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Abstract. In this article, the Homotopy Perturbation Method (HPM)
is employed to approximate solutions of a modified Lotka - Volterra
equation. HPM has been introduced by He to solve approximately linear
or nonlinear differential equations. Approximate polynomials have also
been constructed to find approximate solutions of a modified Lotka -
Volterra system. Numerical comparisons are made between HPM and
maple numerical results.
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1. Introduction

Consider the nonlinear system of ODE’s given by

v = (a — bv)u — pu?,
v = (cu — d)v — quv?.

(1)

These are the modified Lotka-Volterra equations representing predator-
prey (u,v) populations. We can think of the u? and v? terms as the
effects of overcrowding or competition within a species leading to a de-
cline in population (assuming p, ¢ > 0).

Recently, a very effective method that based on perturbation tech-
niques and homotopy topology, well known as Homotopy Perturbation
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Method (HPM) is proposed by the Chinese researcher He [6-12]. A ho-
motopy parameter § which takes values from zero to one relates initial
solutions of a problem to its final solutions. This method can be success-
fully applied to various kinds of linear and nonlinear ordinary differential
equations ([1,4,5,12-15,17]), partial differential equations ([8]), integro -
differential equations ([16]), difference differential equations, fractional
differential equations, systems of differential equations ([2,3]) , etc.

In this paper we will employ HPM to approximate solutions of the
Lotka - Volterra system with some initial conditions ([1]). The obtained
results are compared with numerical results which we can find by using
of Runge - Kutta method ([4,5]).

2. Homotopy Perturbation Method (HPM)

To illustrate the homotopy perturbation method, we consider a general
equation as follows

A(u) — f(r) =0, ref (2)

—) =0, rel (3)

where A is a general differential operator, B is a boundary operator, I is
the boundary of the domain Q and f(r) is a known analytical function.
Generally speaking, the operator A can be divided into a linear part L
and a nonlinear part N. So equation (2) can be rewritten as:

L(u) + N(u) — f(r) = 0. (4)

By the homotopy perturbation method, we construct a homotopy as
v(r,0) : Q x [0,1] — R which satisfies

H(v,0) = (1-0) [ L(v) = L(uo) | + 0 [ A(v) = f(r) ] =0, (5)

where 6 € [0,1] is an embedding parameter and wug is an initial ap-
proximation of equation (2) which satisfies the boundary conditions.
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Considering equation (4) we will have
H(Uv 0) = L('l}) - L(uO) =0, (6)
H(v,1) = A(v) - f(r) =0, (")
The changing process of § from zero to one is just that of v(r,6) from
uo(r) to u(r). In topology H(v,6) is called deformation where L(v) —
L(up) and A(v) — f(r) are called homotop. According to the homotopy
perturbation theory, we can first use the embedding parameter 6 as a

small parameter and assume that the solution of equation (4) can be
written as a power series in 6 :

v =g + vy + vy + - (8)

Setting 6 = 1 one can have the approximation solution of equation (2)
as the following
u:(%irriv:vo—i—vl—i-vz—l—“- (9)

The series (9) is convergent for most cases. However, the convergent
rate depends on the nonlinear operator A(v).

3. HPM for Lotka - Volterra Equation

Consider the Lotka - Volterra equation with initial values of the form
v = (a — bv)u — pu?,
v = (cu — d)v — quv?, (10)
u(0) =a, v(0) =4,

where « and (8 are constants. The general homotopy can be defined as

follows
{ H(u,0) = (1-0)(v —up) + 0 [u' — (a — bv)u + pu?] =0, an
H(v,0) = (1—0)(v —v)) + 6 [v/ — (cu—d)v+ qu?] =0,

where 0 € [0, 1] is the embedding parameter. Choosing the leading terms
up and vy to be constants, one can rewrite the system (11) in the form

{ v — 0 [(a—bv)u—pu?] =0,

12
v =0 [(cu — d)v — qv*] =0. 12)
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Let
u = ug + Ouy + 0%uy + - - - 13)
v =1y + vy + vy + - -
be the solutions of (10). Substituting (13) in (12), we obtain
=0 (a0 0 ) 00 < p (007 =0,
ST RTISTET T
>0 — 6 [(c S 0wy —d (Y 0v) —q (X H%i)?] =0,
=0 i=0 i=0 i=0

Equating the coefficients of the same powers of # in (14) yields

0°:$ vy =0,
up(0) =, vp(0) = L.

uf — (a —bvg Jug +p ud =0,
ol : ¢ v — (cup —d )vg + q v =0,
u1(0) =0, v1(0) = 0.
ub — (a — by Yur + bugvy + 2pupu; = 0,
02 : ¢ vh — (cup — d )v1 — curvg + 2q vovy = 0,
u2(0) =0, v2(0) = 0.
ufy — (a — bug Yug + buivy + bugve + p(u? + 2uguz) = 0,
03 : { v — (cup — d Jva — cugvy — cugug + q(v3 + 2vpv2) = 0,
U3(0) = 0, U3(0) =0.

4. Applications

In this section we will apply the general homotopy perturbation method
to some cases of the Lotka - Volterra differential equations. In the fol-
lowing examples this equation with settinga =b=c=d=1and p=20
or 1 with also ¢ = 0 or 1 will be considered.
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Example 1. We consider p = ¢ = 0. The equations (1) turns in the
following form

u' = (1—v)u,
{ v'=(u—1)v (15)
Choosing u(0) = 1,v(0) = 0 yields
a=1, =0,

and so we have the following system of equations
up =0,
0°:{ vy =0,
up(0) =1, vp(0) =0.

u) — (1 —wg Jug =0,
ol : & v — (up — 1 )vg = 0,
ul(O) = O, Ul(O) =0.
uh — (1 —vp )us + ugvy =0,
02 : ¢ vh— (up — 1 )vy —ugvg = 0,
’LLQ(O) == 0, UQ(O) =0.
uly — (1 — vy Jug + ugv1 + ugve = 0,
03 : 8 vy — (up — 1 )vg — ugvy — ugug = 0,
U3(O) = 0, 1}3(0) =0.

Solutions of these problems are as follows

(27 t) = 1, Uo(t) =
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Therefore, by applying

U=1uy+u +ux+---
V=v9+ vV +vy+ -
the solutions will be obtained from the following series

u(t) =1+t + 382+ 43 + gyt + 5t° + -
v(t) = 0.

This yields u(t) = e! and v(t) = 0.

Example 2. Considering (15) with choosing u(0) = v(0) = 1 yields

1 1
o = 57 B = 57
which give up(0) = 1, vo(0) = 1 . Doing the same procedure as in
Example 1. the following solutions will be obtained
uo(t) = 3, w(t) =3
u(t) = 1t, vi(t) = —1t
up(t) = §t2, va(t) = 1t
ug(t) = &t5,  w3(t) = —5t3
us(t) = 5tt,  va(t) = 755t!
(t) = —ge5t°, vs(t) = —go5t°

N~
o

Applying (16), the solutions of the system can be approximated by
the following truncated series

o1 1, 1,2, 1,3, 1 5 6 1,7

{ u(t) = 5+ 1t + 5% + 5% + 155t" — 565t° — 5760t — sowt
~ 2 1,3 4 5 6 7

o(t) = g — gt + 5t° — 5% + wat’ — 5ot — s760t° + 5010t -

Table 1. and Figure 1. a show comparisons between the HPM and Maple
procedure results which uses the Fehlberg fourth-fifth order Runge-
Kutta method.
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Table 1. Comparisons between HPM and Maple procedure results.

t u(t)HPM U(t)HPM U(t)Maple proc U(t)Maple proc
-0.5 | 0.4040027 | 0.6591429 0.4040026 0.6591427
-0.4 | 0.4188103 | 0.6214549 0.4188104 0.6214549
-0.3 | 0.4357326 | 0.5868520 0.4357326 0.5868516
-0.2 | 0.4548420 | 0.5551746 0.4548422 0.5551744
-0.1 | 0.4762297 | 0.5262713 0.4762297 0.5262713
0.0 | 0.5000000 | 0.5000000 0.5000000 0.5000000
0.1 | 0.5262713 | 0.4762297 0.5262713 0.4762297
0.2 | 0.5551746 | 0.4548420 0.5551744 0.4548422
0.3 | 0.5868520 | 0.4357326 0.5868516 0.4357326
0.4 | 0.6214549 | 0.4188103 0.6214549 0.4188104
0.5 | 0.6591429 | 0.4040027 0.6591427 0.4040026

Example 3. Considering p = 0,q = 1, the equations (1) will turn out
to the following form

v = (1—v)u,
{ v = (u—1)v— % (17)
With the initial conditions «(0) = 0.001,v(0) = 0.01 one obtaines
a =0.001, §=0.01.

So the solutions would be as follows

uo(t) = om0+ w(t) = 15

uy (t) = 55t vi(t) = -2

) = B, ) = B
() = BRGS0y —

Therefore, the series solutions will be demonstrated as

1 99 99019 ,2 | 98997469,3 ,
u(t) = o5 + 105t T o105t T Toxiot U T

_ 1 1009 1029161,2 107008430943 |,
v(t) = 155 105 U+ oxios ¢ 6x101 ¢t
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The approximate polynomial solutions can be obtained by the trun-
cated series u(t) ~ Zf\’: oui and v(t) ~ vaz o Vi where they are calculated
up to N = 8 and the results are tabulated in Table (2). Figure 1-b il-
lustrates a graphical comparison.

Table 2. Comparisons between HPM and Maple procedure results.

t U(t)HPM U(t)HPM U(t)Maple proc U(t)Maple proc
-0.5 | 0.000610490 | 0.016588295 | 0.000610489 | 0.016588297
-0.4 | 0.000673632 | 0.014987015 | 0.000673632 | 0.014987008
-0.3 | 0.000743419 | 0.013542457 | 0.000743418 | 0.013542451
-0.2 | 0.000820547 | 0.012238916 | 0.000820546 | 0.012238913
-0.1 | 0.000905790 | 0.011062291 | 0.000905789 | 0.011062293
0.0 | 0.001000000 | 0.010000000 | 0.001000000 | 0.010000000
0.1 | 0.001104120 | 0.009040721 | 0.001104120 | 0.009040719
0.2 | 0.001219192 | 0.008174300 | 0.001219192 | 0.008174285
0.3 | 0.001346369 | 0.007391610 | 0.001346368 | 0.007391600
0.4 | 0.001486921 | 0.006684445 | 0.001486921 | 0.006684442
0.5 | 0.001642258 | 0.006045406 | 0.001642256 | 0.006045424

Example 4. Considering p = 1,¢ = 1 one can obtain

{

' = (1—v)u—u?
v = (u—1)v -2

(18)

with the initial conditions «(0) = 0.1,v(0) = 0.1, one obtains

a=01, 3=0.1
Therefore, the following solutions will be found
uo(t) = 0.1, vo(t) = 0.1
1(t) = v1(t) = —it
uz(t) = 1880’527 v2(t) = 1350t
us(t) = 7got’,  vs(t) = —75gpt°
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Figure 1:
Solutions by Runge - Kutta (4,5). Circle points :

Comparison between HPM and Maple results. Continuous lines:
Solutions by HPM. (a):
comparisons for example 2. (b): comparisons for example 3.

So the series solutions are
u(t) = 35 + 2t + oot + ATt3 4
u(t) = 15 — 15t + 1995t — o5t +
The approximate polynomial solutions can be obtained by the truncated

series u(t) ~ Zfi o i and v(t) = Zf\; o Vi where they are calculated up
to N = 8 and the results are tabulated in Table 3.

Table 3. Comparisons between HPM and Maple procedure results.

t U(t)HPM U(t)HPM u(t)Maple proc U(t)Maple proc
-0.5 | 0.06748481 | 0.16890619 | 0.06748480 0.16890643
-0.4 | 0.07288541 | 0.15146575 | 0.07288539 0.15146585
-0.3 | 0.07880253 | 0.13612537 | 0.07880253 0.13612536
-0.2 | 0.08527014 | 0.12259097 | 0.08527014 0.12259106
-0.1 | 0.09232375 | 0.11061765 | 0.09232375 0.11061765
0.0 | 0.10000000 | 0.10000000 | 0.10000000 0.10000000
0.1 | 0.10833627 | 0.09056450 | 0.10833627 0.08216364
0.2 | 0.11737011 | 0.08216367 | 0.11737012 0.08216364
0.3 | 0.12713868 | 0.07467145 | 0.12713868 0.07467145
0.4 | 0.13767804 | 0.06797950 | 0.13767804 0.06797944
0.5 | 0.14902239 | 0.06199438 | 0.14902239 0.06199420
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5. Conclusion

In this paper the homotopy perturbation method is applied to find the
approximate solutions of a modified Lotka - Volterra system with the
given initial conditions. The numerical solutions are compared with
those from Maple which uses Runge - Kutta in Table 1., Table 2., Table
3., and Figure 1. The results showed that the homotopy perturbation
method is a powerful technique through which we can achieve a desired
approximation to the solution by simple calculations.

MAPLE 12.0 software has been employed for the computations in
this work.
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