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1.

Among the various properties of topological spaces a lot of attention has
been paid to regular closed sets. The starting point was Thompson’s
paper on S-closed spaces ([11]). The class of regular closed lindeloff

spaces (RC-lindeloff) defined by Jankovic and Konsadilaki([3,9]). In
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ARC-Lindeloff Space

this paper we consider a class of RC-Lindeloff spaces.

is denoted by X*and X** respectively. For a subset S of a topological

Throughout this paper relative and coarser topology on space (X, 7)
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space (X, 7) the closure of S and the interior of S will be denoted by
ClxS and intxS.

Definition 1.1. A space X satisfies CCC (=countable chain condi-
tion) if every family of pairwise disjoint nonempty open sets in X is at

most countable .

Definition 1.2. A filter F' on a subset S of X is then a subset of P(5)
with the following properties:

1)SeF and ¢ ¢ F.

2) If A and B € F, then A(\B € F.

3)If A€ F and B C S, then A C B implies that B € F .

The first three properties imply that a filter has the finite intersection

property.

Definition 1.3. Let S be a subset of X, a filter base is a subset B of
P(S) with the following properties:
The intersection of any two sets of B contains a set of B is non-

empty and the empty set is not in B.

Definition 1.4. A subset S of space X is said to be semi-open if

S ¢ Clx(intS).

Definition 1.5. A subset S of space X is said to be semi-preopen if
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S C Clx(znt(Cle)>

Definition 1.6. A subset S of space X is said to be locally dense if

S € int(ClxS).

Example 1.1. Consider the set R of real numbers with the usual topol-
ogy and let S = [0,1]J((1,2) N Q) where Q stands for the set of rational
numbers. Then S is neither semi-open nor pre-open. Let T =[0,1]( @

then T s semi-preopen .

Remark 1.1. Clearly, every open set is semi-open and locally dense.
Also, every semi-open set is semi-preopen, and every locally dense set is

semi-per-open.

Definition 1.7. There exists an infinite family F of infinite subsets of
N such that the intersection of any two is finite. Let D = {wgep} be
a new set of distinct points, and define W = N|JD with the following
topology: the points of N are isolate, while a neighborhood of a point wg

18 any set containing wg, U with this topology is called V-space or Isbell

space [8].

Definition 1.8. A subset S of space X is called regular open if

S = int(ClxS) and S C X is called regular closed if X — S is reqular

open, i.e.
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S = Clx(intS).
The families of regular open subsets of space X and regular closed

subsets of space Xare denoted by RO(X)and RC(X), respectively.

Remark 1.2. If D is locally dense in a space X, then
RC(D*) ={F(\D: F € RC(X)}
Lemma 1.1. If S; is a family of semi-open sets, then there exists a

family Oq of pairwise disjoint open sets such that O, is a refinement of

S; and the union of O, is dense in the union of S;.

Proof. This is proved by using Zorn’s Lemma in the standard way (see

([10, page 39]). O

Definition 1.9. A topological space X is called

1) SC if every regular closed cover has a finite subcover.

2) Countably SC, if every countable regular closed cover has finite
subcover.

3) RC-Lindelof if every regular closed cover has a countable subcover.

4) Almost Lindeloff, if every open cover has a countable subfamily
whose union is dense.

5) ARC-Lindeloff, if every regular closed cover has a countable sub-

family whose union is dense.
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6) Weakly Lindeloff, if every open cover has a countable subfamily

such that the closure of whose members cover X.

2. Properties Of ARC-Lindeloff Space

Theorem 2.1. For a space X the following are equivalent:

1) X is RC-Lindeloff.

2) every semi-open cover of X has a countable subfamily whose union
15 dense.

3) Every semi-preopen cover of X has a countable subfamily whose union
s dense.

4) Every regular open filterbase {G; : i € I} on X satisfying
int( {Gi: i€ J}#0
for each countable subset J of I, has nonempty intersection.

Proof. 3)== 2)== 1): This is clearly since every semi-open set is
semi-preopen and every regular closed set is semi-open.

1)= 3): Let {4; : i € I} be a semi-preopen cover of X.Then
each ClA; is regular closed, therefore there exists a countable subset
J of I such that | J{ClA; :i € J} is dense. One easily checks that
U{A; :i € J} is also dense.

1)= 4): Let{F; : i € I} be a regular open filterbase satisfying

int({G; : i € J} # 0 for countable J C I. Suppose that {F;
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i €I} =0. Then {X — F, :1i € I} is a regular closed cover of X.
By assumption, there exist a countable subset J of I such that [J{X —
F,: I € J}is dense. Hence int (\{F;: i € J} # 0, a contradiction.
4)=-1): Let {F; : i € I} be a regular closed cover of X and
suppose that |J;c; F; is not dense for countable subset J of I. Let
K; = Cl(U;jey Fi), then clearly K; € RC(X) and {X — K; : J C
I,J is countable} is a regular open filterbase satisfying the hypothesis
of (4). By assumption there exists v € X withz € ({X — K;: J C
I,J countable}. Pick i* € I with x € F;» and let J = {i*}. Then

x € Kj = Fj+, a contradiction. [

Remark 2.1. It is obvious that every SC-space is RC-Lindeloff, how-

ever, a countable discrete space is RC-Lindeloff but no SC-space.

In the next theorem we show relation between CCC and ARC-

Lindeloff spaces.

Theorem 2.2. If X satisfies CCC properties, then X is an ARC-

Lindeloff space.

Proof. Let {F;, :1i € I} be a regular closed cover of X. By Lemma
1.1, there exists a family {G; :j € J} of pairwise disjoint nonempty
open sets in X such that it’s union is dense. By assumption, J is at

most countable. For each j € J pick i; € I with G; C Fj;. Then
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U{F;, : j € J} is dense in X which proves that X is an ARC-Lindeloff

space. [

Example 2.1. Let X be an uncountable discrete space and X be its
Stone-Cech compactification. Then X is SC-space ([11]) and thus RC-

Lindeloff (then ARC-Lindeloff) but fails to satisfy CCC' property.

It is obvious that every SC-closed space is RC-Lindeloff. Note, that
a countable discrete space is RC-Lindeloff but not SC-closed. Every
RC-Lindeloff space is ARC-Lindeloff and weakly Lindeloff. Moreover,
every weakly Lindeloff space is clearly almost Lindeloff, and by Theorem
2.1, every ARC-Lindeloff space is almost Lindeloff.

The following diagram summarizes the observations we have made

so far (see [3],9],[10],[11]).

CCC property = ARC-Lindeloff space => Almost Lindeloff

fr
RC-Lindeloff space

()
SC-space

Definition 2.1. A Hausdroff space X is called Luzin space if we have
1) every nowhere dense set in X is countable.
2) X has at most countably many isolated point.

3) X is uncountable.

Theorem 2.3. Let X be an uncountable first countable T3 space with
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at most countably many isolated point. Then X is RC-Lindeloff space

iff X is a Luzin space.

Proof. See |9, page 106].
We give several examples to show that non of the implications in our

diagram is reversible.

Example 2.2. Let R be the real line with the usual toplogy. Then R
satisfies CCC and hence is ARC-Lindeloff space. However, R fails to
be RC-Lindeloff space.

Example 2.3. The Isbell space ¥ (Definition 1.7) is clearly CCC' and
so by Theorem 2.2, RC-Lindeloff space. But ¥ fails to be RC-Lindeloff

space.

Example 2.4. Let X = N — {0}, where 0 € BN — N. Then X
is separable, it satisfies CCC, and also it is ARC-Lindeloff space. In
addition, X is countably SC-space but not SC-space and thus cannot be
RC-Lindeloff space.

3. Product ARC-Lindeloff Space

Recall that a topological property (P) is said to be semi-regular provided
that a space X satisfies (P) if and only if X** satisfies (P). The property

(P) is called contagious if a space X satisfies (P) whenever a dense
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subspace of X has property (P).

Theorem 3.1. Let (P) denotes the property ARC-Lindeloff. Then (P)

1s both semi-reqular and contagious.

Proof. First note that for every space X we have RC(X) = RC(X™*),
and if F' is a union of regular closed sets, then Clx F = Clx+F. From
this it follows immediately that (P) is semi-regular.

Now suppose that D is a dense ARC-Lindeloff subspace X. if
{F; : i € I} denotes a regular closed cover of X then, by Remark
1.2, {F;\D: i€ l} C RC(D*)is a cover of D, so there are countably
many F; () D whose many F; is dense in X. Consequently, the union of

countably many F;’s is dense in X and so X is ARC-Lindeloff space.

Corollary 3.1. Let Y be an ARC-Lindeloff subspace of space X and

let Y C Z C ClxY then space of Z* is ARC-Lindeloff.

Theorem 3.2. If X is ARC-Lindeloff space, then we have
1)ifY € RO(X), then Y* is ARC-Lindeloff space.

2)if Y € RC(X), then Y* is ARC-Lindeloff space.

Proof. 1) Let {G; :i € I} C RC(Y™*)beacover of Y. SinceY is locally
dense, by Lemma 1.1, for each i € I, we will have A; = Y [ F; where
F; € RC(X). Since {F; : i€ I}|J{X — Y} is a regular closed cover of

X, then there is a countable subset J C I such that X = CI(|J{F;: i €
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JIUJX —Y)). Consequently, ([ J{G; : ¢ € J} is dense in Y* and so Y*
is ARC-Lindeloff space.
2) We know that intY € RO(X) and intY is dense in Y, it by (1)

and Corollary 3.1, it follows that Y* is ARC-Lindeoff space.

Example 3.1. Let X be an uncountable discrete space and X be its
Stone-Cech compactification. Clearly X is an open and dense subspace
of BX and Y = {(z,x) : © € X} is reqular open and discrete subspace

of BX x BX. However, the space Y* is not ARC-Lindeloff space.

This example with Theorem 3.2, also shows that the product of two

ARC-Lindeloff space need not be ARC-Lindeloff.
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