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Abstract

Three ordinary differential equations are used to represent mathematically the breakdown of a phenol and p-
cresol combination in a constantly agitated bioreactor.The research offers a stability analysis of the model’s
equilibrium locations. Three different kernels have also been used to examine the effects of the fractal
dimension and the fractional order on the model with the fractal-fractional derivatives. We have developed
extremely effective computational techniques for phenol, p-cresol, and biomass concentrations. Finally,
computer simulations are used to confirm the correctness of the suggested strategy.

Keywords: Bioreactor Model; Computational Methods, Fractal-Fractional Derivatives, Computational

Simulations.

1. Introduction

There are numerous scientific articles that describe the discovery and work of microbial species that
have greater chemical compound degradation activity [1]. Numerous individual microorganisms have been
studied in [2]. The nature of the particular mixture and the used microbes determine whether one or all
chemical components will biodegrade [3, 4, 5, 6]. FThe classical derivatives have a significant extension
in fractional calculus. Fractional differential equations (FDEs) have recently been used in a variety of
disciplines. Many authors have worked on these equations such as KdV equation [7], advection-dispersion

equation [8], telegraph equation [9], Schrodinger equation [10], heat equation [11], convection diffusion
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equation [12], Fokker Planck equation [13]. Some of the FDEs do not have exact solution, therefore it
is required to work on computational methods to solve the mentioned equations such as solving nonlinear
fractional diffusion wave equation with homotopy analysis technique [14], solving PDEs of fractal order
by Adomian decomposition method [15]. In [1], the authors have given a bioreactor model but they do
not consider the death rate of bacteria and also general configuration of the reactor. We have provided the
bioreactor model with the fractal-fractional derivatives (FFD). The model with fractal-fractional derivatives
has never been analysed so far. Our model includes the death rate of bacteria which is important in
environment of the process. We also consider general configuration of the reactor where our model includes
a membrane and continuous reactor. Additionally, we fractionalize the model and apply a novel computational
technique to get the computational simulations.

We organize our manuscript as follow. Problem formulation is done in Section 2. In Section 3 we have
discussed the analysis of the model in the classical case and presented the equilibria and stability analysis.
Sections 4, 5 and 6 deals with analysis of the model with three different kernels viz the power-law kernel,
the exponential-decay kernel and the Mittag-Leffler kernel respectively and in section 7 we demonstrate the

computational simulations.

2. Preliminaries

The following definitions of FFD and fractal-fractional integral (FFI) with three different kernels are

taken from [16] .

Definition 2.1. The FFD with power-law type kernel is described as:

FEPDY £(1) = ——f F(s)(t—$)"%s, 0<a,n <1, (1)

where,

dfs) _ o SO f6)

dsm T ios th— sh (2)
Definition 2.2. The FFD with exponential-decay type kernel is described as:
M d (! -
FFED® £(4) = 1(“) f Fls)exp (- (1~ 9))ds, 0 <y < 1. 3)
a df c -«

Definition 2.3. The FFD with Mittag-Leffler type kernel is described as:



AB(a) d

FFM nya.n
DI f(1) = —
IO =

f f(s)E(,(%(t —5)")ds, 0 <a.n <1, (4)

where, AB(a) = 1 —a + %1)

Definition 2.4. The FFI with power-law type kernel is described as:

!
(70 = £ ], = s, ®

Definition 2.5. The FFI with exponential-decay type kernel is described as:

(1 -a)™!

FFE ya.n _an ! a—1 T
L) = s fo 71 s+ T g0 ©)

Definition 2.6. The FFI with Mittag-Leffler type kernel is described as:

(1 — ) !

FFM ya. __an " |
o L f(t)_AB(a)LS S — )" ds + AB(@) f@). (7

3. Formation of the model

Here, we provide the model that will be examined in this study. The three-dimensional model is provided

as follows:

ds pn
d_: = D(Sph() _Sph) _kph '/J(Spfu Scr) 'Xa (8)
ds
d;r =D(Sc0—Ser) —ker- M (Spha Scr) - X, ©)
dXx
~ = ~DBX +u (S phs Ser) X, (10)
7 S r S r
(S S o) = P + P .
Kspn + Sph + ﬁ;) + Icr/phScr Kyery+ Ser + Wi:) + Iph/C’SPh

The model parameters and variables are detailed in [1]. The parameter 8 is presented in the general

configuration. When S = 1 we have continued the reactor. When 8 = 0 we have a membrane reactor.

4. Analysis of the model in classical sense

We will now start by performing a traditional analysis of the model’s attributes.



4.1. Equilibria and Stability analysis

We take into account how many model (8- 10) equilibrium solutions there are. The model clearly has a

branch of the washout specified by: ,

Eo =(S pi S ers X) = (S ph0, S r0,0). (12)

We obtain the steady state solution of (8- 10) by setting to zero the right side. From the model (8- 10),
we have,

ScrOkph + kcr(Sph - SphO)

Scr:

B

v (13)
D (SphO - Sph)
"k (BD)
0) nsSer)(—ker) X
ﬂ(i')p(lspsh,s)c(r)X ) _kcrﬂ(sph, Ser)
— —k”,u(s hsSer)X _
f=(bnY) = F=
(S phsSer)X
igl((;iisi.r))x #(Sph’ scr)kcr(spha Ser)
D 0 DB 0
V = (_D(Sch)X—Scr)) - V — , V_l —
0 DB 0 D
0 _kCr/J(sph’ Ser) D 0 0 —chr,u(sph, Ser)
Fv-l = _
0 /l(Sph, scr) 0 Dﬁ 0 D,U(Sph, Scr)

-A _chrﬂ(sph’ Ser)
dﬁ[FV”—Ab]=0 , =0
0 D,U(Sph, Scr) -4

Thus, we obtain A1 =0, A2 = Du(spn, ser) = Ro

Lemma 4.0.1. The steady state solution E is locally asymptotically stable when D > D, and is unstable

when D < D, .

Proof. We have

Ey = (Sph’ Sery X) = (SphO’ Ser0, 0)
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_D _ aﬂ(sph;scr)

aﬂ(sphvsvr)
dsyn ph T o5 kpnx ~H(Sph> Scr)kph

a mcr 6 DO cCr
J(Eo) = _kcr%x -D - %kcrx _/J(sph’ Ser)ker
6 fisdcr a IO CT
M(gﬁi,hy ))C - #(;[;Zhs )x _Dﬁ+ﬂ(spha Scr) ]
-D 0 _ﬂ(spho’ ScrO)kph
J(Ey) = 0 -D _,u(sphO, Ser0)Ker
0 0 _Dﬁ + M(sph()a ScrO)
where
HMmax(ph)Sph HMmax(cr)S ph
,u(sph, Scr) = 2 + 2
Ks(ph) + Spn + #Zh) + Icr/phscr KS(CV) + Ser + Kien + Iph/C’SPh
-D-A 0 _ﬂ(sphy scr)kph
detlJ(E) - Al1=| 0 -D-2a  —uspmsedker |=0
0 0 ll(sph, ser) —DB—A
=(=D = (=D — D((sph, Ser) = DB - ) =0
Ai=-D, A=-D, A3= _ﬁD +ﬂ(spha Ser)
and
2
_ sphO 1
,u(sph’ scr) = maxphsphO(ksph + Sph0 + + Icr/phScrO)
Kipn)
2
- Ser0 -1
+ maxcrscrO(kscr + Ser0 + + Iph/crsphO)
i(ph)
kicrkph(scrokph - sphOkcr)_maxcr
D =

[kicrkph(Kscrkph + scrOkph - sphOkcr) + (Scrkph - sphOkcr)Z:Iﬁ

If D > D,,, then A3 < 0. Thus, all eigenvalues are negative. This presents that the steady state solution Ej is

locally asymptotically stable.
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5. Analysis of the Model with the Power-Law Kernel

Here we analyze the model with FFD using the power-law kernel as:

gFPD?’nSph = D<Sph0_Sph)_kPh ‘,U(Sph,Scr)'X’
FPPDIS ¢ = D (S ero = Ser) = ker 1 (S pin Ser) - X,

6 P DX = ~DBX + 1 (S pnr S o) X

We have [16]:

J'(®

D’lf(t) = 771“7_1 .

Then, we acquire

0" DS i =" (DS pro = S ) = Ko (S i Ser) - X))
§"DfScr =" (DS e = Scr) = ker (S pis Ser) - X))

RLprX = pr! (—D/o’X +Hu (S ph>S cr) X)

For simplicity, we define

A S i S X) = 00 (D (S pho = S pi) = kp - (S pis S o) - X)

B(t,S pis S or, X) = 0" (D (S er0 = S er) = ker - (S pns Ser) - X))

C(t,S pis S ers X) = "™ (=DBX + 11 (S pnr S o) X)

Then, we obtain

gLD?Sph = A(t, Sph, Scra X)
SLD?S cr = B(t, Sph, Scr, X)

RLDIX = C(t,S phs S crs X)

Applying the Riemann-Liouville integral yields:

(14)
15)

(16)

amn

(18)
19)

(20)

2D
(22)

(23)

(24)
(25

(26)



1 !
S D)= S (O) =5 fo AGLS i Sens X)(1 = 1T
Scr(t) - Scr(o) =$ f(; B(Ta Sph, Scr, X)(t - T)a_ldT
X(1t) — X(0) Zﬁ j(; C(T,Sph,Scr,X)(t - T)a_]d‘['

Discretizing the above equations at #,.1, we get:

1 In+1 _
Sph(tn+l) - Sph(o) :Ta) f A(r, Sph’ Ser X)(tng1 — T)a ldT
0
1 In+1 _
Ser(tns1) — S (0) :@ f B(z, Spha Ser XYty — 1) Ydr
0

1 In+1 o
X(ty+1) — X(0) I fo C(, S iy S ey X)(ts1 — D) ldr

1j+1

1 N a—1
Sph(tn+l) - Sph(o) :@ j§:0 \ft; A(x, Sph’ Ser, Xty — 1) dr
S S er(0) = v [ BT, S pn S er, X ld
crfn —Oecr = > s D crs Tn+l — o
(tns1) = S 0) =g ]Z;f (@, pis S s X)tr1 = 7 dr

X X(0) =— 3 tj”c S phs S X elg
(tar1) — ()—@;L (7, phs O crs Ntne1 —7) T

Two-step Lagrange polynomial is used as:

T—1j-1 T—1

pj(T’ Sph7SCr7 X) = A(tj’Sp]’hSCr? X) - A(tj—l,Sph’Scr’ X)
j =t j =t
T—1j T—1j

Qj(T,SphaScraX): B(tj’Sph’SCr’X)_ B(tj—l’Sph,SCr’X)
lji=1j1 j bt
T—1j-1 T—1

sj(Ta Sph, Scr, X) = C(tje Sph’ SCF’X) - C(tj—le Sph7 Scr’X)

j— -1 lj—1j-1

Then, we obtain

27
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(30)

3D

(32)
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(34)

(35)

(36)
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Sph(tn+1) -

S cr(tn+1) -

X(tn+l)

1 n £+l 3
Sph(o) = Z f p(T, Sp]’h S ers X)(tnr1 — 1) ldr
7

[a) &
S |:ha/A(tja Spha Scr, X)
0

@ +2) (n+1-Nn-j+2+a

=
—(n=j)"(n-j+2+2a)]
n |:haA(tj—], Sph, Scr’X)

~a+1
T(a+2) (1=

—(n=)'n—-j+1+a)]

tj+1 1
Se(0) = r(a) Z f q(, Sph’ S ers X)(tpe1 — T)a dr

(n+1-Nn-j+2+a

& [h B(tj’ pho Sers X)
o T(a +2)
—(n=*n—j+2+2a)]

§ [haB(tj—lvsph’SCr’X)
0

_ na+l
Z favy (1=

—(n=N*'n—-j+1+a)]

1 n 1+ 4
_X(0) = @jzo f 55 i S ers X)(tat = 1) dr

nCRC(E5 S e S e X
[ (@S ph Scr )((n+1—j)a(n—j+2+a/)

2 T(a +2)
—(n=)%n—-j+2+2e)]

- [hac(tj—la Sphs Sers X)
0

~a+1
z favy (1=

—(n=)*n-j+1+a)]

Thus, the computational scheme for the model with power law kernel has been obtained. We used this

scheme and obtained Figures 1-4.



6. Analysis of the Model with the Exponential-Decay Kernel

Next we analyze the model with FFD using the exponential-decay kernel as:

OFFED?’nSph =D (Sph() - Sph) - kph ‘M (Spha Scr) : X’
(I)’FED;Y’US” =D(Ser0—Ser) —ker M (Spha Scr) - X,

CFEDIX = —DBX +,U(Sph’SC’)X

The relationship between the fractal derivative and the classical derivative produces:

OCFD?Sph = Tlln_l (D (SphO - Sph) - kph "M (Sph, Scr) : X) P
OCFD?SCV = ntn_l (D (Scro=Ser) —ker- H (Sl’h’ Scr) ' X) >

§TD7X = ™" (~DBX + 1 (S s S or) X)

For simplicity, we define

K(t’SPh’SCr’ X) = Uln_l (D (SphO - Sph) - kph ‘M (Sph, Scr) . X) s

L(t.S i Sers X) = 0" (D (S cro = Sr) = ker * 11(S pis Ser) - X)

M(,S i, S v, X) = 0" (=DBX + 11 (S pi S cr) X)

Then, we obtain

gFD?Sph = K(t, Sph’ ScraX)
gFD;ZScr = L(t’ Sp/’HSCI” X)

SEDYX = M(,S phy S ¢r, X)

Applying the CF integral yields [17]:

(39)
(40)

(41)

(42)
(43)

(44)

(45)
(46)

47

(48)
(49)
(50)



!
Sph(t) - Sph(o) = ﬁK(l" Sphy Sern X) + M((ya') L K(x, Splh S e, X)dt
S or(t) = S or(0) = 1o 5805+ -2 ftL(TShS X)dr
cr cr M(CZ) s phs O crs M(CZ) 0 s phs D crs
X(1) - X(0) = 1= as oS e X) + — f t M. Sy S o, X)dT
M(a) M(a) Jo

Discretizing the above equations at ¢, and f, we get:

|
Spi' = 0% Ty K S oS8 X

1% Tn+1
+— K, S o0, Ser, X)d
M(CZ)]O‘ (T phs O cr )dt

1-a
1 0
Sf:— = Scr + WL(tm S;h’ S?raXn)

@ Tn+1
+— L(t,S pn, S ¢, X)d
M(a) L (T phs O cr )dt

-«
n+l _ 0 n n n
X = X0t ey M Sy S X1
Tn+1
+— M, S pi, S er, X)d
M@ J, (T phs» cr )dt
and
-«
= 0 - n—-1 ¢n-1 yn-1
Sty = S+ g K1 St S XD
a In
+— K S pn, Ser, X)d
M(CL’)]()‘ (T phsO cr )dt
St = SO+ L0 (g, 87 s X
cr cr M(a) n=1>~ph >~ cr >
a i
+— L(t, S pn, S ¢r, X)d
M(CL’)L (r phs cr )dt
1 -
Xn — X0+ —CyM(tn_],Sn_l Sn—l Xl’l—l)

M(e) phooer s

a n
f M(, Sph, S e X)dt
0

M@

Thus, we reach
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-«
n+l _ n n n n n—1 n—1 n—1
Sph - Sph+m(K(thph,Scr,X )_K(tn—laSph 7scr , X ))
a Tn+1
+m\f; K(T,Sph,Scr,X)dT
-«
1 -1 -1 -1
srl = S+ e (L(tas S0 S5 XM = Lityo1, S, S0 X))
0% In+1
+— L(7,S o, S er, X)d
M(a/) fz; (T phs»© ¢ ) T
Xn+1 — Xn + 1__0', (M(tn,Sn ’Sn ’Xn) _ M(tn_],Sn_l,Sn_l,Xn_l))
M(a) ph* "~ cr ph cr
Tn+1
+M(a) t M, S ph, S o, X)dT

Using the two-step Lagrange polynomial yields:

-« ) ) )
e S+ Ty (K0S s S0 X = Kt S 1L ST XH)
3h h
+% (TK(‘”’SZWS@’X@ - EK(tn_l,Sggl,sg;l,Xn-l))
n+l _ n -« n n ny _ n—1 n—1 n—1
Scr - Scr + M(a') (L(tna Sph’ SCr’X ) L(tl’l—laSph ,Scr ,X ))
a (3h h ) L
+m (TL(tn’ S;ha Sﬁr, Xn) _ QL(tn—I,S;hl,Sfr 1’X 1)
1 —
e a M(S (M0 S ST X™) = M(1-1, 8™ S 171, X771)
a (3h h ) ) )
+W (TM(Z‘”’SZ/I’SZWX") - EM(t"—l’SZhl’S?r L x" 1))

As a result, the model’s computational scheme for the exponential decay kernel has been discovered.

We used this scheme and obtained Figures 5-8.

7. Analysis of the Model with the Mittag-Leffler Kernel

Now we analyze the model with FFD using the Mittag-Leffler kernel as:

6" DIS i = D (S pho = S pi) = kpn - 1(S s Ser) - X, D
gFMD;I’nSW =D(Scr0—Ser) —ker 1 (Spha Scr) - X, (52)
CMDITX = —DBX + p (S ph> Scr) X (33)

11



Then, we obtain

éBDgSph = T]tn_l (D (SphO - Sph) - kph "M (Spha Scr) : X) p
Ser) = ker 'll(SphaScr) 'X),

A8DIX = i (~DBX + 1 (S phs S ) X)

ABDQS cr — tn ! (D (ScrO

For simplicity, we define

Y1, phs S rs X) = 1" (DS o = S ) = ki - 4 (S pis S er) - X)),

Z(t, Spha Ser X) = ntn_l (D (Ser0—

Scr)_kcr',u(Sph,Scr)'X)a

T(t,8 s S ers X) = 9" (~DBX + 1 (S pir S o) X))

Then, we get

AB na —
0 DiSph=

SBD([ISCr = Z(ts Sphs SCV9 X)?

Y,

SBDEIX = T(t,S piy S crs X)

Applying the AB integral gives,

1 -

S pn(®) = S pn(0) = AB(a )Y(t S phr Ser, X) + ﬁ
1 -

Sa®=SaO0r=" 254 )Z(t Sy Sers 1)+ m
-

X(1) - X(0) = AB@ )T(t 28 phs S ers X)) + m

Discretizing the above equations at #,.1, we get:

12

Sph, Sers X)7

!
f (t - P)U_IY(Pa Sph’ SCV’ X)dp
f(t - P)a IZ(P, ph7 S er X)dp

f(f—P)a IT(P, ph’Scr’X)dp

(54)
(35)
(56)

(57)
(38)

(39

(60)
(61)
(62)



n+1
Sph

n+l
Scr

Xn+l _

Then, we obtain

n+l _

n+l _
Scr -

l-«a
0 n n n
Sph + A—B(a/) Y(tn+1,Sph,Scr,X )

a Tn+1
S et = D)LY (D, S phs S ers X)d
+AB(Q/)F(Q’)L (n+1 P) (P ph r ) 14
1-«a

AB(a)

SO+ Z(ts1, Sy S s X7)

cr?

Tnt1

@ a—1
n+l = Z(p, Sern X d
T fo (tns1 = D) Z(0, S s S s X)dp

l-«a
0 n n n
X0 + A—B(Q)T(zn“,sph,sw,x )

n+1

@ -1
n - ¢ T ,S ,Scr,X d
+ AB@I@) fo (ts1 — D) (PsS pn )Ydp

l1-a
0
Sph + mY(IrHI, S;l,h, S?r,Xn)

n hOtY(ti’Sl’l Sn Xn)
[ (n+1-D"n-i+2+a)

a ph> > cr>
AB(@) 20 I'la +2)

—n-D)%"n-i+2+2a)]
R Y (o1, S S 8L X
(e +2)

n

a
AB(a) Z

i=0

(2 + 1= 0!

—n-D)%mn-i+1+a)

1_
® Z(tye1, 8", ™, X"

0
SCI’ + AB(a/) Zha cr? )

ph’
I'a+2)

o & [HZ(@, S, ST, X" o
(n+1=-D"n-i+2+a
0
—n=-)"m—-i+2+2a)
h*Z(ti-y, ST, S X
T(a+2)

n

((n +1— i)t

AB(a) &

—n=-D)%"mn-i+1+a)]
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l-«a
n+l _ 0 n n n
X = X0+ A—B(a)T(th, LS X")

ph* P cr

T(a +2)

o S [HOT(5, 87 ST X"
[ (n+1-D"n-i+2+a)

—n-)%"n-i+2+2a)]

@ - haT(ti_l’Szzl’S?r_l,Xn_l) ( 1 - el
— + —
AB(a) £ T +2) (n %

—n-)"m-i+1+a).

Thus, the computational scheme for the model with Mittag Leffler kernel has been obtained. We used this

scheme and obtained Figures 9-12.

Remark 1. The ability to impactively define models for systems with memory impacts is a key and significant
advantage of FFD. Fractal-fractional operators with varied memories are related to various non-local

dynamical systems’ relaxation processes. Models with FFD are therefore more helpful and impactive.

8. Results and Discussions

This section includes computational simulations for various fractional order and fractal dimension values.
We discuss the results with the three different kernels as described in sections 5, 6 and 7. In these figure
a,f and n are between zero and one. In these simulations, S is the parameter given on the model, 7 is
fractal dimension and « is the fractional order. In Figure 1, we show the computational simulations for
B = 1 and the fractal dimension r = 1 for different values of fractional order @ with the power-law kernel.
In this figure, we can see the impact of the fractional order @. In Figure 2, we show the computational
simulations for 8 = 1 and the fractal dimension 7 = 0.8 for different values of fractional order a with the
power-law kernel. In this figure, we can see the impact of the fractional order «. In Figure 3, we show the
computational simulations for 8 = 0.5 and the fractal dimension 7 = 1.0 for different values of fractional
order a with the power-law kernel. In this figure, we can see the impact of the fractional order . In Figure 4,
we show the computational simulations for 8 = 0.5 and the fractal dimension = 0.9 for different values of
fractional order a with the power-law kernel. In this figure, we can see the impact of the fractional order a.
In Figure 5, we show the computational simulations for 8 = 1 and the fractal dimension 7 = 1 for different

values of fractional order @ with the exponential-decay kernel. In this figure, we can see the impact of the

14



fractional order a. In Figure 6, we show the computational simulations for § = 1 and the fractal dimension
n = 0.7 for different values of fractional order a with the exponential-decay kernel. In this figure, we can
see the impact of the fractional order a. In Figure 7, we show the computational simulations for § = 0.8
and the fractal dimension 1 = 1 for different values of fractional order @ with the exponential-decay kernel.
In this figure, we can see the impact of the fractional order @. In Figure 8, we show the computational
simulations for 8 = 0.8 and the fractal dimension 7 = 0.7 for different values of fractional order @ with the
exponential-decay kernel. In this figure, we can see the impact of the fractional order a. In Figure 9, we
show the computational simulations for 8 = 1.0 and the fractal dimension 7 = 1.0 for different values of
fractional order a with the Mittag-Leffler kernel. In this figure, we can see the impact of the fractional order
a. In Figure 10, we show the computational simulations for § = 1.0 and the fractal dimension = 0.5 for
different values of fractional order a with the Mittag-Leffler kernel. In this figure, we can see the impact
of the fractional order . In Figure 11, we show the computational simulations for § = 0.5 and the fractal
dimension n = 1.0 for different values of fractional order @ with the Mittag-Leffler kernel. In this figure,
we can see the impact of the fractional order a. In Figure 12, we show the computational simulations for
B = 0.5 and the fractal dimension n = 0.6 for different values of fractional order @ with the Mittag-Leffler
kernel. In this figure, we can see the impact of the fractional order . In these figures, we can also see the

impact of the parameter 5 and the impact of fractal dimension 7.
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Figure 1: Computational simulations for 8 = 1 and the fractal dimension is 1 with the power-law kernel
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Figure 2: Computational simulations for 8 = 1 and the fractal dimension is 0.8 with the power-law kernel
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Figure 3: Computational simulations for 8 = 0.5 and the fractal dimension is 1 with the power-law kernel
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Figure 4: Computational simulations for 8 = 0.5 and the fractal dimension is 0.9 with the power-law kernel
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Figure 5: Computational simulations for 8 = 1.0 and the fractal dimension is 1 with the exponential-decay kernel
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Figure 6: Computational simulations for 8 = 1.0 and the fractal dimension is 0.7 with the exponential-decay kernel
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Figure 7: Computational simulations for 8 = 0.8 and the fractal dimension is 1.0 with the exponential-decay kernel

17



Proposed Method Proposed Method Proposed Method

07r 03 005
a=1.0
068t 0.z 080
). 80
066F om 070
064+ 1 0.27
= 062 = 03
= i
" o6 @ 025
058+ 0.24
056 on
054+ 0.2
052 0z
0 20 a0 60 80 100 120 o 20 ] &0 50 100 120

Figure 8: Computational simulations for 8 = 0.8 and the fractal dimension is 0.7 with the exponential-decay kernel
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Figure 9: Computational simulations for 8 = 1.0 and the fractal dimension is 1.0 with the Mittag-Leffler kernel
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Figure 10: Computational simulations for 8 = 1.0 and the fractal dimension is 0.5 with the Mittag-Leffler kernel
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Figure 11: Computational simulations for 8 = 0.5 and the fractal dimension is 1.0 with the Mittag-Leffler kernel
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Figure 12: Computational simulations for 8 = 0.5 and the fractal dimension is 0.6 with the Mittag-Leffler kernel

9. Conclusion

In a continuously stirred bioreactor, a mathematical model for the breakdown of a phenol and p-cresol
mixture was suggested in this manuscript. The model was based on three nonlinear ordinary differential
equations. Analysis of their stability and determination of the model’s equilibrium points were presented.
Utilizing three alternative kernels, we also examined the model with the FFD and looked into the impacts
of the fractional order and fractal dimension. For the concentrations of phenol, p-cresol, and biomass, we
developed incredibly efficient computational approaches. To demonstrate the accuracy of the suggested

technique, we gave the computational simulations for different values of o and g..
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