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1. Introduction

Mathematical programming is tightly interwoven with the classical cal-
culus of variation. Both these subjects have undergone independent de-
velopment, hence mutual adaptation of ideas and techniques have always
been appreciated. The relationship between these two subjects was ex-
plored and extended by Hanson [12]. Thereafter variational program-
ming problems [1, 13, 17, 19, 20, 21, 24] have attracted much attention
in literature.
Establishing duality results and finding optimality conditions is one of
the finest approach to solve such problems. Under different assumptions
of convexity and invexity several researchers [3, 4, 15, 18, 22] have used
efficiency to establish optimality and duality results for Wolfe as well as
Mond-Weir type of duals.
One may come across several type of solution concepts while browsing
the literature. One of them is minimizer or maximizer of order m intro-
duced by Auslender [2] and Ward [25]. Jimenez [14] extended the idea of
Ward to define notion of strict local efficient solution of order m for vec-
tor optimization problem. Bhatia [5] extended this idea further to define
global strict minimizer of order m for multi-objective optimization prob-
lem. But all these authors have worked for static cases. In this paper,
we have introduced efficiency of order m for a class of non-differentiable
multi-objective variational problems in which every component of the
objective and constraint function contains a term involving the square
root of a certain positive semidefinite quadratic form.
Necessary optimality conditions are important because these conditions
lay down foundation for many computational techniques in optimiza-
tion problems as they indicate when a feasible point is not optimal. At
the same time these conditions are useful in the development of numeri-
cal algorithms for solving certain optimization problems. Further, these
conditions are also responsible for the development of duality theory on
which there exists an extensive literature and a substantial use of which
(duality theory) has been made in theoretical as well as computational
applications in many diverse fields. Hence we are motivated to estab-
lish necessary optimality conditions for efficient solution of order m for



DUALITY FOR NON-DIFFERENTIABLE MULTI ... 47

non-differentiable multi-objective variational problems taking efficiency
of order m as optimality criteria. These conditions are further extended
to the class of non-differentiable multi-objective fractional variational
problem. The parametric dual of above stated problem is given. Weak
and strong duality results are established under the assumption gener-
alized ρ−invex conditions on the functionals involved.
The paper is organized as follows: In Section 2, some basic definitions and
preliminaries are given and necessary optimality conditions for efficiency
of order m for multiobjective variational problem are obtained. Section
3, deals with necessary optimality conditions for non-differentiable mul-
tiobjective fractional variational problem (NMFVP) using the concept
of efficiency of higher order. In Section 4, we propose dual for (NMFVP)
for which duality results are obtained under generalized higher order ρ−
invexity assumptions.

2. Definitions and Preliminaries

Let Rn denotes a n-dimensional Euclidean space,
Rn
+ = {(x1, x2, ..., xn)T ∈ Rn|xi  0, i = 1, 2, ..., n} and intRn

+ de-
notes interior of Rn

+ that is intRn
+ = {(x1, x2, ..., xn)T ∈ Rn|xi > 0, i =

1, 2, ..., n}.
For any x = (x1, x2, ..., xn)T , y = (y1, y2, ..., yn)T ∈ Rn.

(i) x = y ⇔ xi = yi for all i = 1, 2, ..., n.

(ii) x < y ⇔ xi < yi for all i = 1, 2, ..., n.

(iii) x  y ⇔ xi  yi for all i = 1, 2, ..., n.

(iv) x  y ⇔ x  y and x = y.

For a given real interval I = [a, b], let φ : I×Rn×Rn → R be a continu-
ously differentiable functions with respect to each of its arguments. For
notational convenience φ(t, x(t), ẋ(t)) will be written as φ(t, x, ẋ), where
x : I → Rn is a piece-wise smooth state function with its derivative ẋ.
We also denote the partial derivative of φ with respect to t, x and ẋ by
φt, φx, φẋ respectively. Let C(I,Rm) be the set of all continuous functions
from I → Rm. Let X be the space of piece-wise smooth state functions



�� �� ����� ��� �� ������

� � � � �� �������� ���� ��� ���� ��� � ���� � ����� ����� ���
����������� �������� � �� ����� �� � � �� � ���� � ���� �

� �
� �������

���������� � � �
�� ������ �� ����������������

��� ����������������� ��������������� ����������� ������� ���� �� ���
���� �� ��������

���� ��������
�� �

�
������ �� ��� � ����������������

�
� ���� � � � �

� �

�
������ �� ��� � ����������������

�
� ���

�

������� ���

����� �� ��� � ����������������
�
� � �� � � �� � �� � ��� �� � � � ���� ���

���� � �� ���� � �� ���

����� � � � � ��� ��� � �� � � � � ��� � � � � �� ��� �� � � ��� ��� �
�� � ��� ��� ������������ ������������� ��������� ���� ������� �� ����
�� ����� ���������� ��� ���� � � �������� � � � ��� ������ � � � ���
� � � �������� ����������������������� �������� ���� ����� ��� �����
���������� �� �� ��� �� �� ��� ��� �� ��� �������� �������� �� ���� ���� ��

�� � �� � ������� �� ��� � ���������������� �� � ��
� ��� � � �� ���� � �� ���� � ���

��������� ���� �� � �� �� ���� �� �� �� ������� �������� ��� ���� ��
����� �� �� ����� � � �� ���� ����
� �

�
�� ���� �� ��������������������

�
� ���

�
� �

�
�� ���� ��� ���� � ������������������

�
� ���� ��� ��� � � � ����

� �

�
�� ���� �� ��� � ����������������

�
� ���

�

� �

�
�� ���� ��� ���� � ������������������

�
� ���� ��� �� ����� ��� � � ��

�� �� ����� ��� �� ������

� � � � �� �������� ���� ��� ���� ��� � ���� � ����� ����� ���
����������� �������� � �� ����� �� � � �� � ���� � ���� �

� �
� �������

���������� � � �
�� ������ �� ����������������

��� ����������������� ��������������� ����������� ������� ���� �� ���
���� �� ��������

���� ��������
�� �

�
������ �� ��� � ����������������

�
� ���� � � � �

� �

�
������ �� ��� � ����������������

�
� ���

�

������� ���

����� �� ��� � ����������������
�
� � �� � � �� � �� � ��� �� � � � ���� ���

���� � �� ���� � �� ���

����� � � � � ��� ��� � �� � � � � ��� � � � � �� ��� �� � � ��� ��� �
�� � ��� ��� ������������ ������������� ��������� ���� ������� �� ����
�� ����� ���������� ��� ���� � � �������� � � � ��� ������ � � � ���
� � � �������� ����������������������� �������� ���� ����� ��� �����
���������� �� �� ��� �� �� ��� ��� �� ��� �������� �������� �� ���� ���� ��

�� � �� � ������� �� ��� � ���������������� �� � ��
� ��� � � �� ���� � �� ���� � ���

��������� ���� �� � �� �� ���� �� �� �� ������� �������� ��� ���� ��
����� �� �� ����� � � �� ���� ����
� �

�
�� ���� �� ��������������������

�
� ���

�
� �

�
�� ���� ��� ���� � ������������������

�
� ���� ��� ��� � � � ����

� �

�
�� ���� �� ��� � ����������������

�
� ���

�

� �

�
�� ���� ��� ���� � ������������������

�
� ���� ��� �� ����� ��� � � ��

48 P. KUMAR AND B. SHARMA

x : I → Rn equipped with the norm x = x∞ + Dx∞ where the
differential operator D is given by u = Dx ⇔ x(t) = x(a) +

 t
a u(s)ds.

Therefore, D = d
dt except at discontinuities.

The Non-differentiable Multi-objective Variational Problem (P1) is de-
fined as follows:

(P1) Minimize
 b

a
{f1(t, x, ẋ) + {x(t)TB1(t)x(t)}

1
2 }dt, . . . ,

 b

a
{fp(t, x, ẋ) + {x(t)TBp(t)x(t)}

1
2 }dt



subject to,

gj(t, x, ẋ) + {x(t)TCj(t)x(t)}
1
2  0, t ∈ I, j ∈M = {1, 2, . . . ,m}, (1)

x(a) = 0, x(b) = 0. (2)

where f i : I ×Rn ×Rn → R, i ∈ P = {1, . . . , p} and gj : I ×Rn ×Rn →
R, j ∈M, are continuously differentiable functions with respect to each
of their arguments. For each t ∈ I,Bi(t), i ∈ P and Cj(t), j ∈ M are
n × n positive semi-definite(symmetric) matrices with Bi(·) and Ci(·)
continuous on I. Let X0 be the set of all feasible solution of (P1) that is

X0 = {x ∈ X|gj(t, x, ẋ) + {x(t)TCj(t)x(t)} 1
2  0,

j ∈M, t ∈ I, x(a) = 0, x(b) = 0}.

Definition 2.1. x̄ ∈ X0 is said to be an efficient solution for (P1) if
there is no other x ∈ X0 such that
 b

a
{f i(t, x, ẋ)+{x(t)TBi(t)x(t)}

1
2 }dt


 b

a
{f i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)}

1
2 }dt, for all i ∈ P and,

 b

a
{f j(t, x, ẋ) + {x(t)TBj(t)x(t)}

1
2 }dt

<

 b

a
{f j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)}

1
2 }dt, for at least one j ∈ P.
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Let m  1 be an integer and ξ be a piece-wise smooth vector valued
function on I × Rn × Rn.

Definition 2.2. x̄ ∈ X0 is said to be an efficient solution of order m
for (P1) with respect to ξ if there exist c = (c1, c2, ..., cp) ∈ intRp

+ such
that for no other x ∈ X0

 b

a
{f i(t, x, ẋ) + {x(t)TBi(t)x(t)}

1
2 }dt


 b

a
{f i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)}

1
2 + ciξ(t, x, x̄)m}dt,

for all i ∈ P and,
 b

a
{f j(t, x, ẋ) + {x(t)TBj(t)x(t)}

1
2 }dt

<

 b

a
{f j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)}

1
2 + cjξ(t, x, x̄)m}dt,

for at least one j ∈ P .

Lemma 2.3. (Chankong and Haimes [7]) Let x̄ be an efficient solution
of order m for (P1) with respect to ξ. For each k ∈ P, define

P (k) Minimize
 b

a
{fk(t, x, ẋ) + {x(t)TBk(t)x(t)}

1
2 }dt

subject to,

gj(t, x, ẋ) + {x(t)TCj(t)x(t)}
1
2  0, t ∈ I, j ∈M,

 b

a
{f j(t, x, ẋ) + {x(t)TBj(t)x(t)}

1
2 }dt


 b

a
{f j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)}

1
2 }dt, j ∈ P, j = k,
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x(a) = 0, x(b) = 0.

Then x̄ is an optimal solution of order m for P (k) with respect to ξ,
k ∈ P.

Proof. Fix k ∈ P. If possible suppose x̄ is not an optimal solution of m
for P (k) with respect to ξ, k ∈ P, that is for each α(k) ∈ R+−{0} there
exist feasible solution for the problem P (k) namely x̂ such that

 b

a
{fk(t, x̂, ˙̂x) + {x̂(t)TBk(t)x̂(t)}

1
2 }dt

<

 b

a
{fk(t, x̄, ˙̄x) + {x̄(t)TBk(t)x̄(t)}

1
2 + α(k)ξ(t, x̂, x̄)m}dt,

Feasibility of x̂, yields

 b

a
{f j(t, x̂, ˙̂x) + {x̂(t)TBj(t)x̂(t)}

1
2 }dt 

 b

a
{f j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)}

1
2 }dt,


 b

a
{f j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)}

1
2 + α(j)ξ(t, x̂, x̄)m}dt,

for each α(j) ∈ R+ − {0}, j ∈ P, j = k.

Using above inequalities we arrive a contradiction to the fact that x̄ is
an efficient solution of order m for (P1) with respect to ξ. Hence the
result follows. 

Lemma 2.4. Fix k ∈ P, x̄ be an optimal solution of order m for P (k)
with respect to ξ. Then there exist τ = (τ1, τ2, . . . , τp) ∈ Rp

+, piece-wise
smooth functions λj : I → R, j ∈M, zi : I → Rn, i ∈ P,wi : I → Rn,

i ∈M, such that

p

i=1

τ i(f i
x̄(t)+B

i(t)zi(t)) +
m

j=1

λj(t)(gjx̄(t) + C
j(t)wj(t)) (3)

=
d

dt

 p

i=1

τ if i
˙̄x(t) +

m

j=1

λj(t)gj˙̄x(t)

, t ∈ I,
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x(a) = 0, x(b) = 0.
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 b

a
{fk(t, x̂, ˙̂x) + {x̂(t)TBk(t)x̂(t)}

1
2 }dt

<

 b

a
{fk(t, x̄, ˙̄x) + {x̄(t)TBk(t)x̄(t)}

1
2 + α(k)ξ(t, x̂, x̄)m}dt,

Feasibility of x̂, yields

 b

a
{f j(t, x̂, ˙̂x) + {x̂(t)TBj(t)x̂(t)}

1
2 }dt 

 b

a
{f j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)}

1
2 }dt,


 b

a
{f j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)}

1
2 + α(j)ξ(t, x̂, x̄)m}dt,
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 b

a

m

j=1

λj(t){gj(t, x̄, ˙̄x) + x̄(t)TCj(t)wj(t)}dt = 0, (4)

τ  0, λj(t)  0, j ∈M, (τ, λ1(t), . . . , λm(t)) = 0 , t ∈ I, (5)

zi(t)TBi(t)zi(t)  1, (x̄(t)TBi(t)x̄(t))
1
2 = x̄(t)TBi(t)zi(t), i ∈ P (6)

wj(t)TCj(t)wj(t)  1, (x̄(t)TCj(t)x̄(t))
1
2 = x̄(t)TCj(t)wi(t), j ∈M.

(7)

Proof. Let x̄ be an optimal solution of order m for P (k) with respect
to ξ. Let
F i(x) =

 b
a {f

i(t, x, ẋ)}dt, i ∈ P,
J i(x) =

 b
a {x(t)

TBi(t)x(t)} 1
2dt, i ∈ P,

G(x)(t) = (g1(t, x, ẋ) + {x(t)TC1(t)x(t)} 1
2 , . . . ,

gm(t, x, ẋ) + {x(t)TCm(t)x(t)} 1
2 ),

L2(I, R) = {f : I → R|f is measurable and
 b
a |f(t)|

2dµ(t) < ∞},
where µ is Lebesgue measure.
K = C+(I,Rm) = {s ∈ C(I,Rm)|s(t)  0)} ⊂ L2(I, Rm)
The problem P (k) may be rewritten as Cone Constrained Problem
(CCP):

(CCP) Minimize F k(x) + Jk(x)

subject to,
−G(x) ∈ K, x ∈ X.

−F j(x)− J j(x) + F j(x̄) + J j(x̄) ∈ R+, j ∈ P, j = k.

Since x̄ is an optimal solution of P(k), so is of (CCP). By Fritz John The-
orem [9], there exist τk ∈ R+, ρ ∈ K∗(polar cone of K), τ j ∈ (R+)∗ =
R+, j ∈ P, j = k not all zero such that

0 ∈ τk{∂(F k + Jk)(x̄))}+ ρ∂G(x̄) +


j∈P,j =k

τ j{∂(F j + J j)(x̄)}, (8)
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where ∂(F i + J i)(x̄), i ∈ P, ∂G(x̄) denote sub-differential of F i + J i, G

at x̄, respectively.

ρG(x̄) = 0. (9)

Since ρ ∈ K∗ ⇒ ρ ∈ L2(I, Rm), by Riesz representation theorem [16]
there exist λ = (λ1, . . . , λm) ∈ L2(I,Rm) such that

ρ(s) =
 b

a
λ(t)T s(t)dt, for all s = (s1, . . . , sm) ∈ L2(I,Rm). (10)

Take s = G(x̄) in (10) along with (9), we get

 b

a

m

j=1

λj(t){gj(t, x̄, ˙̄x) + {x̄(t)TCj(t)x̄(t)}
1
2 }dt = 0. (11)

(8) implies

0 = τk(F k)(x̄) + τkµk + ρν +


j∈P,j =k

τ j{(F j)(x̄) + µj}, (12)

where µk ∈ ∂Jk(x̄), k ∈ P, ν ∈ ∂G(x̄).

(F i)(x̄)(v) =
 b

a
{f i

x̄(t)
T v(t) + f i

˙̄x(t)
T v̇(t)}dt, i ∈ P, for all v ∈ X. (13)

As µi ∈ ∂J i(x̄), i ∈ P, from [8, 10]

µi(v) =
 b

a
{(Bi(t)zi(t))T v(t)}dt, for all v ∈ X, (14)

where zi : I → Rn, with zi(t)TBi(t)zi(t)  1, (x̄(t)TBi(t)x̄(t))
1
2 =

x̄(t)TBi(t)zi(t), i ∈ P. As ν ∈ ∂G(x̄), from [8, 10]

ν(v)(t) = ((g1
x̄(t) + C

1(t)w1(t))T v(t) + g1
˙̄x(t)

T v̇(t), . . . , (15)

(gmx̄ (t) + C
1(t)w1(t))T v(t) + gm˙̄x (t)

T v̇(t))

for all v ∈ X,
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where wi : I → Rn, with

wi(t)TCi(t)wi(t)  1, (x̄(t)TCi(t)x̄(t))
1
2 = x̄(t)TCi(t)wi(t), i ∈M.

(16)

Using (10), (13), (14) and (15) in (12)
 b

a

 p

i=1

τ i(f i
x̄(t) +B

i(t)zi(t)) +
m

j=1

λj(t)(gjx̄(t) + C
j(t)wj(t))

T
v(t)

+
 p

i=1

τ if i
˙̄x(t) +

m

j=1

λj(t)gj˙̄x(t)
T
v̇(t)}dt = 0. (17)

for all v ∈ X.

Integrating by parts the following function and using boundary condition
of v,

 b

a

 p

i=1

τ if i
˙̄x(t) +

m

j=1

λj(t)gj˙̄x(t)
T
v̇(t)

= −
 b

a


d

dt

 p

i=1

τ if i
˙̄x(t) +

m

j=1

λj(t)gj˙̄x(t)
T

v(t)dt.

Using above equation in (17), we get
 b

a

 p

i=1

τ i(f i
x̄(t) +B

i(t)zi(t)) +
m

j=1

λj(t)(gjx̄(t) + C
j(t)wj(t))

− d

dt

 p

i=1

τ if i
˙̄x(t) +

m

j=1

λj(t)gj˙̄x(t)
T
v(t)dt = 0.

for all v ∈ X.

By fundamental theorem of calculus of variation [11],
p

i=1

τ i(f i
x̄(t) +B

i(t)zi(t))+
m

j=1

λj(t)(gjx̄(t) + C
j(t)wj(t))

=
d

dt

 p

i=1

τ if i
˙̄x(t) +

m

j=1

λj(t)gj˙̄x(t)

, t ∈ I.
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(4) follows from (11) and (16). Result now follows by proceeding as in
[6]. 

Theorem 2.5. (Necessary optimality conditions) Let x̄ be an efficient
solution of order m for (P1) with respect to ξ. Then there exist τ =
(τ1, τ2, . . . , τp) ∈ Rp

+, piece-wise smooth functions λ
j : I → R, j ∈

M, zi : I → Rn, i ∈ P,wi : I → Rn, i ∈M, such that
p

i=1

τ i(f i
x̄(t) +B

i(t)zi(t)) +
m

j=1

λj(t)(gjx̄(t) + C
j(t)wj(t)) (18)

=
d

dt

 p

i=1

τ if i
˙̄x(t) +

m

j=1

λj(t)gj˙̄x(t)

, t ∈ I,

 b

a

m

j=1

λj(t){gj(t, x̄, ˙̄x) + x̄(t)TCj(t)wj(t)}dt = 0, (19)

τ  0, λj(t)  0, j ∈M, (τ, λ1(t), . . . , λm(t)) = 0 , t ∈ I, (20)

zi(t)TBi(t)zi(t)  1, (x̄(t)TBi(t)x̄(t))
1
2 = x̄(t)TBi(t)zi(t), i ∈ P, (21)

wj(t)TCj(t)wj(t)  1, (x̄(t)TCj(t)x̄(t))
1
2 = x̄(t)TCj(t)wj(t), j ∈M.

(22)

Proof. By Lemma 2.3, x̄ is an optimal solution of orderm for P(k)(arbitrary
chosen but fixed k) with respect to ξ. Results follows Lemma 2.4. 

3. Non-Differentiable Multiobjective Fractional
Variational Problem

A class of fractional programming problem, in which objective function
is the ratio of two functions, has received considerable importance during
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past few decades. Because of its ratio structure, it finds its application
in various fields like economics, informational theory, engineering, heat
exchange networking and numerical analysis. We refer readers to [23] for
both the theoretical progress in fractional programming and for mathe-
matical and technical problems where this theory can applied. Now, con-
sider the non-differentiable multiobjective fractional variational problem

(P2) Minimize

 b
a {f

1(t, x, ẋ) + {x(t)TB1(t)x(t)} 12 }dt
 b
a {k1(t, x, ẋ)− {x(t)TE1(t)x(t)} 12 }dt

,

. . . ,

 b
a {f

p(t, x, ẋ) + {x(t)TBp(t)x(t)} 12 }dt
 b
a {kp(t, x, ẋ)− {x(t)TEp(t)x(t)} 12 }dt



subject to

gj(t, x, ẋ) + {x(t)TCj(t)x(t)}
1
2  0, t ∈ I, j ∈M, (23)

x(a) = 0, x(b) = 0, (24)

where ki : I × Rn × Rn → R, i ∈ P are continuously differentiable func-
tions with respect to each of their arguments. For each t ∈ I, Ei(t), i ∈ P
are n× n positive semi definite(symmetric) matrices with, Ei(·) contin-
uous on I.
Assume that

 b
a {f

i(t, x, ẋ) + {x(t)TBi(t)x(t)} 12 }dt  0 and b
a {k

i(t, x, ẋ)− {x(t)TEi(t)x(t)} 12 }dt > 0, for all i ∈ P , for all x ∈ X.

Definition 3.1. A point x̄ ∈ X0 is said to be an efficient solution for
(P2) if there is no other x ∈ X0 such that
 b
a {f

i(t, x, ẋ) + {x(t)TBi(t)x(t)} 12 }dt
 b
a {ki(t, x, ẋ)− {x(t)TEi(t)x(t)} 12 }dt


 b
a {f

i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)} 12 }dt
 b
a {ki(t, x̄, ˙̄x)− {x̄(t)TEi(t)x̄(t)} 12 }dt

,

for all i ∈ P and
 b
a {f

j(t, x, ẋ) + {x(t)TBj(t)x(t)} 12 }dt
 b
a {kj(t, x, ẋ)− {x(t)TEj(t)x(t)} 12 }dt

<

 b
a {f

j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)} 12 }dt
 b
a {kj(t, x̄, ˙̄x)− {x̄(t)TEj(t)x̄(t)} 12 }dt

,

for at least one j ∈ P.
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1(t, x, ẋ) + {x(t)TB1(t)x(t)} 12 }dt
 b
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Let m  1 be an integer and ξ : I × X × X → Rn be a piece-wise
continuous function.

Definition 3.2. A point x̄ ∈ X0 is said to be an efficient solution of
order m with respect to ξ for (P2) if there exist c = (c1, c2, ..., cp) ∈
intRp

+ and d = (d1, d2, ..., dp) ∈ intRp
+ such that for no other x ∈ X0

 b
a {f

i(t, x, ẋ) + {x(t)TBi(t)x(t)} 12 − ciξ(t, x, x̄)m}dt
 b
a {ki(t, x, ẋ)− {x(t)TEi(t)x(t)} 12 + diξ(t, x, x̄)m}dt


 b
a {f

i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)} 12 }dt
 b
a {ki(t, x̄, ˙̄x)− {x̄(t)TEi(t)x̄(t)} 12 }dt

, for all i ∈ P and

 b
a {f

j(t, x, ẋ) + {x(t)TBj(t)x(t)} 12 − cjξ(t, x, x̄)m}dt
 b
a {kj(t, x, ẋ)− {x(t)TEj(t)x(t)} 12 + djξ(t, x, x̄)m}dt

<

 b
a {f

j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)} 12 }dt
 b
a {kj(t, x̄, ˙̄x)− {x̄(t)TEj(t)x̄(t)} 12 }dt

, for at least one j ∈ P.

Consider the following parametric non-differentiable multi-objective vari-
ational problem (NMFVPv)

Minimize

 b

a
{f1(t, x, ẋ) + {x(t)TB1(t)x(t)}

1
2−v1[k1(t, x, ẋ)−{x(t)TE1(t)x(t)}

1
2 ]}dt,

. . . ,

 b

a
{fp(t, x, ẋ) + {x(t)TBp(t)x(t)}

1
2−vp[kp(t, x, ẋ)−{x(t)TEp(t)x(t)}

1
2 ]}dt



subject to

gj(t, x, ẋ) + {x(t)TCj(t)x(t)}
1
2  0, t ∈ I, j ∈M, (25)

x(a) = 0, x(b) = 0, (26)

v = (v1, v2, ..., vp) ∈ Rp
+.
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a {kj(t, x, ẋ)− {x(t)TEj(t)x(t)} 12 + djξ(t, x, x̄)m}dt

<

 b
a {f

j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)} 12 }dt
 b
a {kj(t, x̄, ˙̄x)− {x̄(t)TEj(t)x̄(t)} 12 }dt

, for at least one j ∈ P.

Consider the following parametric non-differentiable multi-objective vari-
ational problem (NMFVPv)

Minimize

 b

a
{f1(t, x, ẋ) + {x(t)TB1(t)x(t)}

1
2−v1[k1(t, x, ẋ)−{x(t)TE1(t)x(t)}

1
2 ]}dt,

. . . ,

 b

a
{fp(t, x, ẋ) + {x(t)TBp(t)x(t)}

1
2−vp[kp(t, x, ẋ)−{x(t)TEp(t)x(t)}

1
2 ]}dt



subject to

gj(t, x, ẋ) + {x(t)TCj(t)x(t)}
1
2  0, t ∈ I, j ∈M, (25)

x(a) = 0, x(b) = 0, (26)

v = (v1, v2, ..., vp) ∈ Rp
+.
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Lemma 3.3. If x̄ is an efficient solution of order m for (P2) with respect
to ξ then there exist v̄ = (v̄1, v̄2, ..., v̄p) ∈ Rp

+ such that x̄ is an efficient
solution of order m for (NMFVPv̄) with respect to ξ.

Proof. Let x̄ be an efficient solution of order m for (P2) with respect
to ξ.

Take v̄i =
 b
a {f

i(t,x̄, ˙̄x)+{x̄(t)T Bi(t)x̄(t)}
1
2 }dt

 b
a {ki(t,x̄, ˙̄x)−{x̄(t)T Ei(t)x̄(t)}

1
2 }dt
, i = 1, 2, . . . , p.

If possible suppose, x̄ is not an efficient solution of orderm for (NMFVPv̄)
with respect to ξ. Then for any ρ = (ρ1, ρ2, ..., ρp) ∈ intRp

+, there exist
x̂ ∈ X0 such that

 b

a
{f i(t, x̂, ˙̂x) + {x̂(t)TBi(t)x̂(t)}

1
2−v̄i[ki(t, x̂, ˙̂x)− {x̂(t)TEi(t)x̂(t)}

1
2 ]}dt

 ρi
 b

a
ξ(t, x̂, x̄)mdt, for all i ∈ P and

 b

a
{f j(t, x̂, ˙̂x) + {x̂(t)TBj(t)x̂(t)}

1
2−v̄j [kj(t, x̂, ˙̂x)− {x̂(t)TEj(t)x̂(t)}

1
2 ]}dt

< ρj
 b

a
ξ(t, x̂, x̄)mdt, for at least one j ∈ P.

Which is
 b
a {f

i(t, x̂, ˙̂x) + {x̂(t)TBi(t)x̂(t)} 12 }dt
 b
a {ki(t, x̂, ˙̂x)− {x̂(t)TEi(t)x̂(t)} 12 }dt

 v̄i +
ρi

 b
a {ξ(t, x̂, x̄)

m}dt
 b
a {ki(t, x̂, ˙̂x)− {x̂(t)TEi(t)x̂(t)} 12 }dt

,

(27)

for all i ∈ P and
 b
a {f

j(t, x̂, ˙̂x) + {x̂(t)TBj(t)x̂(t)} 12 }dt
 b
a {kj(t, x̂, ˙̂x)− {x̂(t)TEj(t)x̂(t)} 12 }dt

< v̄j +
ρj

 b
a {ξ(t, x̂, x̄)

m}dt
 b
a {kj(t, x̂, ˙̂x)− {x̂(t)TEj(t)x̂(t)} 12 }dt

,

(28)

for at least one j ∈ P.
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 b
a {f

i(t, x̂, ˙̂x) + {x̂(t)TBi(t)x̂(t)} 12 }dt
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 v̄i +
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,

(27)

for all i ∈ P and
 b
a {f

j(t, x̂, ˙̂x) + {x̂(t)TBj(t)x̂(t)} 12 }dt
 b
a {kj(t, x̂, ˙̂x)− {x̂(t)TEj(t)x̂(t)} 12 }dt
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ρj
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a {kj(t, x̂, ˙̂x)− {x̂(t)TEj(t)x̂(t)} 12 }dt

,

(28)

for at least one j ∈ P.
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Case(i) If ξ(t, x̂, x̄)m = 0. Then (27) and (28) became
 b
a {f

i(t, x̂, ˙̂x) + {x̂(t)TBi(t)x̂(t)} 12 }dt
 b
a {ki(t, x̂, ˙̂x)− {x̂(t)TEi(t)x̂(t)} 12 }dt

 v̄i, for all i ∈ P,

and
 b
a {f

j(t, x̂, ˙̂x) + {x̂(t)TBj(t)x̂(t)} 12 }dt
 b
a {kj(t, x̂, ˙̂x)− {x̂(t)TEj(t)x̂(t)} 12 }dt

< v̄j for at least one j ∈ P.

Then for any c = (c1, c2, ..., cp) ∈ int Rp
+ and d = (d1, d2, ..., dp) ∈

int Rp
+, there exist x̂ ∈ X0 such that
 b
a {f

i(t, x̂, ˙̂x) + {x̂(t)TBi(t)x̂(t)} 12 − ciξ(t, x̂, x̄)m}dt
 b
a {ki(t, x̂, ˙̂x)− {x̂(t)TEi(t)x̂(t)} 12 + diξ(t, x̂, x̄)m}dt


 b
a {f

i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)} 12 }dt
 b
a {ki(t, x̄, ˙̄x)− {x̄(t)TEi(t)x̄(t)} 12 }dt

, for all i ∈ P and

 b
a {f

j(t, x̂, ˙̂x) + {x̂(t)TBj(t)x̂(t)} 12 − cjξ(t, x̂, x̄)m}dt
 b
a {kj(t, x̂, ˙̂x)− {x̂(t)TEj(t)x̂(t)} 12 + djξ(t, x̂, x̄)m}dt

<

 b
a {f

j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)} 12 }dt
 b
a {kj(t, x̄, ˙̄x)− {x̄(t)TEj(t)x̄(t)} 12 }dt

, for at least one j ∈ P.

Which is contradiction to the fact that x̄ is an efficient solution of order
m for (P2) with respect to ξ.
Case(ii) If ξ(t, x̂, x̄)m = 0. For any c = (c1, c2, ..., cp) ∈ intRp

+ and
d = (d1, d2, ..., dp) ∈ intRp

+, i ∈ P define

ρi =
ci
 b
a {k

i(t, x̂, ˙̂x)− {x̂(t)TEi(t)x̂(t)} 12 }dt+ di
 b
a {f

i(t, x̂, ˙̂x) + {x̂(t)TBi(t)x̂(t)} 12 }dt
 b
a {ki(t, x̂, ˙̂x)− {x̂(t)TEi(t)x̂(t)} 12 }dt+ di

 b
a ξ(t, x̂, x̄)mdt

.

Substituting this in (27) and (28) yields
 b
a {f

i(t, x̂, ˙̂x) + {x̂(t)TBi(t)x̂(t)} 12 − ciξ(t, x̂, x̄)m}dt
 b
a {ki(t, x̂, ˙̂x)− {x̂(t)TEi(t)x̂(t)} 12 + diξ(t, x̂, x̄)m}dt


 b
a {f

i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)} 12 }dt
 b
a {ki(t, x̄, ˙̄x)− {x̄(t)TEi(t)x̄(t)} 12 }dt

, for all i ∈ P and
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 b
a {f

j(t, x̂, ˙̂x) + {x̂(t)TBj(t)x̂(t)} 12 − cjξ(t, x̂, x̄)m}dt
 b
a {kj(t, x̂, ˙̂x)− {x̂(t)TEj(t)x̂(t)} 12 + djξ(t, x̂, x̄)m}dt

<

 b
a {f

j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)} 12 }dt
 b
a {kj(t, x̄, ˙̄x)− {x̄(t)TEj(t)x̄(t)} 12 }dt

, for at least one j ∈ P.

Which is contradiction to the fact that x̄ is an efficient solution of order
m for (P2) with respect to ξ. Hence the result follows. 

Theorem 3.4. (Necessary optimality condition ) Let x̄ be an efficient
solution of order m for (P2) with respect to ξ. Then there exist τ =
(τ1, τ2, . . . , τp) ∈ Rp

+, v = (v1, v2, . . . , vp) piece-wise smooth functions
λj : I → R, j ∈ M, zi : I → Rn, yi : I → Rn, i ∈ P,wi : I → Rn, i ∈ M,
such that

p

i=1

τ i(f i
x̄(t)−vikix̄(t)+Bi(t)zi(t)+viEi(t)yi(t))+

m

j=1

λj(t)(gjx̄(t)+C
j(t)wj(t))

=
d

dt

 p

i=1

τ i(f i
˙̄x(t)− v

iki˙̄x(t)) +
m

j=1

λj(t)gj˙̄x(t)

, t ∈ I, (29)

 b

a

m

j=1

λj(t){gj(t, x̄, ˙̄x) + x̄(t)TCj(t)wj(t)}dt = 0, (30)

τ  0, λj(t)  0, j ∈M, (τ, λ1(t), . . . , λm(t)) = 0 , t ∈ I, (31)

vi =

 b
a {f

i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)} 12 }dt
 b
a {ki(t, x̄, ˙̄x)− {x̄(t)TEi(t)x̄(t)} 12 }dt

, i ∈ P, (32)

zi(t)TBi(t)zi(t)  1, (x̄(t)TBi(t)x̄(t))
1
2 = x̄(t)TBi(t)zi(t), i ∈ P (33)

yi(t)TEi(t)yi(t)  1, (x̄(t)TEi(t)x̄(t))
1
2 = x̄(t)TEi(t)yi(t), i ∈ P (34)
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 b
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λj(t)(gjx̄(t)+C
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=
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dt
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i=1

τ i(f i
˙̄x(t)− v

iki˙̄x(t)) +
m

j=1

λj(t)gj˙̄x(t)

, t ∈ I, (29)

 b

a

m

j=1

λj(t){gj(t, x̄, ˙̄x) + x̄(t)TCj(t)wj(t)}dt = 0, (30)

τ  0, λj(t)  0, j ∈M, (τ, λ1(t), . . . , λm(t)) = 0 , t ∈ I, (31)

vi =

 b
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i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)} 12 }dt
 b
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, i ∈ P, (32)

zi(t)TBi(t)zi(t)  1, (x̄(t)TBi(t)x̄(t))
1
2 = x̄(t)TBi(t)zi(t), i ∈ P (33)

yi(t)TEi(t)yi(t)  1, (x̄(t)TEi(t)x̄(t))
1
2 = x̄(t)TEi(t)yi(t), i ∈ P (34)
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wj(t)TCj(t)wj(t)  1, (x̄(t)TCj(t)x̄(t))
1
2 = x̄(t)TCj(t)wj(t), j ∈M.

(35)

Proof. Follows from Lemma 3.3 and Theorem 2.5. 

Definition 3.5. x̄ ∈ X0 is said to be a normal efficient solution of order
m for (P2) with respect to ξ if it is efficient solution of order m for (P2)

with respect to ξ and
p

i=1
τ i = 1.

4. Duality Results

Parametric Dual
Following the parametric approach of Bector [4], the dual (D) to multi-
objective fractional variational problem is defined as follows:
(D) Maximize v = (v1, v2, . . . , vp)
subject to

p

i=1

τ i(f i
u(t)−vikiu(t)+Ei(t)zi(t)+viBi(t)zi(t))+

m

j=1

λj(t)(gju(t)+C
j(t)wj(t))

=
d

dt

 p

i=1

τ i(f i
u̇(t)− v̄ikiu̇(t)) +

m

j=1

λj(t)gju̇(t)

, t ∈ I, (36)

 b

a

m

j=1

λj(t){gj(t, u, u̇) + u(t)TCj(t)wj(t)}dt  0, (37)

zi(t)TBi(t)zi(t)  1, (u(t)TBi(t)u(t))
1
2 = u(t)TBi(t)zi(t), i ∈ P, (38)

yi(t)TEi(t)yi(t)  1, (u(t)TEi(t)u(t))
1
2 = u(t)TEi(t)yi(t), i ∈ P, (39)

wj(t)TCj(t)wj(t)  1, (u(t)TCj(t)u(t))
1
2 = u(t)TCj(t)wj(t), j ∈M.

(40)
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λj(t)(gju(t)+C
j(t)wj(t))

=
d
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 p

i=1

τ i(f i
u̇(t)− v̄ikiu̇(t)) +

m

j=1

λj(t)gju̇(t)

, t ∈ I, (36)

 b

a

m

j=1
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 b

a
{f i(t, u, u̇) + u(t)TBi(t)zi(t)− vi{ki(t, u, u̇)− u(t)TEi(t)yi(t)}}dt  0, i ∈ P,

(41)

u ∈ X, τ i  0,
p

i=1

τ i = 1, λj(t)  0, j ∈M, t ∈ I, vi  0, i ∈ P. (42)

u(a) = 0, u(b) = 0. (43)

Let U be the set of all feasible solutions of (D).
In order to prove weak duality theorem, the existing class of functionals
is not sufficient. Hence we need to generalized this class further. The
notion of generalized ρ−invexity of higher order solves the purpose.
Let Φ : X → R defined by Φ(x) =

 b
a φ(t, x, ẋ)dt be Frechet differen-

tiable, where φ(t, x, ẋ) is a scalar function with continuous derivatives
upto and including second order with respect to each of its arguments.
Let there exist a real number ρ and a differentiable vector function
η : I ×X ×X → Rn with

η(t, x, x̄) = 0 at t if x(t) = x̄(t). (44)

For the sake of convenience, φx(t) represent φx(t, x(t), ẋ(t)) and φẋ(t)
represent φẋ(t, x(t), ẋ(t)).

Definition 4.1. A functional Φ(x) is said to be ρ-pseudoinvex type 2 of
order m at x̄ with respect to η and ξ if b
a {η(t, x, x̄)φx̄(t) + [

dη(t,x,x̄)
dt ]φ ˙̄x(t)}dt  0⇒

Φ(x)  Φ(x̄) + ρ
 b
a ξ(t, x, x̄)

mdt, for all x ∈ X.

Or equivalently

Φ(x) < Φ(x̄) + ρ
 b
a ξ(t, x, x̄)

mdt⇒ b
a {η(t, x, x̄)φx̄(t) + [

dη(t,x,x̄)
dt ]φ ˙̄x(t)}dt < 0, for all x ∈ X.

Definition 4.2. A functional Φ(x) is said to be ρ-quasiinvex type 2 of
order m at x̄ with respect to η and ξ if
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Φ(x)  Φ(x̄) + ρ
 b
a ξ(t, x, x̄)

mdt⇒ b
a {η(t, x, x̄)φx̄(t) + [

dη(t,x,x̄)
dt ]φ ˙̄x(t)}dt  0, for all x ∈ X.

Or equivalently
 b
a {η(t, x, x̄)φx̄(t) + [

dη(t,x,x̄)
dt ]φ ˙̄x(t)}dt> 0⇒

Φ(x)>Φ(x̄) + ρ
 b
a ξ(t, x, x̄)

mdt, for all x ∈ X.

Definition 4.3. A functional Φ(x) is said to be strictly ρ-pseudoinvex
type 2 of order m at x̄ with respect to η and ξ if b
a {η(t, x, x̄)φx̄(t) + [

dη(t,x,x̄)
dt ]φ ˙̄x(t)}dt  0⇒

Φ(x) > Φ(x̄) + ρ
 b
a ξ(t, x, x̄)

mdt, for all x ∈ X − {x̄}.

Or equivalently

Φ(x)  Φ(x̄) + ρ
 b
a ξ(t, x, x̄)

mdt⇒ b
a {η(t, x, x̄)φx̄(t) + [

dη(t,x,x̄)
dt ]φ ˙̄x(t)}dt < 0, for all x ∈ X − {x̄}.

Lemma 4.4. [17] Let A(t) be n× n positive semi definite (symmetric)
matrix, with A(·) continuous on I and s(t)TA(t)s(t)  1. Then,

 b

a
{x(t)TA(t)x(t)}

1
2dt 

 b

a
{x(t)TA(t)s(t)}dt.

Various duality results connecting efficient solutions of primal and its
dual problem are established in the sequel.

Theorem 4.5. (Weak duality) Let x ∈ X0 and

(u, τ1, . . . , τp, v̄1, . . . , v̄p, λ1, . . . , λm, z1, . . . , zp, y1, . . . , yp, w1, . . . , wm) ∈ U,

let us write

θi(x) =
 b

a
{f i(t, x, ẋ) + x(t)TBi(t)zi(t)−v̄i{ki(t, x, ẋ)−x(t)TEi(t)yi(t)}}dt, i ∈ P,

G(x) =
 b

a

m

j=1

λj(t){gj(t, x, ẋ) + x(t)TCj(t)wj(t)}dt.

Suppose θi(x), for i ∈ P are strictly ρi-pseudoinvex type 2 functionals
of order m at x̄ with respect to η and ξ and G(x) is ρ-quasiinvex type
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2 functional of order m at x̄ with respect to η and ξ, where ρ, ρi ∈
int R+, for i ∈ P. Then the following cannot hold:

 b
a {f

i(t, x, ẋ) + {x(t)TBi(t)x(t)} 12 − ciξ(t, x, u)m}dt
 b
a {ki(t, x, ẋ)− {x(t)TEi(t)x(t)} 12 + diξ(t, x, u)m}dt

 v̄i,

for all i ∈ P and
 b
a {f

j(t, x, ẋ) + {x(t)TBj(t)x(t)} 12 − cjξ(t, x, u)m}dt
 b
a {kj(t, x, ẋ)− {x(t)TEj(t)x(t)} 12 + djξ(t, x, u)m}dt

< v̄j ,

for at least one j ∈ P,

for some c = (c1, c2, ..., cp) ∈ intRp
+ and d = (d1, d2, ..., dp) ∈ intRp

+.

Proof. Contrary to the result, assume that for any c = (c1, c2, ..., cp) ∈
intRp

+ and d = (d
1, d2, ..., dp) ∈ intRp

+

 b
a {f

i(t, x, ẋ) + {x(t)TBi(t)x(t)} 12 − ciξ(t, x, u)m}dt
 b
a {ki(t, x, ẋ)− {x(t)TEi(t)x(t)} 12 + diξ(t, x, u)m}dt

 v̄i,

for all i ∈ P and
 b
a {f

j(t, x, ẋ) + {x(t)TBj(t)x(t)} 12 − cjξ(t, x, u)m}dt
 b
a {kj(t, x, ẋ)− {x(t)TEj(t)x(t)} 12 + djξ(t, x, u)m}dt

< v̄j ,

for at least one j ∈ P,
 b

a
{f i(t, x, ẋ)+{x(t)TBi(t)x(t)}

1
2−v̄i[ki(t, x, ẋ)− {x(t)TEi(t)x(t)}

1
2 ]}dt

 (ci + div̄i)
 b

a
ξ(t, x, u)mdt, for all i ∈ P and

 b

a
{f j(t, x, ẋ)+{x(t)TBj(t)x(t)}

1
2−v̄j [kj(t, x, ẋ)− {x(t)TEj(t)x(t)}

1
2 ]}dt

< (cj + dj v̄j)
 b

a
ξ(t, x, u)mdt, for at least one j ∈ P.
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a {ki(t, x, ẋ)− {x(t)TEi(t)x(t)} 12 + diξ(t, x, u)m}dt

 v̄i,

for all i ∈ P and
 b
a {f
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Choose ρi = ci + div̄i, i ∈ P. Using Lemma 4. along with (41) implies

θi(x)  θi(u) +
 b

a
{ρiξ(t, x, u)m}dt, for all i ∈ P and

θj(x) < θj(u) +
 b

a
{ρiξ(t, x, u)m}dt, for at least one j ∈ P.

Since θi(x), for i ∈ P are strictly ρi-pseudoinvex type 2 functionals of
order m at x̄ with respect to η and ξ, we obtain

 b

a
{η(t, x, u)[f i

u(t)+B
i(t)zi(t)− v̄i(kiu(t)− Ei(t)yi(t))] (45)

+
dη(t, x, u)
dt

[f i
u̇(t)− v̄ikiu̇(t)]}dt < 0, for all i ∈ P.

Multiplying (45) by τ i, i ∈ P and by summing over i ∈ P , we get

 b

a


η(t, x, u)

 p

i=1

τ i{f i
u(t) +B

i(t)zi(t)− v̄i(kiu(t)− Ei(t)yi(t)}

(46)

+
dη(t, x, u)
dt

 p

i=1

τ i{f i
u̇(t)− v̄ikiu̇(t)}


dt < 0.

(u, τ1, . . . , τp, v̄1, . . . , v̄p, λ1, . . . , λm, z1, . . . , zp, y1, . . . , yp, w1, . . . , wm) ∈ U,

x ∈ X0 and ρξ(t, x, x̄)m  0, yields

G(x)  0  G(u) +
 b
a {ρ

ξ(t, x, u)m}dt

Since G(x) is ρ-quasiinvex type 2 functional of order m at x̄ with re-
spect to η and ξ, we obtain

 b

a
{η(t, x, u)[

m

j=1

λj(t){gju(t) + Cj(t)wj(t)]}+ dη(t, x, u)
dt

[
m

j=1

λj(t)gju̇(t)]}dt  0,

(47)
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Choose ρi = ci + div̄i, i ∈ P. Using Lemma 4. along with (41) implies

θi(x)  θi(u) +
 b

a
{ρiξ(t, x, u)m}dt, for all i ∈ P and

θj(x) < θj(u) +
 b

a
{ρiξ(t, x, u)m}dt, for at least one j ∈ P.

Since θi(x), for i ∈ P are strictly ρi-pseudoinvex type 2 functionals of
order m at x̄ with respect to η and ξ, we obtain

 b

a
{η(t, x, u)[f i

u(t)+B
i(t)zi(t)− v̄i(kiu(t)− Ei(t)yi(t))] (45)

+
dη(t, x, u)
dt

[f i
u̇(t)− v̄ikiu̇(t)]}dt < 0, for all i ∈ P.

Multiplying (45) by τ i, i ∈ P and by summing over i ∈ P , we get

 b

a


η(t, x, u)

 p

i=1

τ i{f i
u(t) +B

i(t)zi(t)− v̄i(kiu(t)− Ei(t)yi(t)}

(46)

+
dη(t, x, u)
dt

 p

i=1

τ i{f i
u̇(t)− v̄ikiu̇(t)}


dt < 0.

(u, τ1, . . . , τp, v̄1, . . . , v̄p, λ1, . . . , λm, z1, . . . , zp, y1, . . . , yp, w1, . . . , wm) ∈ U,
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Adding inequalities (46) and (47), we get

 b

a


η(t, x, u)


p

i=1

τ i{f i
u(t) +B

i(t)zi(t)− v̄i(kiu(t)− Ei(t)yi(t))}

+
m

j=1

λj(t){gju(t) + Cj(t)wj(t)}


+
dη(t, x, u)
dt


p

i=1

τ i{f i
u̇(t)− v̄ikiu̇(t)}+

m

j=1

λj(t)gju̇(t)


dt < 0. (48)

Using (36), we get

 b

a


η(t, x, u)

d

dt


p

i=1

τ i{f i
u̇(t)− v̄ikiu̇(t)}+

m

j=1

λj(t)gju̇(t)



+
dη(t, x, u)
dt


p

i=1

τ i{f i
u̇(t)− v̄ikiu̇(t)}+

m

j=1

λj(t)gju̇(t)


dt < 0.

 b
a

d
dt


η(t, x, u)

 p
i=1
τ i{f i

u̇(t)− v̄ikiu̇(t)}+
m

j=1
λj(t)gju̇(t)


dt < 0,


η(t, x, u)

 p
i=1
τ i{f i

u̇(t)− v̄ikiu̇(t)}+
m

j=1
λj(t)gju̇(t)



b

a

< 0.

Conditions (24), (43) and (44) lead to contradiction. Hence result fol-
lows. 

Theorem 4.6. (Strong duality) Let x̄ be a normal efficient solution of
orderm for (P2) with respect to ξ. Then there exist τ = (τ1, τ2, . . . , τp) ∈
Rp

+, v = (v1, v2, . . . , vp) ∈ Rp
+, piece-wise smooth functions λ

j : I →
R, j ∈ M, zi : I → Rn, yi : I → Rn, i ∈ P,wi : I → Rn, i ∈ M, such
that (x̄, τ, v, λ1, . . . , λm, z1, . . . , zp, y1, . . . , yp, w1, . . . , wm) ∈ U. Further
if weak duality theorem holds. Then

(x̄, τ, v, λ1, . . . , λm, z1, . . . , zp, y1, . . . , yp, w1, . . . , wm),

is an efficient solution of order m for (D) with respect to ξ.
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Proof. Since x̄ is an efficient solution of order m with respect to ξ for
(P2), hence by Theorem 3.4, there exist τ = (τ1, τ2, . . . , τp) ∈ Rp

+, v =
(v1, v2, . . . , vp) ∈ Rp

+, piece-wise smooth functions λ
j : I → R, j ∈

M, zi : I → Rn, yi : I → Rn, i ∈ P,wi : I → Rn, i ∈ M, such that
(x̄, τ, v, λ1, . . . , λm, z1, . . . , zp, y1, . . . , yp, w1, . . . , wm) ∈ U.
Let if possible, (x̄, τ, v, λ1, . . . , λm, z1, . . . , zp, y1, . . . , yp, w1, . . . , wm) is
not an efficient solution of order m for (D) with respect to ξ , then
for any ρ = (ρ1, ρ2, ..., ρp) ∈ intRp

+, there exist
(x̂, τ̂ , v̂, λ̂1, . . . , λ̂m, ẑ1, . . . , ẑp, ŷ1, . . . , ŷp, ŵ1, . . . , ŵm) ∈ U such that

v̂i + ρi
 b

a
ξ(t, x̂, x̄)mdt  vi =

 b
a {f

i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)} 12 }dt
 b
a {ki(t, x̄, ˙̄x)− {x̄(t)TEi(t)x̄(t)} 12 }dt

(49)

for all i ∈ P and,

v̂j + ρj
 b

a
ξ(t, x̂, x̄)mdt > vj =

 b
a {f

j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)} 12 }dt
 b
a {kj(t, x̄, ˙̄x)− {x̄(t)TEj(t)x̄(t)} 12 }dt

(50)

for at least one j ∈ P.

Case(i) If ξ(t, x̂, x̄)m = 0. Then for any c = (c1, c2, ..., cp) ∈ intRp
+

and d = (d1, d2, ..., dp) ∈ intRp
+, we have

 b
a {f

i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)} 12 − ciξ(t, x̂, x̄)m}dt
 b
a {ki(t, x̄, ˙̄x)− {x̄(t)TEi(t)x̄(t)} 12 + diξ(t, x̂, x̄)m}dt

 v̂i

for all i ∈ P and,
 b
a {f

j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)} 12 − cjξ(t, x̂, x̄)m}dt
 b
a {kj(t, x̄, ˙̄x)− {x̄(t)TEj(t)x̄(t)} 12 + djξ(t, x̂, x̄)m}dt

< v̂j ,

for at least one j ∈ P.

Which is contradiction to weak duality theorem.
Case(ii) If ξ(t, x̂, x̄)m = 0. For any c = (c1, c2, ..., cp) ∈ intRp

+ and
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d = (d1, d2, ..., dp) ∈ intRp
+, i ∈ P, define

ρi = ci
 b
a {k

i(t,x̄, ˙̄x)−{x̄(t)T Ej(t)x̄(t)}
1
2 }dt+di

 b
a {f

i(t,x̄, ˙̄x)+{x̄(t)T Bj(t)x̄(t)}
1
2 }dt

(
 b
a {ki(t,x̄, ˙̄x)−{x̄(t)T Ej(t)x̄(t)}

1
2+diξ(t,x̂,x̄)m}dt)

 b
a {ki(t,x̄, ˙̄x)−{x̄(t)T Ej(t)x̄(t)}

1
2 }dt
,

Substituting this in (49) and (50) yields,

 b
a {f

i(t, x̄, ˙̄x) + {x̄(t)TBi(t)x̄(t)} 12 − ciξ(t, x̂, x̄)m}dt
 b
a {ki(t, x̄, ˙̄x)− {x̄(t)TEi(t)x̄(t)} 12 + diξ(t, x̂, x̄)m}dt

 v̂i

for all i ∈ P and
 b
a {f

j(t, x̄, ˙̄x) + {x̄(t)TBj(t)x̄(t)} 12 − cjξ(t, x̂, x̄)m}dt
 b
a {kj(t, x̄, ˙̄x)− {x̄(t)TEj(t)x̄(t)} 12 + djξ(t, x̂, x̄)m}dt

< v̂j ,

for at least one j ∈ P.

Which contradicts weak duality theorem. Thus
(x̄, τ, v, λ1, . . . , λm, z1, . . . , zp, y1, . . . , yp, w1, . . . , wm) is an efficient solu-
tion of order m for (D) with respect to ξ. 

Remark 4.7. Sufficient optimality conditions can be prove proceeding
on similar lines of weak duality.
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