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Abstract. In this paper, we introduce a new subclass of harmonic
functions defined by Jackson’s second-order g-derivative. This subclass,
denoted as AHq(o, T, p), is characterized by a higher-order differential
inequality involving both the first and second g-derivatives. We estab-
lish the necessary and sufficient conditions for a function to belong to
this class and investigate its geometric properties, such as coefficient
bounds, distortion bounds, and closure under convolution. Addition-
ally, we analyze the relationship between AHq(o,T,p) and a related
subclass of analytic functions, denoted as Aq(c, 7, p)). Furthermore,
we explore the radii of convexity and starlikeness for the functions in
these classes, providing significant contributions to the field of geomet-
ric function theory. Our results generalize and extend existing works on
harmonic mappings defined by higher-order differential operators.
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1 Introduction

Let C represent the complex plane, and consider the open unit disk
E = {z € C: |z] < 1}. For a harmonic function f = u 4+ v to be
locally univalent and sense-preserving in E, it must satisfy the condition
[0’ (2)| < |/ (z)| for all z € E (see [3]).

The class SH consists of harmonic, sense-preserving, univalent func-
tions that are normalized such that f(0) = 0 and f,(0) = 1 in the unit
disk E. A subclass of SH, denoted by SH’, contains functions f € SH
for which v’(0) = 0. The harmonic components u and v are analytic in
E and can be written as:

u(z) =z+ Zuszs, v(z) = Z’Uszs. (1)
s=2 5=2

If v(z) = 0, the function reduces to the well-known class S, which
consists of normalized, analytic, univalent functions. Thus, we have the
inclusions S ¢ SH® C SH.

The subclass K of S represents functions that map E onto convex
domains, while the subclass &* represents those mapping onto starlike
domains. Similarly, the subclasses of SH” corresponding to these geo-
metric properties are denoted by KH? and SH>*. For further details,
see [3, 21].

The g-derivative for a function ¢ € S, introduced by Jackson [19], is
defined as follows for 0 < ¢ < 1:
() =vlez)  f 0
Das(z)={ o=+ 1270 2
Y'(0), if z=0.

As g approaches 1, the g-derivative converges to the standard deriva-
tive, Dyp(z) — 9/(z). For the expansions in (1) and using (2), the
g-derivative becomes:

o0 oo
Dgu(z) =1+ Z[s]quszs_l, Dgu(z) =1+ Z[s}guszs_l,
5=2 5=2
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and
o0 o0
Dyo(z) = Z[s]quzs_l, Dgn(z) = Z[s]gvszs_l,
s=2 5=2

where [s], = % is the g-number, which approaches s as g approaches
1.

Jackson also introduced the g-integral [20], defined as:

/ (O de = 21— 0) S ),
0 k=0

provided the series converges.

For more detailed information on fractional works, the reader may
refer to works such as [25, 24, 5, 28, 4, 14].

In 2019, Ahuja and Cetinkaya [I] introduced the class SH, of g¢-
harmonic, univalent, and sense-preserving functions f = u+v. A function
f belongs to SH,, if and only if ggzggg
to the class SH.

The class S’H;(a), consisting of ¢-starlike harmonic functions of or-
der «, is defined by the inequality

zDgu(z) — zDg0(2)
Re { qu(z) + E(z(; } >

< 1. As ¢ — 1, this class reduces

for 0 < o < 1. Similarly, the class KH4(cv) consists of g-convex harmonic
functions of order «, defined by the condition

Re { zDgu(z) _ ZDgU(Z)} > a,
zDqu(z) — zDgo(2)

where 0 < a < 1. For more information, see [2, 3, 22, 29, 32].

A function f : E — C is said to be subordinate to another function
g: E — C, written as f(z) < g(z), if there exists a function w : E — C
such that w(0) = 0 and f(z) = g(w(2)) (see [15]).

We now introduce a new class of functions based on the Jackson
q-derivative.
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Definition 1.1. The class AH (o, T, p) is the set of functions f = u+b €
SHO that satisfy the condition:

Re {oDgu(z) + TD2 —p} > |oDgo(z) + TDgn(z){
fort>0,0<p<o,and z € E.

For ¢ — 1 and specific choices of the parameters, we recover known
classes such as WY () studied by Ghosh and Vasudevarao [15], and
WP (8, \) explored by Rajbala and Prajapat [23]. For additional details
on harmonic classes defined by higher-order differential inequalities, see

[7 ) Y Y ) ) ) Y ) ]'

Definition 1.2. The class A,(o, 7, p) consists of analytic functions v €
S that satisfy the inequality:

Re {oDg(z) + TD}b(z) — p} >0, z€E.

This paper aims to investigate geometric properties such as distortion
bounds, coefficient bounds, and radii of starlikeness and convexity for
the new class AH (0o, 7, p). Furthermore, we explore sufficient conditions
under which f € AH,(o,T,p) belongs to the class of close-to-convex
functions. The results obtained here extend known findings in the field
of geometric function theory.

2 Geometric Properties of the Class AH,(o, 7, p)

In this section, we first establish a connection between the class AH,(o,
7, p) and the class A,(o, 7, p). Next, we explore the geometric properties
of the class AH (o, 7, p). We derive necessary and sufficient conditions
for a function to belong to this class and obtain bounds on the coeffi-
cients of functions in this class. These results provide insights into the
geometric structure and constraints of harmonic functions related to the
g-derivative operator.

Theorem 2.1. A function f = u+ v is in the class AHy(o, T, p) if and
only if for every complex number & with |¢| = 1, the function I'c = u+-ev
belongs to the class Aq4(o, T, p).
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Proof. Suppose f = u+1 is in the class AH,(o, T, p). For each complex
number e with |e| = 1, consider I'; = u + ev. Then we have:

Re {oD,I'-(z) + TDZFa(Z)}

=Re {oDqu(z) + TDgu(z) + & [oDgv(2) + TDgn(z)] }
> Re {oDgu(z) + 7DJu(z)} — |0 Dgv(z) + 7D0(z)|
> p.

Thus, I'.(z) belongs to Ag(o, 7, p). Conversely, if I'c(z) € Aq(o, T, p) for
all |e| =1, then:

Re {oDqu(z) + TDgu(z)} > Re {—¢ [0Dgv(2) + TD?U(Z)} b+
By choosing € appropriately, we find:
Re {oDgu(z) + 7D2u(z) — p} > |0 Dgv(2) + 7D}0(2)| .
Thus, f =u+ 0 is in AH(o, T, ,0). O

Theorem 2.2. Letf = u+b be in AHy(o, 7, p). Fors > 2, the coefficient
v satisfies the following bound:

The function §(z) = z + Hozi)z achieves equality.

Proof. Assume §f = u+ v € AH,(0,7,p), with v(re??) expressed as a
series, where 0 < p < 1 and 6 € R. We then have:

o sy (o + 7lslg) o

1 2w
<3 ),
- 27 0

oD,o(pe?) + TDgn(pew)‘ de

2T ) )
<3 Re{o D u(pe?) + TDgu(pele) — p}do
T
1 o = s—1 i(s—1)0
=5 ) Re U+T_p+822[8]q (0 + 7[s]q) usp® e~V dp
=o+T1T-—0p.

As p approaches 1 from below, the bound (2.2) is achieved. O



S. CAKMAK

Theorem 2.3. Let f =u+v € AHy(o,7,p). For s > 2, the following
inequality holds:
200 +7—p)

S )

Equality is achieved for the function f(z) = z+ > oo, ﬁ s

Proof. Consider f = u+b € AH (0,7, p). By Theorem 2.1, T'; = u+e¢v
belongs to A, (o, T, p) for all ¢ where |e| = 1. Hence, we have:

Re{oDy(u(z) +ev(z)) + TDg(u(z) +ev(2)} > p

for all z € E. In the unit disk E, there exists an analytic function ® with
positive real part that can be written as ®(z) = 1+ Y o0, ¢s2°. This
implies:

0Dy(u(z) +ev(z)) + TDg(u(z) +ev(z)=p+(c+7—p)P(2).
Comparing coefficients, we obtain:
[slq (0 + T[s]q) (us + €vs) = (0 + 7 — p)ps—1 for s > 2.

Since the real part of ®(z) is positive, we have |¢ps| < 2 for s > 1. By

selecting € with |e| = 1, We can confirm that the inequality is valid. The
function f(z) = 2+ oo 27 U; 4:7[5'0]) 3 z® shows that the inequality is sharp
and exact. |

Theorem 2.4. If f = u+ v belongs to the class SH° q» where

o0

> lslg (0 + 7lsly) (Jus| + |vs]) < o +7 = p,
s=2

then § is in the class AHy(o, T, p).
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Proof. Assume f =u+1bisin 87-[2. Using condition (2.4), consider the
following:

Re {oDqu(z) + 7D}u(z) — p} = Re

J+T—p+§: 0+TM”uﬂsﬂ

s=2

>0+T—p— Z (o4 7[s]q) |us]

Z (o + 7[s]q) |vs]

s=2

Z[S]q (o +7ls]q) vez* !

5=2
= [oDg0(2) + 7D2v(z)|.

This confirms that f belongs to AH4(o,7,p). O

Theorem 2.5. Let f = u+1b € AHy(o,7,p). Then the following in-
equality holds:

2l = TR TP a2 < )| < Jel 4+ o TP ap
2]q (o + 7[2]¢) [2]q (o + 7[2]¢)
Proof. Consider f = u+v € AH (0,7, p). By taking the modulus of f
and applying Theorem 2.3, we obtain:

>

F()] < Nzl + D (lus| + [os]) [21°

s=2
200+717—p s
<|z!+Z o q) 2
2(U+T—P) 2
< -~ 7
SEr g oy

The other side of the inequality can be obtained by a similar method.
O

3 Radii of Convexity and Starlikeness

In this section, we determine the radii of convexity and starlikeness for
functions in the class AH,(o, T, p). We derive explicit formulas for these
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radii and explore their dependence on the parameters of the functions,
employing established lemmas and theorems.

Lemma 3.1. [20, Theorem 1] Consider f = u+ v, where u and v are
defined by (1). If the following condition holds:

(e 9]

> lslg (Jus| + [os]) < 1,

s=2
then f is harmonic, univalent, sense-preserving in E, and f € SH,.

Lemma 3.2. [20] Consider f = u+b, where u and v are defined by (1).
If the following condition is satisfied:

o0

> [s13 (Jus| + Josl) < 1,

s=2
then § is harmonic, univalent, sense-preserving in E, and f € KH,.

The next theorem addresses the radius of starlikeness for functions
in AH,(o, 7, p).

Theorem 3.3. Let | be a function in the class AHy(o,7,p). Then § is
q-starlike harmonic within the disk |z| < t., where

Ge=inf (2(0 +O;t;[)ss]((zs - 1)> .

Proof. Let f € AH,(o,7,p). For a fixed 0 < v < 1, consider the scaled
function
fe(2) = v (r2) = v tu(rz) + ¢ o (rz).

This function f, remains within the class AH,(o, 7, p). We express f. as

[e.e] o0
fo(2) = 2+ Zusts_lzs + Z pgrsT1z8,
s=2 5=2

To establish that f, is g-starlike, we need to show that

o0

Z[S]q (lus| + |vg) =1 < 1.

s=2
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From Theorem (2.3), we have

- - —200+7-p) o
slg (Jus| + |vs]) ©° I < —_— T, (3)
> bl + )™t < 35S
Given that

Thus, if

for all s > 2, then

This implies

t, = inf o +7lslg o
T s>2\ 200+ 71— p)s(s — 1) '
(I

Finally, we determine the radius of convexity for functions in AH, (o,
T, p).

Theorem 3.4. Let | be a function in the class AHy(o,7,p). Then § is
q-convex harmonic within the disk |z| < t., where

te=1nf <2[5]q(0 j—j'_i[;])qs(s - 1)) "

Proof. Let f € AH (o, T, p). For afixed 0 < v < 1, consider the function

fe(2) = v (r2) = v hu(ez) + ¢ o (rz).
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This function is still in AH,(o, T, p). We write

o
fe(z) = z—i—ZusS ! S+Zb s 1lgs,
s=2

To show f. is g-convex, we need to show that

o

ST (Jus] + Jus) 7 < 1.

s=2

From Theorem 2.3, we have

> > a + 7
— —1
Sl + ) < 3 2T » Lt (4)
s=2 s=2
Given that

Thus, if

for all s > 2, then

This implies
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4 Closure Properties of the Class AH, (o, T, p)

This section explores the closure properties of the class AHy(o,T,p),
focusing on its behavior under convolution and convex combinations.
We investigate how these operations affect the class and provide key
insights into its structural stability and mathematical consistency.

Theorem 4.1. The class AH,(o,T,p) is closed under convex combina-
tions.

Proof. Consider functions f; = u;+by belonging to the class AH, (o, 7, p)
for each k = 1,2,...,n. Suppose that the weights ¢y, satisfy >, _, pr =
1 and 0 < ¢ < 1. The convex combination of these functions is given
by:

f(z) = wwfulz) = u(z) + v(2),
k=1

where

u(z) = > pru(z) and v(z) =D opog(2).
k=1 k=1

Both u and v are analytic within the unit disk E and satisfy the condi-
tions u(0) = v(0) = Dyu(0) — 1 = Dyv(0) = 0. Additionally,

Re {oDgu(z) + TDJu(z) — p} = Re | @r{oDgur(z) + 7D2ur(z) — p}
k=1

n
> Z Ok |0Dgok(2) + 7D vk (2)]
k=1
> |oDgo(z) + TDgn(z)| ,
which confirms that f belongs to AH,(o,7,p). O

Definition 4.2. A sequence {as}32, of non-negative real numbers is
called a ”convex null sequence” if as; approaches 0 as s — oo and the
sequence satisfies

ao—a1Zal—a22a2—a32...2as,1—as2...20.

11
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Lemma 4.3. (see [17]) The function

Qa

0

= 5 + E aszs
s=1

defined by a convex null sequence {as}32 is analytic and has a positive

real part within the unit disk E.

Lemma 4.4. (see [27]) If the function ®(z) is analytic in E, with ®(0) =
1 and Re{®(2)} > % for all z € &, then for any analytic function T
defined in E, the convolution ® * I' maps values within the convex hull

of the image of T".

Lemma 4.5. IfI' € A (o, T,p), then

Re <F(Zz)> > %

Proof. Consider I' € Ay(o,T,p), given by I'(z) = z + Y oo, Usz®.

inequality

c+T—p+ Z[s]q (o +7[s]y) Usz® !

Re

is equivalent to Re{®(z)} > 5 within E, where

ﬂ@:1+2w+i_mggm¢a+ﬂ¢»mfl.

The sequence {as}32, is a convex null sequence if

2(c+7—p)

oo+ 7lslg) O

ap =2 and as_1 =

Applying Lemma 4.3, the function
oo
(c+7[s ] )

2

>0 forz€eE,

The
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is analytic with Re{A(z)} > 0 in E. Therefore,
I‘(z) (o +71— 1
1 S
z ( * Z (o +7[s q) [5lq (@ + 7[s]y) ) '

and by Lemma 4.4, we conclude that Re { (Z)} > % for z € E. O

Lemma 4.6. The class Ay(o, T, p) is closed under convolution.

Proof. Let I'i(z) = z + > oo, Us2® and T'a(2) = 2+ Y ooy Vsz®. The

convolution of these functions is given by:

T(z) = T %To)(2) =2+ > _ 4Tz
s=2

Applying the g-derivative and convolution properties, we have:

D,I(z) = DJN@*EfX
D(z) = Dﬁﬂ@*Bf)

Substituting these into the formula, we obtain:

d%m@+wpﬁwo—p:(aDJm@+TDﬁﬂ@—p>*D@)

o+T—p o+T—p

0DI'1(2)+7D2T1 (2)—p
o+T—p

Since I't € Ay(o,7,p), we have Re[ ] > 0 for

z € E. Additionally, by Lemma 4.5, Re {1‘27(2«)] > % in E. Applying
O'DqF(Z)+TD3F(Z)7p
o+T—p

Lemma 4.4 to (5), we conclude that Re [
Hence, I' =T'1 x 'y € Ay(o, 7, p). d

Using Lemma 4.6, we now demonstrate that the class AH4(o, 7, p)
is preserved under the convolution operation.

}>omE

Theorem 4.7. Form = 1,2, let f,, € AHq(0,7,p). Then, the convolu-
tion f1 * 2 is also a member of AH(o, T, p).
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Proof. Assume that §,, = u,, + v, € AH (o, 7,p) for m = 1,2. The
convolution fi * fo is given by uy * ug + by * by. To establish that this
convolution function belongs to AH,(o,T,p), we must show that the
function F, = uy * uz + £(vy * v2) is within Ay(o, 7, p) for any € where
le| = 1.

According to Lemma 4.6, since Ay(o, 7, p) is closed under convex
combinations, and both u,,+ev,, for m = 1,2 are in Ay(0o, 7, p), it follows
that the functions U; = (u3—01)*(uz—evy) and Uy = (u1+01)*(ug+£02)
also belong to Aq(o, T, p).

Since Ay(o, 7, p) is closed under convex combinations, the function

1
U, = §(U1 + UQ) = Uy * U —I-E(Ul * Ug)

is also within Ay (o, 7, p). Thus, it follows that the class AH (o, 7, p)
remains invariant under convolution, implying that the convolution of
any two functions in AH,(o, 7, p) will also be in AHy(o,7,p). O
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5 Examples of Functions in the Class AH,(o, T, p)

In this section, we provide examples to facilitate a better understanding
of the theoretical concepts.

Example 5.1. Consider the function §(z) = z + 0.352% — 0.2z%. Ac-
cording to Theorem 2.4, f belongs to the class AMH,(0.25,2,1,1). Addi-
tionally, the function f is a g-starlike harmonic function by virtue of the
Lemma 3.1. The image of the unit disk and concentric circle within it
under the function f is shown in Figure 1.

Figure 1: Under the map f(2) = 2z + 0.3523 — 0.2z%, the image of
concentric circles inside the unit disk.
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Example 5.2. Consider the function g(z) = z + 0.452% + 0.252°. By
Theorem 8, g is a member of the A#H,(0.25,2,1,1) class. Moreover,
based on the Lemma 3.2, g is a ¢g-convex harmonic function. The images
of the unit disk and concentric disks within it under the mapping of g
are illustrated in Figure 2.

Figure 2: Under the map g(z) = 2z + 0.452% 4+ 0.252°, the image of
concentric circles inside the unit disk.
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Example 5.3. Let h(z) = f(2) * g(2) = z + 0.157523, where § and g
are the functions given in Example 5.1 and Example 5.2. According to
Theorem 2.4, the function h(z) belongs to the class AH,(0.25,2,1,1).
Furthermore, b is a g-starlike harmonic function according to Lemma
3.1. Figure 2 illustrates the image of concentric circles inside the unit
disk E under the transformation defined by h(z) = z + 0.157523.

Figure 3: Under the map h(z) = 2+ 0.157523, the image of concentric
circles inside the unit disk.
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Conclusions

In this study, we introduced a new subclass of harmonic functions de-
fined by Jackson’s second-order ¢ derivative. We derived the necessary
coefficient conditions for functions to belong to this class, along with
geometric properties such as coefficient bounds, distortion bounds, and
closure under convolution. Additionally, we obtained the radii of con-
vexity and starlikeness. These results provide a broader perspective on
harmonic mappings and improve some previously established results.
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