Journal of Mathematical Extension
Vol. 11, No. 3, (2017), 69-76

ISSN: 1735-8299
URL: http://www.ijmex.com

Auto-Average Length of Finite Groups

E. Motaghi
Ferdowsi University

M. R. R. Moghaddam*
Khayyam University

M. A. Rostamyari
Khayyam University

Abstract. Let g and h be arbitrary elements of a given finite group
G. Then g and h are said to be autoconjugate if there exists some
automorphism « of G such that h = ¢®. In this article, we intro-
duce and study auto-average length of autoconjugacy classes of finite
groups. Also, we construct some sharp bounds for the auto-average
length of finite groups.
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1. Introduction

Let G be any group then the autocommutator of the element g € G and the
automorphism « in Aut(QG) is defined to be

~a(g).

[9,0] =g7'g" =g
Using this definition, the subgroup

K(G)={(|z,a] : = € G, ac Aut(G)),
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is called the autocommutator subgroup of G. The concept of autocommutator
subgroups has been already studied in [4, 5]. Also

L(G)={g€G : [g,0] =1, Va € Aut(G)},

is called the autocentre of G. Clearly if o runs over the inner automorphisms of
G, then K(G) and L(G) will be the commutator subgroup, G’, and the centre,
Z(@), of G, respectively. One notes that, K(G) and L(G) are characteristic
subgroups of G.

A group G acts on a non-empty set ), if for every pair (w,g) € Q x G, the
element w9 € (2 such that

la — .
0O1. wC=uw;

02. (wgl)QQ — w91927

for all g1,92 € G and w € Q. Clearly, w® = {w9| g € G} is the orbit of w €
and G, = {g € G| w9 = w} is the stabilizer of w in G. From now on we
assume that G is a finite group, then it is easily seen that |w%| = [G : G,,] and
|G| = |w€]||G.,|, for all w in Q.

As Aut(G) acts on the group G, the set of all elements of G which are au-
toconjugate to the fixed element g in G is called the autoconjugacy class of g
and

gD | = |Aut(G) : Aut(G),],
in which Aut(G), = Caur(e)(9), and it is the stabilizer of g in Aut(G).

We denote x(G) to be the conjugacy number of G. Then u(G) = |G|/k(G) is
the average length of conjugacy classes of the finite group GG. One notes that
conjugacy classes length gives some characterization of the group. Furthermore,
the average length of a group has strong restriction to the group. Shi and Xiao
[7] proved that if Z(G) is trivial, then u(G) = 2 if and only if G/Z(G) = S;.
Du [3] generalized this result, so that if |Z(G)| is odd, then u(G) = 2 if and
only if G/Z(G) = Ss.

We define (14(G) = |G|/ka(G), where ko (G) is the autoconjugacy number of
G. By class equation: |G| = Cy, + Cy, + ... + Cy,, where Cy,’s are the length
of autoconjugacy classes of elements gi, ..., gr of G. We call p,(G) to be the
auto-average length of autoconjugacy classes of the finite group G. It is easy to
see that
1 9 Aut(@)
/’La(G) = :‘ia(G) Z |gz | (1)

i=1
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2. Main Results

In this section, we study the auto-average length of autoconjugacy classes of
finite groups. Also, we construct some sharp bounds for the auto-average length
of finite groups.

In the following we construct upper and lower bounds for p,(G).

Theorem 2.1. Let G be a finite non-trivial group. Then

1< pa(G) < [K(G)].

Proof. Consider
9, Aut(G)] = ([g, o] : @ € Aut(G)),

which is the autocommutator subgroup of g and Aut(G). On the other hand,
we have
g™ D] = g7 gM D] = lg, Aut(G)]] < [K(G)]-

Using equation (1),

ka (G
(@) = L5 g
’ Ka(G) i=1 '
HQ(G)

Ka(G) > KOG <K@

i=1
It is clear that pe(G) > 1 and the equality holds exactly, when G is trivial or

isomorphic with Zy. Thus we obtain our claim. [

Theorem 2.2. Let g1, 9o, ..., gx be a complete set of representatives for auto-
conjugacy classes of G. Then

B |[Aut(G)| 1
 ke(G) Z |Caut(e) (9i)]

i=1

ta(G)

Proof. Using the equation (1), we have
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1 ka(G)

= ) Z [Aut(G) : Caua) (i)l

X

”a(G)

(G)
Ha(G) |CAut(G) gz)|

_ (
B Z C’Aut (G) gz -

The following remark is helpful for calculating the auto-average length of el-
ements of a direct product of groups, when the orders of direct factors are
coprime.

Remark 2.3. Let H and K be two finite groups with coprime orders. Using
Theorem 2.1 of [6], we have Aut(H x K) = Aut(H) x Aut(K). Hence

|Hx K|  |H|x|K|
ka(H X K)  kq(H) X kq(K

,ua(HXK): )
%

= pta(H) X pa(K).
As an example, one can calculate that p,(Z¢) =

tra(Za) X pa(Zs) = 35

In the following results we construct some upper and lower bounds for p,(G),
which are more precise than the one given in Theorem 2.1.

and it is easy to see that

Proposition 2.4. Let G be a finite group. Then

1(©) < —x (1@ + 1260\ L@ B 16 26 ),

Proof. By equation (1), one has

1 Aut(G Aut(G Aut(G
1a(G) = — (G)( e FE N Vi FE N I )|>-

gi€EL(G) 9:€Z(G)\L(G) g €EG\Z(Q)

Clearly, for every g € Z(G) and ¢, € Inn(G) we have g% = g* = g. Thus
Inn(G) € Cau(e)(g) and for all g € Z(G) \ L(G),

gAuE)] = Aut(G)] [Aut(G)]
|Caut(e)(9)] ~ Inn(G)|
Also for every g € G'\ Z(G), one can easily check that |Cauy(e)(9)] > 2 and

Aut(G)| _ |Aut(G)| <|AUt(G)|'
|Caut(a) (9)] 2

lg
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Therefore

b
ka(G)

|[Aut(G)]

#a(@) < Ton(G)]

(iz@)1+1260)\ 1(6) Hovze ). o

Proposition 2.5. Let G be a finite group, then

Proof. Using equation (1)

1 "9, (@) 1
Ha G) = 9; " 2
@ =g 2 9> g

(Z g+ > Ig?”t(c)l)-

9:€L(G) gi€EG\L(G)

It is clear that for every g € G\ L(G), one has [gA"*(%)| > 2 and hence

1

[ Ka — ) =2- = ’
La(G) > e <L(G)|+( (G) = |L(G)]) ) >2 Ka(G) 2 ko (G)

The equality holds exactly when |g2"(%)| = 2, for every g € G\ L(G). O

For example, the equality in the above theorem holds for the groups (1), Zo, Z3
or Z4.

If |Ca(z)] = 2, then clearly € Cg(x) and hence |x| = 2. Therefore for the
involution z such that |Cq(x)| = 2, we say that x is self centralizing involution.

Theorem 2.6. Let G be a finite centreless group with no self centralizing in-
volutions, then

)< puio)

1
(@) (1 + (ka(G) — 1) 3

Proof. It is clear that for every non-trivial element g in GG, we have
|Caut(a)(9)] = 3. Now, the equation (1) implies that
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1 ka(G) Aut(G)
1a(G) = g
@)= 5 ; | |

ke (G)—1

1 Aut(G) )
= 1+ 9;
Ha(G)< ; | |
1 <1 +R”§_l |Aut(G)|>
ko (G) —~  |Caut(c)(9:)

1 oy [Aut(@)]
<Ka(G)<1+(a(G) N )

Note that the inequality is strict, since for every non trivial element g in G,

Aut
Aut(G)| — % = |Caur(a)(9)] = 3.

This implies that G is a 3-group, which is a contradiction. O

lg

Chaboksavar et. al [1] in 2014, classified all finite groups G whose absolute
central factors are isomorphic to a cyclic group, Z, x Z,, Dg,Qs, or a non-
abelian group of order pq, for some distinct primes p and gq.

16

Now, using Theorem 3.1 of [1], we classify all finite groups G with p,(G) < 3

Theorem 2.7. Let G be a finite group with pu,(G) < 2. Then G is one of the
fOllO'l.Uan groups: Z47 Z57 ZG) Z77 Zga ZlOa Z127 Zl47 ZQ X Z27 Z4 X Z27 537 DS) Qs'

Proof. Let 2 < |%| < 7, Then Theorem 3.1 [1] implies that G is one of the
following groups:

Z4, Z5a Z67 Z77 ZS? ZlOv ZlQa Z14; ZZ X ZQa Z4 X ZQa S37 D87 Q8'
Now, assume that |G/L(G)| = 8. By Proposition 2.5, one can calculate that

m(©)>2- 20 = 2= (gl
= 2_éﬂa(G)a

and hence 4,(G) > 18 gives the result. O

Theorem 2.8. Let G = Zpni X Zpna X ... X Zypni be a finite abelian p-group
with ny = no > ... > nyg. Then

1 (G) > 2(p™ X p"2 X ... X p"k)
T (prox pr2 x L x pik)
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Proof. Assume that G = Zpn, X Zyna X ... X Zyni is a finite abelian p-group
with ny > ng > ... > ng. Then Corollary 3.4 [2] implies that L(G) = 1, when
p is odd or p = 2 and n; = ny. Hence Proposition 2.5 implies that

1a(G) > 2(p™ x p™2 X ... X p"k)
CTTT 14 (prr x prz x X pk)

Also L(G) = Zy, when p = 2 and k = 1 or n; > ny. Now Proposition 2.5 gives

1 (G) > 2(p™ x p™2 X ... X p"k)
G724 (prr x prz x L x pk)
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