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1 Introduction

There are numerous scientific articles that describe the discovery and
work of microbial species that have greater chemical compound degra-

dation activity [7]. Numerous individual microorganisms have been
studied in [24]. The nature of the particular mixture and the used
microbes determine whether one or all chemical components will biode-
grade [25, 27, 28, 17]. The classical derivatives have a significant exten-

sion in fractional calculus. Fractional differential equations (FDEs) have
recently been used in a variety of disciplines. Many authors have worked

on these equations such as KdV equation [22], advection-dispersion equa-~
tion [18], telegraph equation [14], Schrodinger equation [3], heat equa-
tion [10], convection diffusion equation [6], Fokker Planck equation [19].

Some of the FDEs do not have exact solution, therefore it is required to
work on computational methods to solve the mentioned equations such
as solving nonlinear fractional diffusion wave equation with homotopy
analysis technique [23], solving PDEs of fractal order by Adomian de-
composition method [3]. Boutiara A. at el.[!] examines the first order
(p, q)-difference boundary conditions for the fractional (p, q)-difference
equation’s current solution in generalized metric space. We use the nu-
merical methods of the Lipschitz matrix and vector norms in conjunction
with some contraction techniques from fixed point theory to arrive at
the solution. George R. at el. [11] considered the Hilfer type fractional
operator to examine the proposed integral equation. The capabilities
of measurement theory and fixed point techniques were used to provide
the necessary space to guarantee the existence of the solution. George
R. at el. [13] investigated the existence of a solution to the fractional
pantograph equation using a new method. George R. at el.[12] aimed to
establish conditions for the existence, uniqueness and Ulam-Hyers sta-
bility of solutions for a coupled pantograph problem system with three
consecutive fractional derivatives. In [7], the authors have given a biore-
actor model but they do not consider the death rate of bacteria and
also general configuration of the reactor. We have provided the bioreac-
tor model with the fractal-fractional derivatives (FFD). The model with
fractal-fractional derivatives has never been analysed so far. Our model
includes the death rate of bacteria which is important in environment of
the process. We also consider general configuration of the reactor where
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our model includes a membrane and continuous reactor. Additionally,
we fractionalize the model and apply a novel computational technique
to get the computational simulations. We organize our manuscript as
follow. Problem formulation is done in Section 2. In Section 3 we have
discussed the analysis of the model in the classical case and presented
the equilibria and stability analysis. Sections 4, 5 and 6 deals with anal-
ysis of the model with three different kernels viz the power-law kernel,
the exponential-decay kernel and the Mittag-Lefler kernel respectively
and in section 7 we demonstrate the computational simulations.

2 Preliminaries

The following definitions of FFD and fractal-fractional integral (FFI)
with three different kernels are taken from [1] .

Definition 2.1. The FFD with power-law type kernel is described as:

L 4
1 —adun

FEPDETf(t) =

t
/ f(s)(t—s)"%s, 0 <a,n<1, (1)
where,

df(s) _ . S0 = f(s) (2)

ds" t—s t"N — s

Definition 2.2. The FFD with exponential-decay type kernel is de-
scribed as:

M;(a) d [* -
- — (t — < 1.
o dtn/c f(s)exp(l_a(t 8))d8, 0<a,n<l1

3)

Definition 2.3. The FFD with Mittag-Lefller type kernel is described
as:

FFEDPTE(t) =

C

AB(«)
11—«

FFM pya,n d [ o o
e D) = g7 f(S)Ea<m(t—3) )dsv 0<a,n=<1,

(4)

where, AB(a) =1—a+ ﬁ
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Definition 2.4. The FFI with power-law type kernel is described as:

FFP ra, __n ! ) ™15V ds
SR = s [ 4= (s )

Definition 2.5. The FFI with exponential-decay type kernel is de-
scribed as:

leY t (1 —a)t™!
SIS0 = g [ s T o) ()

Definition 2.6. The FFI with Mittag-Leffler type kernel is described
as:

o t T —a T7—1
5FMItamf(t):AB?Oz)/0 salf(s)(t—S)alds+Mf(t)-

3 Formation of the Model

Here, we provide the model that will be examined in this study. The
three-dimensional model is provided as follows:

djt“ = D (Sero = Ser) = ker - 1t (Sph, Ser) - X, (9)
% — “DBX + 11 (Syns Ser) X, (10)
(S S) = PmamS

S
KS(Ph) + Sph + k;i(p,;) + Icr/phScr

p

,uma:p(cr)Scr
S2 ’
Ks(cr) + Ser + Ti:) + Iph/crsph

The model parameters and variables are detailed in [7]. The parameter /3
is presented in the general configuration. When 5 = 1 we have continued
the reactor. When 8 = 0 we have a membrane reactor.
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4 Analysis of the Model in Classical Sense

We will now start by performing a traditional analysis of the model’s
attributes.

4.1 Equilibria and Stability Analysis

We take into account how many model (8- 10) equilibrium solutions
there are. The model clearly has a branch of the washout specified by:

EO :(Spha Scra X) = (Sph07 ScrOa 0) . (12)

We obtain the steady state solution of (8- 10) by setting to zero the right
side. From the model (8- 10), we have,

Scrﬂkph + kcr(Sph - SphO)

Scr = s
Eph
13
x = Do =) 1
kph (/8 D)
— _kcrp'(s h?SC’I‘)X
f o ( N(Sphf;cr)X )
Ou(s sSer —ker) X
= (';)(}sp;“s)C(T)X ) _kcr,u(sphv Scr)
F =
Ou(sph,Ser) X
Bu((sphhTr)?X :u’(spha Scr)kcr(sphy 307‘)
D 0 DB 0
—D(scro—5er -
Vo (D) o V- Voo
0 Dg 0 D
0 _kcr,u(spha Scr) D 0 0 _DkCT‘,u(Spha SCT‘)
FV-1— _
0 M(Sphn Sc?‘) 0 Dﬁ 0 DN(Sphv Scr)
—A _DkCT'/‘L(Spha Scr)
det [ FV™1 =ML | =0 =0

0 D:U’(Spha Ser) — A
Thus, we obtain Ay =0, Ay = Dpu(spp, ser) = Ro
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Lemma 4.1. The steady state solution Ey is locally asymptotically stable
when D > D, and is unstable when D < D, .

Proof. We have

Ey = (Sphv Scrvx) = (Sph07 5cr070)

Op(sph,Ser)

8 12CT
-D — M(gls;z: )kph-r T Ospn kpnx _M(Spha Scr)kph
0 sSer %) ySer
J(EO) = _kcr%x -D - %kcwx _N(Sphv Ser)ker
6 1 2CT 6 y2CT
I N(ggs)};hs )JT o N(g;;zhs )$ _DB + ,U(Sphascr) |
-D 0 _N(Sph07 SCTO)kph
J(EO) = 0 -D _M(Sph07 SCTO)kCT
0 0 -Dj + M(sph07 SC?"D)
where
S S
M(Sph, Scr) _ Mmaz(p;) ph 4 Mmaw(csgi ph
Ks(ph) + Sph + #:h) + Icr/phscr KS(CT) + Ser + K;CT) + Iph/CTSPh
-D—A 0 _/J/(Spha Scr)kph
det[J(Ey) — N3] = 0 —D— )\ —1(Sph, Ser)ker =0
0 0 /’L(Spha scr) - Dﬂ —A
=(=D - M\(-D - )‘)(M(Spha Ser) = DB —=A) =0
M=-D, X=-D, M=-8D+ /L(Sph,scr)
and
— S}QO}LO -1
,U(Sph, Scr) = mamphsph(](ksph + Sph0 + K + Icr/phscrO)
i(ph)
2
_ S _
+ maxcrscr()(kscr + Sero + KCTO + Iph/crsph()) !
i(ph)
D — kicv"kph(scrokph - Sph()kcr)imaxcr
cr —

[kicrkph(Kscrkph + Scrokph - SphOkCT) + (Scrkph - SphOkcr)Q] B
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If D > D¢, then A\3 < 0. Thus, all eigenvalues are negative. This
presents that the steady state solution Ej is locally asymptotically sta-
ble. O

5 Analysis of the Model with the Power-law
Kernel

Here we analyze the model with FFD using the power-law kernel as:

(I):FPD?MSph =D (SphO - Sp ) — kpn - 1 (Spha Ser) - X, (14)

[I):‘FPDta’nScr =D (Scro - Scr) - kcr Y (Spiu Scr) : Xa (15)
FFP DX = —DBX + 11 (Spn, Ser) X (16)
We have [1]:
f'(@)
D7f(t) = T (17)

Then, we acquire
(I)%LD?Sph = "77577_1 (D (SphO - Sp ) - kph Y (Sph7 Scr) : X) 3 (18)
FEDE S, =t (D (Sero — Ser) — ker - 11 (Sphy Ser) - X)) (19)
FEDEX = nt"t (=DBX + 1 (Sph, Ser) X) (20)

For simplicity, we define

A(t, Spha Scm X) = ntnil (D (Sph(] - Sp ) - kph Y (Spha Scr) . X) ) (21)
B(ta Sph7 Scm X) = ntn_l (D (Scr() - Scr) - kcr Y (Sp}u Scr) . X) ’ (22)
C(t, Sph, Sery X) = nt" 1 (=DBX + p (Sph, Ser) X) (23)

Then, we obtain
(I)%LDgSph = A(t> Sph> SCT7 X) (24)

FEDE S, = B(t, Spn, Ser, X) (25)
FEDEX = C(t, Sy, Ser, X) (26)
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Applying the Riemann-Liouville integral yields:

Son() = Syn(0) = 1) /0 CA(, S S X)(E— 10 (27)

()
Ser(t) — Ser(0) :F(la) /0 B(7, Sphy Ser, X)(t — 7)* Ldr (28)

1 ! a—1
X(t) = XO0) =75 /0 C(1,Spn, Sers X)(t = 7)*Hdr (29)

Discretizing the above equations at t,41, we get:

1 tn+1
Sph(ts1) = Spu(0) =5 | A Sy Sers X0 t11 = )
0
(30)
1 [ a1
Se(t) = Ser0) =55 /0 B(r. Sy Sor X)(bnsr — 1) Ndlr
(31)
1 tn41 o1
X(tn—i-l) — X(O) Z@ /(; C(T, Spha Scra X)(tn—i-l - 7—) dr
(32)

1 & [t
Sph(tn+1) = Spr(0) =w— Z/ A(7, Sphy Sery X)(tn1 — T)a_ldT

(Oé) =0 t;
(33)
1 & [ttt .
Scr(tn—l—l) _SCT(O) _IWZ[ B(T, Sph,Scr,X)(tn—f—l _T)a dr
i=0"t
(34)
X (tnt1) — X(0 _ 1y tmc Sony Sery X)(tns1 — 7)1d
TL+1) ( )_ (Oé) Z \ (Ta phs Pcers )( n+1 7—) T
=07t

(35)
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Two-step Lagrange polynomial is used as:

T—1—
pj(’i', SphﬂgcryX) :ﬁA(tjuSphvsch) (36)
J Jj—1
T —t;
— WA(tj—la Sphs Ser, X) (37)
J — bi-1
t
057 Sphs Sors X) =1 =Bt Syns S, X) (38)
7j—1
-
- #B(t]’_l,Sp}“Scr,X) (39)
it
t
5373 Sphs Sors X) == Clt: Sy S X) (40)
J
T Ot Spp Sers X) (41)
ti—tj

Then, we obtain

n

Sph(tn+1) Sph(o) - (a) Z/ Hlp( Sphvsm“vX)( n+l — T>a71d7'

{ tJ,Sph,Scr,X) (n+1—7%n—j+2+a)

a—|—2
— )% —Jj+2+2a))]

= he (] la‘S’phaScr:X)
I'a+2)

((’I’L+ 1— )a+1
j=0

—(n=j)"(n—Jj+1+a)

Scr (tn+1)

n tjt1
Z/ (7, Sphs Sers X) (tnt1 — T)O‘_ldT

j= tj

0
. {h (tj, Sphy Ser, X)

’1

Oé

~—

LA (k1= ) 24 )

=) (n—j+2+2a))]
s {h B(tj—1,Sph, Ser, X)
— I'a+2)

—(n=j)*n-j+1+a))

((TL—i— 1— )a+1
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tj+1
) / (T, Sphy Sery X ) (tng1 — 7)* tdr
J
o - hac(tjasph7ScT7X)
< I(a+2)
—(n=7)%(n—Jj+2+2a))]

- hac(tj—lasphascrvX)
‘ IN'a+2)

(n+1-59)%n—-j7+2+a)

(n+1—j)>+!

n—3)%n—-j+1+a)))

—_ .

Thus, the computational scheme for the model with power law kernel
has been obtained. We used this scheme and obtained Figures 1-4.

6 Analysis of the Model with the Exponential-
decay Kernel

Next we analyze the model with FFD using the exponential-decay kernel
as:

gFED?7nSph = D (Spho — Sph) = kpn - 11 (Sph Ser) - X, (42)
(I)?FED?WSCT =D (SC’V‘O - Scr) - kcr T (Sph7 Scr) : X7 (43)
FEEDINX = —DBX + 11 (Spn, Ser) X (44)

The relationship between the fractal derivative and the classical deriva-
tive produces:

gFD?Sph = 7775"_1 (D (SphO - Sp ) - kph Y (Sph7 Scr) : X) 3 (45)
gFD?Scr = nt”]—l (D (Scr(] - Scr) - kcr Y (Spha Scr) : X) ) (46)
6" DEX =" (=DBX + 1 (Sph, Ser) X) (47)
For simplicity, we define

K(ta Spha ScmX) = 77tn—1 (D (Sphﬂ - Sp ) - kph e (Sphv Scr) : X) )
(48)
L(t7 Sph7 SC’I‘? X) = ntn_l (D (SC’I‘O - Sc'r) - kcr Y (Spfu Sc'r) . X) y (49)
M(t, Sph, Ser, X) = nt" 1 (=DBX + 11 (Spn, Ser) X) (50)
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Then, we obtain
gFD?Sph = K(t, Spha Scr7X)
gFD?SCT = L(t, Sph7 SCT‘7X)
OCFD?X = M(ta Spfw SCT7X>

Applying the CF integral yields [20]:

Sun(t) — Syn(0) =2

WK(ta Sph7 SCT7 X)

t
(6]
+/ K(r,Syn, Ser, X)dT

M(Oé) 0 ( D )

1—«
cr — Per =——L 3 ) cr:X
Ser(t) = Ser(0) =375 L{E Sy Ser. X)
a t
+M(a)/0 L(7, Sph, Ser, X)dr
l—«a
X(0) = X(0) =S Mt S, Ser, X)

o t
+/ M(7,Sph, Ser, X)dr
0

M ()

Discretizing the above equations at ¢,41 and t¢,, we get:

1«
5;;1 =Sp, + K(tn,S™, S, X™)

m ph> Pers
« /tm K (7, Spps Sers X )
+ — T, hs Pcers T
M(a) Jo g
l—«a

Sett =Sa +

L(tn, S, S2, X™)

M () e
T L S S X)d
L X
+M(Oé)/0 (T7 ph7 Cry ) T
1l -«
+1 _ 0
X" =X +WM(tm gh, nLX™)
a tn41
4+ — M(7, Sph, Ser, X)dr

M(a) Jo

11
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and

-«

n—1 gn—1 n—1
S (04) (tn 17Sph aScr X )
phvSC’mX)dT
0
n 0 —Q n—1 ¢gn—1 n—1
S _S (O[) (n lvsph aS X )
tn
L(, Sph, Ser, X)dT
0
—
xn X() M(t . n—1 gn—1 X 1
+ M(a) ( lash 7Sc7" )
a tn ( )
+ M(7, Sph, Ser, X )dT
M(a) Jo ?
Thus, we reach
n n 1—0[ n n n n n—
Splj_l :Sph+m (K(tn’ phs Sers X) = K (tn 1 Spn LS X 1)>
T K Sy S X)d
+M(oz) tn (7 Sph Ser, )7

11—«
St =gn 4 e (L(tn, ST, X™) = Lty STt S X 1))

a tn+1
+ ]M/ L(T, Sph,SCT,X)dT
tn
11—«
X=Xt e (M (tn, gy St X7 = Mt S 557, X0)

(0%

tn+1
M ery X )d
+M(Oz) /tn (T,Sp}“S ) T
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Using the two-step Lagrange polynomial yields:

1l—«a
n+1 __ gn n mn n n—1 n—1 n—1
Snit =S+ ) (K(tn, S XY = K (tyoy, ST S X ))

cro ph Mer

h
(07 (%K(tm ;thsn Xn) _ §K(tn_1, Sn—l Snl’Xn1)>

M(a) 2 cr ph Ner
1—
St =8 + W;; (L(tn, Spys St X™) = Llta1, S5 8571, X770
o 3h n n n h n—1 gn—1 n—1
m <2L(tn7 ph SCT"X ) - iL(tn_l, Sph 7SCT‘ ,X )
1—
X=X s (Mt S Sty X™) = Mt S5, 5571 X))

« 3h h
M tn n noxny _ A o n—1 gn—1 anl
M(a) < 9 ( ) phchrv ) 2 ( 17Sph 7Scr ) )>

As a result, the model’s computational scheme for the exponential decay
kernel has been discovered. We used this scheme and obtained Figures
5-8.

7 Analysis of the Model with the Mittag-leffler
Kernel

Now we analyze the model with FFD using the Mittag-Leffler kernel as:

OFFMDtamSph =D (Spho —Sp ) — Kph - 11 (Sph, Ser) - X, (54)
5FMD?7nScr =D (SC'I‘O - Scr) - kcr Y (Sph7 Scr) ' X; (55)
FEMDIN Y = —DBX + 11 (Spn, Ser) X (56)

Then, we obtain

OABDtaSph = 7775"_1 (D (SphO - Sp ) - kph M (Sph7 Scr) ' X) ) (57)
éBD?Sm- - ’I’]tn_1 (D (SCT(] - Scr) - kcr Y (Spha SCT) ' X) ) (58)
ABDEX =t (=DBX + 11 (Sph, Ser) X) (59)
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For simplicity, we define

Y(t, Sph7 Scm X) = 7775"_1 (D (SphO - Sp ) - kph Y (Sph7 Scr) : X) ) (60)
Z(t, Sphu Sers X) = ntnil (D (SCT‘O - Scr) — ke (Spha Scr) : X) > (61)

T(t, Sph, Sers X) = nt" 1 (=DBX + 11 (Sph, Ser) X) (62)
Then, we get

OABD?Sph = Y(t, SphascraX)a (63)

02D Ser = Z(t, Sph, Ser, X), (64)

{BDEX = T(t, Sy, Ser, X) (65)

Applying the AB integral gives,

11—«
Spr(t) — Spn(0) :My(t, Sphy Ser, X)
8]

t
= a1

l—«

Sir(t) = Se(0) = 5705 Z(t Sy Sers X)
+ AB(a)T(a) /0 (t —p)* ' Z(p, Sph, Ser, X)dp,
X() - X(0) :MT@, Sy Sers X)

(%

BT, € P TS S X
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Discretizing the above equations at t,41, we get:

Sl =S+ 4By ¥ (ot Sy 520 X7
& o a—1
T AB(a)Fm)/O (tnt1 — ) Y (p, Sph, Ser, X)dp,
SCTJrl :S‘?T + AB(O[) Z(tn-‘rlv Spha SCT, X )
o tn+1 o1
+ m /0 (tn+1 _p) Z(pa SphaScmX)dpa
11—«
Xn+1 :XO T n n n n
+ AB(«) (t +15 Sphs Sers )
& 1 a—1
+ W /0 (tn-‘rl - p) T(p, Sph, Scm X)dp.
Then, we obtain
11—«
n+l _ g0 n n n
Sph _Sph + AB(a)Y(tn+1)Sph7Scr7X )
a & [heY (L, Sy, S, X" o
+AB(a)Z F(;+2) (n+1-9)%Mn—1+2+4+a)
=0 L

—(n —49)%(n —i+2+2a))]
a & [ReY (i, St St X

— ph Mer et
AB(c) Zg T(a+2) (n+1-1)
—(n—0)%n—i+1+a))

n 11—« " ” n
SCT+1 :SST + AB(a) Z(thrl’Sph?ScraX )
a n _hozZ(ti7 ;LmSZ«,X”) - |
+A3<a>; T(a+2) (n+1-i)%n—it+2+a)

—(n—19)%(n —i+2+2a))]
_haZ(tl',l,Snil Sn—l’Xn—l)

— @ - ph Mer
AB(a) Zz; [ +2)

—(n=9)%*(n—i+1+a))

(n+1 — )t

15
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11—«
+1 _ 0
X=X+ s (a)T(tn+1,Sgh,sg,X”)
[ ReT (8, ST, S, X

T AB(a) gﬂ T T2

—(n—1i)%(n—i+ 2+ 2a))]

(n+1-=9)%Mm—i+2+ )

a I [ROT (i, Sg,;l, Ssn-1 xn—1)
_ 1—34 a+1
AB(a) ; T(a 1 2) ((r+1-1)

=) (n—i+1+a)).

Thus, the computational scheme for the model with Mittag Leffler kernel
has been obtained. We used this scheme and obtained Figures 9-12.

Remark 7.1. The distinctive advantage of utilizing Fractal-Fractional
Derivatives (FFD) lies in its effectiveness to accurately characterize mod-
els for systems with memory effects. FFD enables the incorporation of
operators with varying memories, aligning with the diverse relaxation
processes observed in non-local dynamical systems. Consequently, mod-
els employing FFD prove to be notably advantageous and impactful in
capturing the intricacies of these dynamic systems.

8 Results and Discussions

This section includes computational simulations for various fractional
order and fractal dimension values. We discuss the results with the
three different kernels as described in sections 5, 6 and 7. In these fig-
ure «, 8 and 7 are between zero and one. In these simulations, § is
the parameter given on the model, n is fractal dimension and « is the
fractional order. In Figure 1, we show the computational simulations for
8 =1 and the fractal dimension 17 = 1 for different values of fractional
order o with the power-law kernel. In this figure, we can see the im-
pact of the fractional order . In Figure 2, we show the computational
simulations for § = 1 and the fractal dimension n = 0.8 for different
values of fractional order a with the power-law kernel. In this figure, we
can see the impact of the fractional order «. In Figure 3, we show the
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computational simulations for 5 = 0.5 and the fractal dimension n = 1.0
for different values of fractional order o with the power-law kernel. In
this figure, we can see the impact of the fractional order a. In Figure
4, we show the computational simulations for 8 = 0.5 and the fractal
dimension = 0.9 for different values of fractional order o with the
power-law kernel. In this figure, we can see the impact of the fractional
order «. In Figure 5, we show the computational simulations for § = 1
and the fractal dimension n = 1 for different values of fractional order «
with the exponential-decay kernel. In this figure, we can see the impact
of the fractional order . In Figure 6, we show the computational sim-
ulations for 8 = 1 and the fractal dimension 1 = 0.7 for different values
of fractional order o with the exponential-decay kernel. In this figure,
we can see the impact of the fractional order «.. In Figure 7, we show the
computational simulations for 8 = 0.8 and the fractal dimension n =1
for different values of fractional order o with the exponential-decay ker-
nel. In this figure, we can see the impact of the fractional order «. In
Figure 8, we show the computational simulations for § = 0.8 and the
fractal dimension n = 0.7 for different values of fractional order o with
the exponential-decay kernel. In this figure, we can see the impact of
the fractional order «. In Figure 9, we show the computational simula-
tions for S = 1.0 and the fractal dimension n = 1.0 for different values
of fractional order o with the Mittag-Leffler kernel. In this figure, we
can see the impact of the fractional order a. In Figure 10, we show
the computational simulations for 8 = 1.0 and the fractal dimension
n = 0.5 for different values of fractional order o with the Mittag-LefHler
kernel. In this figure, we can see the impact of the fractional order «. In
Figure 11, we show the computational simulations for 5 = 0.5 and the
fractal dimension 1 = 1.0 for different values of fractional order o with
the Mittag-Leffler kernel. In this figure, we can see the impact of the
fractional order . In Figure 12, we show the computational simulations
for B = 0.5 and the fractal dimension n = 0.6 for different values of
fractional order o with the Mittag-Leffler kernel. In this figure, we can
see the impact of the fractional order «. In these figures, we can also see
the impact of the parameter S and the impact of fractal dimension 7.
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Proposed Method Proposed Method

Figure 1: Computational simulations for 5 = 1 and the fractal dimen-
sion is 1 with the power-law kernel
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Figure 2: Computational simulations for 5 = 1 and the fractal dimen-
sion is 0.8 with the power-law kernel



Figure 3: Computational simulations for 8 = 0.5 and the fractal di-
mension is 1 with the power-law kernel
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Figure 5: Computational simulations for § = 1.0 and the fractal di-
mension is 1 with the exponential-decay kernel
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Figure 7: Computational simulations for 8 = 0.8 and the fractal di-
mension is 1.0 with the exponential-decay kernel
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Figure 8: Computational simulations for § = 0.8 and the fractal di-
mension is 0.7 with the exponential-decay kernel
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Figure 9: Computational simulations for § = 1.0 and the fractal di-
mension is 1.0 with the Mittag-Leffler kernel
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Figure 10: Computational simulations for 8 = 1.0 and the fractal
dimension is 0.5 with the Mittag-LefHer kernel
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Figure 11: Computational simulations for 8 = 0.5 and the fractal
dimension is 1.0 with the Mittag-LefHer kernel
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Figure 12: Computational simulations for 8 = 0.5 and the fractal
dimension is 0.6 with the Mittag-LefHer kernel
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Conclusion

In a continuously stirred bioreactor, a mathematical model for the break-
down of a phenol and p-cresol mixture was suggested in this manuscript.
The model was based on three nonlinear ordinary differential equations.
Analysis of their stability and determination of the model’s equilibrium
points were presented. Utilizing three alternative kernels, we also exam-
ined the model with the FFD and looked into the impacts of the frac-
tional order and fractal dimension. For the concentrations of phenol,
p-cresol, and biomass, we developed incredibly efficient computational
approaches. To demonstrate the accuracy of the suggested technique,
we gave the computational simulations for different values of o and (..
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