGL distribution since the p-values are less than
0.01.

Figure 6. Fitted densities of distributions for second data set.
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Table 7: Parameter ML estimates and theirs standard errors (in parentheses)
for second data set.

Here, we also applied likelihood ratio (LR) tests for the second data set. The
LR test results for the second data set are given in Table 7. The null hypotheses
are all rejected in favor of the EGL distribution since the p-values are less than
0.01.

Figure 6. Fitted densities of distributions for second data set.
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Table 7: Parameter ML estimates and theirs standard errors (in parentheses)
for second data set.

Here, we also applied likelihood ratio (LR) tests for the second data set. The
LR test results for the second data set are given in Table 7. The null hypotheses
are all rejected in favor of the EGL distribution since the p-values are less than
0.01.

Figure 6. Fitted densities of distributions for second data set.
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7. Conclusion

In this paper, a new distribution called Extended Generalized Lindley(EGL)
distribution was introduced. The statistical properties of the EGL distribu-
tion including the hazard and reverse hazard functions, quantile function, mo-
ments, incomplete moments, generating functions, mean deviations, Bonferroni
and Lorenz curves, order statistics and maximum likelihood estimation for the
model parameters are given. Simulation studies was conducted to examine the
performance of the new EGL distribution. We also presented applications of
this new model to a real life data set in order to illustrate the usefulness of the
distribution.
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