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Abstract. In this paper, a numerical method for solving the nonlinear
Fredholm integral equation is presented. We intend to approximate the
solution of this equation by quadrature methods and by doing so, we
solve the nonlinear Fredholm integral equation more accurately. Several
examples are given at the end of this paper.
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1. Introduction

The problem of finding numerical solution for Fredholm integral equa-
tions of the second kinds is one of the oldest problems in the applied
mathematics literature and many computational methods are introduced
in this field ([1,6,7]).
Further more, the solution of an integral equation with quadrature meth-
ods is approximated by solving the system:

u(xi) = f(xi) +
n∑

j=0

wjk(xi, xj)u(xj)
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see ([1,6,7,9]). These methods discuss about the linear Fredholm in-
tegral equation ([6]). In ([12]), Saberi-Nadjafi and Heidari by apply-
ing modified trapezoid formula, solved linear integral equation, while
finding an approximate solution for the nonlinear kind is difficult. Ap-
proaches for solving the nonlinear kind of these equation may be found
in [2-4,8,10]. In this paper we use the repeated Simpson quadrature
and repeated modified trapezoid formula for solving nonlinear Fredholm
integral equations.

2. Quadrature Methods and Nonlinear Integral
Equations

Simpson rule and modified trapezoid methods formula for solving a def-
inite integral

∫ b
a f(x) dx are as follows:

( Simpson’s rule):

∫ b

a
f(x) dx =

h

3
[f(a) + 4f(

a + b

2
) + f(b)]

(modified trapezoid):

∫ b

a
f(x) dx =

h

2
[f(a) + f(b)] +

h2

12
[f ′(a)− f ′(b)]− h5

720
f (4)(η).

These methods are explained in [11], and their repeated formulas are as
follows:
( Simpson’s rule):

∫ b

a
f(x) dx =

n−1∑

i=1

∫ xi+1

xi−1

f(x) dx

=
h

3
f(a) +

4h

3

n
2∑

i=1

f(x2i−1) +
2h

3

[n−1
2

]∑

i=1

f(x2i)

+
h

3
f(b)− (b− a)

180
h4f (4)(η)
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(modified trapezoid):

∫ b

a

f(x) dx =
n∑

i=1

∫ xi

xi−1

f(x) dx =
h

2
f(a)+h

n−1∑

i=1

f(xi)+
h

2
f(b)+

h2

12
[f ′(a)−f ′(b)]

The general form of a nonlinear Fredholm integral equation is as follows
that F is a nonlinear operator:

u(x) = f(x) + λ

∫ b

a
k(x, t)F (u(t)) dt a 6 x 6 b (1)

For using Simpson’s rule, n must be even and for modified trapezoid
formula, k(x, t) and f(x) must be differentiable with respect to their
variables, i.e. the functions ∂k(x,t)

∂x ,∂k(x,t)
∂t and f ′(x) must exist. Before

we clarify further, we define the following notation for simplicity :

fi = f(xi), kij = k(xi, xj)

f ′i = f ′(xi), Hij = H(xi, xj)

ui = u(xi), Jij = J(xi, xj)

u′i = u′(xi).

3. The Numerical Approach

For solving (1), we approximate the right-hand integral of (1) with the
repeated Simpson’s rule and modified trapezoid, then we get:
( Simpson’s rule):

u(x) = f(x) + h
3 [k(x, x0)F (u0) + 4

∑n
2
j=1 k(x, x2j−1)F (u2j−1)

+2
∑[n−1

2
]

j=1 k(x, x2j)F (u2j) + k(x, xn)F (un)] (2)

(modified trapezoid):
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u(x) = f(x) + h
2k(x, x0)F (u0) + h

∑n−1
j=1 k(x, xj)F (uj)

+h
2k(x, xn)F (un) + h2

12 [J(x, x0)F (u0)

+k(x, x0)u′0F
′(u0)− J(x, xn)un − k(x, xn)u′nF ′(un)], (3)

where J(x, t) = ∂k(x,t)
∂t .

Hence, for x = x0, x1, · · · , xn in (2) we have:

ui = fi+
h

3
[ki0F (u0)+4

n
2∑

j=1

ki,2j−1F (u2j−1)+2
[ n−1

2 ]∑

j=1

ki,2jF (u2j)+kinF (un)]. (4)

This is a nonlinear system of equations and by solving it, we obtain
the unknowns ui for i = 0, 1, · · · , n. Then, with Simpson’s rule we can
approximate the solution. Now for modified trapezoid formula, by sub-
stituting x = xi in (3) we have:

ui = fi + h
2ki0F (u0) + h

∑n−1
j=1 kijF (uj) + h

2kinF (un)

+h2

12 [Ji0F (u0) + ki0u
′
0F

′(u0)− Jinun − kinu′nF ′(un)], (5)

for i = 0, 1 . . . n. This is a system of (n + 1) equations and (n + 3)
unknowns. By taking derivative from the Eq. (1), and setting H(x, t) =
∂k(x,t)

∂x , we obtain:

u′(x) = f ′(x)+
∫ b
a H(x, t)F (u(t)) dt. (6)

Note that if u is a solution of equation (1), then it is also a solution of
(6). By using repeated trapezoid quadrature for (6), and placing x = xi

we get:

u′i = f ′i + h
2Hi0F (u0)+h

n−1∑
j=1

HijF (uj)+ h
2HinF (un) (7)

for i = 0, 1 . . . n. Note that in the cases i = 0, n, from system (7),
we obtain two equations. These equations with system (5), make the
nonlinear system of equations as follows:



NONLINEAR FREDHOLM INTEGRAL EQUATION ... 55





ui = fi +
(

h

2
ki0 +

h2

12
Ji0

)
F (u0) + h

n−1∑

j=1

kijF (uj)

+
(

h

2
kin − h2

12
Jin

)
F (un) + h2

12

(
ki0u

′
0F

′(u0)− kinu′nF ′(un)
)

u′0 = f ′0 + h
2H00F (u0) + h

n−1∑

j=1

H0jF (uj) +
h

2
H0nF (un)

u′n = f ′n + h
2Hn0F (u0) + h

n−1∑

j=1

HnjF (uj) +
h

2
HnnF (un) (8)

By solving this system with (n+3) nonlinear equations and (n+3) un-
knowns, the approximate solution of the Eq. (1), is obtained.

4. Numerical Examples

Example 1. Consider the nonlinear Fredholm integral equation

u(x) =
7
8
x +

1
2

∫ 1

0
xtu2(t) dt

with exact solution u(t) = t. Simpson’s rule and modified trapezoid
are exact for this example, because error term in these methods in-
clude f (4)(η) that is zero for this example. Hence, we have exact so-
lution with least n where n = 2. In [8], the authors applied modified
homotopy perturbation method for this example and obtained u(x) =
7
8x + 49

512x + 343
16384x + · · · ≈ x, but we obtained exact solution.

Example 2. Consider the nonlinear Fredholm integral equation

u(x) = (x− π

8
) +

1
2

∫ 1

0

1
(1 + u2(t))

dt

In this example, the analytical solution of the integral equation is u(t) =
t on [0, 1]. Using the procedure in Section 3 for the interval [0, 1] and
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taking n = 8, 10, 16, 20, the ui’s in systems (4) and (8), are computed.
Errors of the numerical results are given in Tables 1 and 2.

Table 1: Numerical results of Example 2

N Simpson’s rule modified trapezoid
8 1.5× 10−8 7.5× 10−10

10 3.9× 10−9 1.9× 10−10

16 2.3× 10−10 1.1× 10−11

20 6.2× 10−11 3.1× 10−12

This example has been solved in [2], as well and Table 2, shows it’s
results. As we see the proposed method is more accurate than [2].

Table 2: Numerical results of Example 2 by using [2]

N E1:φ1(x) = 1
1+x2 E2:φ2(x) = exp

x2
4

10 2.1× 10−5 1.5× 10−9

15 1.5× 10−8 2.9× 10−11

20 7.3× 10−11 7.3× 10−14

Example 3. Consider nonlinear integral equation given in [4],

u(x) = exp(1)x + 1−
∫ 1

0
(x + t)eu(t) dt

which has the exact solution u(t) = t. Table 3, shows numerical results
of this example.

Table 3: Numerical results of Example 3

N Simpson’s rule modified trapezoid
6 9.0× 10−4 8.3× 10−6

8 7.0× 10−5 2.6× 10−6

10 2.9× 10−6 1.0× 10−6

This example has been solved in [4,5], too and Table 4, shows the ob-
tained results. Again our method is more accurate.
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Table 4: Numerical results of Example 2 using [4,5]

nods Method of[5] Method of[4]
0.0 2.0× 10−3 6.5× 10−3

0.2 1.0× 10−2 4.9× 10−3

0.4 2.0× 10−2 2.5× 10−3

0.8 0.0× 10−2 2.5× 10−3

1.0 1.0× 10−4 4.9× 10−3

5. Conclusion

In this paper, a numerical method based on quadrature methods has
been proposed to approximate the solution of nonlinear Fredholm inte-
gral equations. In this method, the problem of solving integral equation
reduced to a problem of solving a system of algebraic equation. Illus-
trative examples are given to demonstrate the validity and accurately of
the proposed method.
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