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Abstract. Let (G,N) be a pair of prime power groups. We give a
new upper bound for [N ® G|, where N ® G is the non-abelian tensor
product of N and G. Among other results, the relative Schur multiplier
of free product of groups is determined under some conditions.
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1. Introduction

Let G and H be two groups equipped with an action (g,h) — 9h of
G on H and an action (h,g) — "g of H on G. The actions should be
compatible, see [1]. The non-abelian tensor product G ® H is the group
generated by symbols g®@h for g € G and h € H, subject to the relations

gd @h= (% @9%)(g®h) , gohh =(gah) ("ga"n),

for all g,¢' € G and h,h' € H.

By the non-abelian tensor product of a pair of groups N ® GG, we mean
the non-abelian tensor product of groups G and its normal subgroup N
when the conjugation action is considered.
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When the concept of non-abelian tensor product of groups introduced
by R. Brown and J.-L. Loday [1] in 1987, many people interested to
study and apply it to different scopes of group theory. One of these
attempts is to find upper bound for the order of this group. G. Ellis [3],
has shown that when N is a normal subgroup of a d-generator finite
p-group G and [N| = p”, then |[N ® G| < p™®. In this article we obtain
(n—s)d+m

a new upper bound p , where the group has exponent p°

and |G| = p™.
In [4], Ellis introduced the Schur multiplier of the pair of groups to

[NV, G

yield sharper results of the usual multiplier M(G), more study on the
pairs of groups and provide non-trivial information on the third integral
homology of a group. To see the relation of this subject with the non-
abelian tensor product of groups, suppose (G, V) is a pair of groups and
denote by J2 (N, G) the kernel of epimorphism N ® G — G which maps

n® g to [n,g] for all n € N and g € G. In [4], it is established that the
quotient group % is isomorphic to the Schur multiplier of the
pair (G, N) where V(}V, G) = (n®n|n € N) is a subgroup of N ® G. We
remind that if N = G then (G, G) is denoted by 7(G). Our aim is to
compute V(N,G) and give the order of non-abelian tensor product of
a pair of groups with respect to the order of its Schur multiplier under
some conditions.

One of the suggested problems about the non-abelian tensor product
of groups in [2], was the verifying the treatment of tensor product on
the free product of groups. For this purpose, N. D. Gilbert [5] com-
puted Jo(G, G) when G is the free product of some groups. To general-
ize Gilbert’s result we will determine Jo(Ny * No, G1 * G3) where Nj is a
normal subgroup of G;, i =1, 2.

2. Upper Bound

Let start this section with the following lemma.

Lemma 2.1. Let N be a normal subgroup of a group G. Let Z be a
central subgroup of G contained in N. Then the following sequence is
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exact:
(N®Z)x(Z®G) — N®G—N/ZRG/Z — 1,
if in addition Z C [N, G|, then the sequence
200G —N®G— N/Z2G/Z — 1 (%)

15 exact.

Theorem 2.2. Let G be a d-generator finite p-group with G® of order
p™. If N s a normal subgroup of G of order p" and m has exponent
p®, then ’

‘N ® G| < p(nfs)der'

Proof. If G is of order p, then the result holds. Suppose that G is a
finite p-group and the inequality holds for all p-groups of order less than
|G|. If G = Cpymi x Cpyma X ... x Cpmg, where 0 < my < mo < ... < My
and mi+mg+...+mg = m and also N = Cpyni X Cpna X ... X Cpna where
0<ny <ng <...<ngand ny +ns + ... + ng = n, then |N ® G| = p' in
which

d d-1 d -1 .
to= Yimam T iy ina—i + 355305 min{nj,mi})
< dni4+ne+...+ng1)+ng+mi+mo+ ... +mg_q
< d(n—ng) +m.
If G is not abelian, choose a subgroup Z in [N, G]NZ(G) of order p. By

the exact sequence () and the isomorphism Z ® G = Z ® G% = (C,)?
together with induction hypotheses it follows that

IN®G| < |N/Z®G/Z||Z2G]

p(nf 1-s)d+m+d

< p(nfs)d+m 0O
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N
ote that when e X p (——) =2 e Xp this bound 1s better than
Note that wh V.Gl G) this bound is b h

that given in [3]. For example, if G is a finite d-generator extra special
p-group, then |N ® G| < p?? for all cyclic normal subgroups N of G.
Suppose N @' G = ((N ® G) ® G)... ® Q) is the power tensor of N with
i — 1 copies of G and

M(N,G) 2 7(N,G) 2 ... 2 %(N,G) 2 ...

is the central series defined in [3], where 71 (N,G) = N and v;(N,G) =
[vi—1(N,G),G]. Then there is an epimorphism N ®' G — 7;(N,G)
with kernel J;(N, G).

Corollary 2.3. Let N be a normal subgroup of a d-generator finite

p-group G with |G| = p™. Suppose that |v;(N,G)| = p™ and e x
/}/’L(N’ G) S;
—————— ) =9p%. Then for anyc>1

p(%H(N,G)) p for any

IN g G| < p,
in which t = Y5 | (n; — $;)d“ "+ m(1 + (c — 1)d).
Proof. The case ¢ = 1 obtains from Theorem 2.2. By exact sequence
Jo(N,G)® G — (N®°G) @G — 7.(N,G) @G — 1
and inequality |J.(N,G) ® G| < |J(N,G)|? < |N ®@° G|* we have

’N ®c+1 G’ < p(ncfsc)der‘N ®c G|d — pt. 0

3. The Schur Multiplier of Pair of Groups

Let (G, N) be a pair of groups. The non-abelian exterior product N AG
is obtained from the non-abelian tensor product N ® G by imposing the
additional relations n @ n = 1 for all n € N. Ellis [4] showed that the
Schur multiplier of the pair (G, N), M(G, N) is isomorphic to Ker(N A
G — @G). In particular if N is central, then

N ® Gab

M(N,G) & G
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Results in [1, 4] give a commutative diagram with exact rows and central
extensions as columns:

r([N]’VG]) Y L(N,G) —— M(N,G) —— 0
H | |
r([N{VG])L N®G —— NAG —— 1 )
| |
IN, G IN, G
| |
1 1

where I is the Whithead’s quadratic functor [9], and the homomorphism

F([NNG]) Y NG assigns y(n[N,G]) ton®n for all n € N.
Theorem 3.1. Let N be a normal subgroup of a finite group G and
| —— N | be odd.
[V, Gl
(i) If N has a complement and [N,G| = [G,G], then V(N,G) is iso-
hic with 7 (———= N ) and
morphic wi an
IN @Gl = INIIM(N, G)IM( o)
- ’ [V, G
I
[N Gl
above formula may be multiplied by 2¢ for some 0 < i < r
d
(i) If G H )22 (

in which n; denotes the corresponding element in and n; € [G,G]

N
[NV, Gl
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for1<i<k, 0<k<d, then

d—1 d’
V(N,G) = H (niwni)x [ ( H (ni@n;)(nj@n;)) = (Cp)2(@ =R +ht1),
i=1 j=k+1

In particular V(N, G) = /( ) if and only if k = 0.

N
[N, Gl

Proof. (i) Suppose N has a complement in G. It follows that the exact

sequence
G G
=g " vg 9N
N N N
splits. So if [N, G| = [G, G] then ® < ® G . On

[N.G] " [N,G] " [N,G] " [N, G]
the other hand there is a surjective homomorphism

N G
N . 2
Therefore the result holds by the fact that N o T N
refor resu =~ .
Y VING NG

(ii) The image of n;, k < i < d' in G, say n;, is of order p and
p=o(n; ®n;) < o(n; ®@n;) < o(y(7;)) = p.

The first inequality holds because of epimorphism (2) and the last in-
equality satisfies because of ¢. Also

p =o((ri; ® n;)(1; ® 1;)) < o((ni @ ny)(n; ®ny)) < o(n; ® ;) = p.

N N
By the homomorphism .G ® V.G — N ® G given by n; ® 11

(n; ® nj)(n; ® n;), so the last inequality holds.

Note that all elements n; ® n; and (n; ® n;)(n; ® n;) are distinct and if
both of i and j are less than or equal &, then (n; ®n;)(n; ®n;) =0. O

Invoking Theorem 3.1 for example if G is a finite d-generator non-abelian
p-group of nilpotency class 2, p is odd, G an elementary abelian group
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of order p"~¢ and Z = Z(G) is elementary abelian of order p”, then

1

V(Z,G) = (C,)2=90+etD) and consequently
M(Z,G) = (Cyrd=alr (ol

Gilbert [5] studied the non-abelian tensor square of free product of
groups. We here generalize his result and also determine the schur mul-
tiplier of a pair of free product of groups.

Theorem 3.2. Let N; be a normal subgroup of group G;, i = 1,2 and
(G1 * G2, N1 % N3) be a pair of groups, where x denotes the free product
of groups. Then

Ny No

) Jo(N1%No, G1%Ga) = Jo(N1, G1)®J2(Na, G2 )& ® ,
(Z) 2( 1%4V2, Gp* 2) 2( 1 1) 2( 2 2) ([N1,G1] [NQ,GQ]>

(ii) V(Nl * Ny, G1 * GQ) >~ V(Nl X No, G1 X GQ),
(i5i) If N1 has a complement in Gy and [Ny, G1] = [G1,G1], then

M(Nl * NQ,Gl * Gg) = M(Nl,Gl) D M(NQ,GQ).

Proof. (i) There are homomorphisms
i: Ni®Gy — (N1%N2)®(G1xG2), j: No®@Gy — (N1*N2)®(G1xGe),
and the function
(N1 ® G1) X (N2 ® Ga) — (N1 * N2) @ (G1 * Ga),
given by (z,y) + i(x)j(y) which restricts to an injective homomorphism
J2(N1,G1) @ J2(Na, Go) — Jo(N1 * No, G1 * G2).

On the other hand there is a homomorphism

N1 ® Ny
[N1,G1] — [N2, Go]

— Jo(N1 * Na, Gy * Ga), (3)
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which maps 71 ® 173 to (n1 ® ng)(ng ® ny) for all n; € Ny, i = 1,2 and
hence the homomorphism

N N
[N1,G1] ~ [N2, Go]

arises so that ¢ is injective. By using the surjection
o (Nl*NQ)®(G1 *GQ) — (N1®G1) X (N1®G2) X (NQ®G1) X (N2®G2),

if £(z,y,2) = 1 then aé(z,y,1) = a&(1,1,271). Hence aé(1,1,271) =
1. So z =1 and {(z,y,1) = 1 implies that z =y = 1.

& Jo(N1, G1)®J2(Na, G2)B(

]@ ) — JQ(Nl*NQ,Gl*GQ),

Now let ¢t € (N7 x N2) ® (G * G3). Write t = uvw where
u € <TL1 ®g1]n1 € Ni,q1 € G1>, w e <n2 ®gg|n2 € Ng,go € Gg),

and v € V = (n1 ® g2,n2 @ g1|n; € Nj, g; € G;) (See [5]). Then r(t) =
acb where a € [N1,G1], b € [N2,Go] and ¢ € [G1,Ge], the Cartesian
subgroup of G; * G2. Note that x is the commutator map. If x(t) = 1
then @ = b = 1. Thus k(t) = k(v) = ¢ =1. So u € Jo(N1,G1) and
w € Ja(Na,G3). But if v contains no subword y = (n1 ® n2)(na ® ny)
or y = (n2 ® n1)(n1 ® ng), then its image x(v) is a freely reduced word
in [G1,G2] and so k(v) # 1. Thus we can write v = xoyz; with z; € V.
But k(v) = k(zoz1) = 1. So by induction on the number of n; ® g,
ny ® g1 needed to express v and by epimorphism (3) we should have &
is surjective.

(ii) The proof is similar to the special case N; = G;, i = 1,2 given in [7].
(iii) The isomorphism
(N1 X N2)®(G1 X G2) 2 (N1 ®G1) X (N1 ®G2) X (N2 ®@G1) X (N2 ®@Ga),
implies that

V(N1 x N2, G1 x G2) = V(N1,G1) & V(N2,Ge) @ U,

where U = ((n; @ n2)(na @ n1) | n1 € Ni,ng € Na) < (N1 ® Ga)(N2 ®
G1). If Ny has a complement, the homomorphism (3) extends to an
isomorphism on U. Since the restriction of the composition map

_ N, Gy Ny M
N1®Ga) X (Na®G1) =5 No@Gy — ® — ®
(N1®G2)x (N2©Gh) 2901 [Na,Go] ~ [N, G [Na,Go] ~ [N1,G1]




ON THE RELATIVE NON-ABELIAN TENSOR PRODUCT ... 87

to the subgroup U is a left inverse of the homomorphism (3) so the result
holds by (ii) and diagram (1). O

1]
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