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1. Introduction

Let {β(n)} be a sequence of positive numbers with β(0) = 1. We con-

sider the space of sequences f = {f̂(n)}∞n=0 such that

‖f‖2 = ‖f‖2
β =

∞∑

n=0

|f̂(n)|2β(n)2 < ∞.
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The notation

f(z) =
∞∑

n=0

f̂(n)zn

shall be used whether or not the series converges for any value of z.

These are called formal power series. Let H2(β) denote the space of such

formal power series. These are Hilbert spaces with the inner product

< f, g >=
∞∑

n=0

f̂(n)ĝ(n)β(n)2,

where

f(z) =
∞∑

n=0

f̂(n)zn ∈ H2(β)

and

g(z) =
∞∑

n=0

ĝ(n)zn ∈ H2(β).

Let f̂k(n) = δk(n). So fk(z) = zk and then {fk}k is a basis such that

‖fk‖ = β(k). Now consider Mz, the operator of multiplication by z on

H2(β) defined by

(Mzf)(z) =
∞∑

n=0

f̂(n)zn+1,

where

f(z) =
∞∑

n=0

f̂(n)zn ∈ H2(β).

In other words,

(Mz f̂)(n) =
{

f̂(n− 1) n > 1
0 n = 0

.
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Clearly Mz shifts the basis {fk}k. The operator Mz is bounded if

and only if {β(k + 1)/β(k)}k is bounded and in this case we have

‖Mn
z ‖ = sup

k

β(n + k)
β(k)

, n = 0, 1, 2, . . . .

Also note that if

sup
n

n∑

i=1

(
β(n)

β(i)β(n− i)
)2 < ∞,

then clearly by the Holder inequality one can see that H2(β) is an alge-

bra. For a good source in formal series, we refer the reader to [4, 9, 11,

12, 14, 15, 18, 19, 21].

We say that a complex number λ is a bounded point evaluation on

H2(β) if the functional eλ : H2(β) −→ C defined by eλ(f) = f(λ) is

bounded. If the point evaluation is continuous at λ, then the Riesz

representation theorem implies that there is a unique function kλ ∈
H2(β) such that

eλ(f) = f(λ) =< f, kλ >, f ∈ H2(β).

The function kλ is called the reproducing kernel for the point λ.

Let E be a Banach space. The set of bounded linear operators on

E is denoted by B(E). If A ∈ B(E), the point spectrum of A, σp(A), is

defined by

σp(A) = {λ ∈ C : ker(A− λ) 6= (0)}.
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Also, the approximate Point spectrum of A, σap(A), is defined by

σap(A) = {λ ∈ C : there is a sequence {xn} in E such that

‖xn‖ = 1 for all n and ‖(A− λ)xn‖ → 0}.

Note that σp(A) ⊂ σap(A).

Let X be a separable reflexive Banach space whose elements are

analytic functions on a complex domain Ω. A complex valued function

ϕ on Ω for which ϕf ∈ X for every f ∈ X is called a multiplier of X

and the collection of all these multipliers is denoted by M(X).

2. Main Theorem

Let X be a separable reflexive Banach space whose elements are an-

alytic functions on a complex domain Ω. From [16] we note that a

sequence {wn}∞n=1 of points of Ω is said an interpolating sequence for X

if there exists a positive weight sequence {kn}∞n=1 such that the sequence

{f(wn)kn}∞n=1 is in `∞ for all f in X and conversely every sequence in

`∞ can be written in that form. Also a sequence {wn}∞n=1 of points of

Ω is said an interpolating sequence for M(X) if for each bounded se-

quence {an}∞n=1 ⊂ C, there exists ϕ ∈ M(X) such that φ(wn) = an for

all n ∈ N.

In [3] Carleson proved a necessary and sufficient condition for a se-

quence to be interpolating for H∞. In [8] Carleson’s result was gen-
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eralized to the Hardy space Hp. Also, Berndtsson, Chang, and Lin in

[2] studied the analogue of Carleson’s condition for the polydisk. The

multiplier space is a proper subspace of bounded analytic functions on

a plane domain Ω, so that it is harder for a sequence to be interpolating

for M(X) than for H∞(Ω). Not every interpolating sequence for H∞(Ω)

is interpolating for M(X), as can be seen from the study by Sundberg

and Wolff of interpolating sequences for spaces that properly lie between

M(X) and H∞ ([10]). Interpolating sequences for the set of multipliers

of the Dirichlet space has been studied in [1] by Axler. When H is a

Hilbert space of analytic functions on a plane domain, the interpolating

sequence for M(H) was studied in [6] and it’s extension for M(X) where

X is a Banach space of analytic functions on a special plane domain was

studied in [16]. Also the interpolating sequence for a Banach space of

analytic functions, on a special plane domain, was studied in [13].

From now on we suppose that lim
n

β(n+1)
β(n) = 1 or lim inf

n
β(n)

1
n = 1.

Then H2(β) consists of functions analytic on the open unit disc D and

each point of the open unit disk D is a bounded point evaluation on

H2(β) ([11]).

Now following the interpolation theory for the Hardy space H2 in [8]

and for certain Banach spaces of analytic functions in [13] we give the

following definition.
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Definition. Suppose that {wn}n∈N is a sequence of distinct points in

D and consider the linear transformation T : H2(β) → `2 defined by

Tf = {f(wn)
||ewn ||

}n∈N .

The sequence {wn}n∈N is called a universal interpolating sequence for

H2(β) if T maps H2(β) onto `2.

For some sources on the interpolating topics one can see [5, 7, 8, 13,

16, 17, 20].

In this section we will investigate the relation between a universal in-

terpolating sequence and the approximate point spectrum of the adjoint

multiplication operator acting on H2(β).

Theorem. Suppose that {wn}∞n=1 is a universal interpolating sequence

for H2(β). If F =
⋂

n∈N
ker ewn, then

(σp(M∗
z |F⊥) ∩ D)̄ = (σap(M∗

z |F⊥) ∩ D)̄ = {wn}̄n∈N .

Proof. First note that if F ∈ Lat(Mz), then F⊥ ∈ Lat(M∗
z ). Now let

{dn}n∈N be the canonical basis for `2. If f ∈ H2(β) and n ∈ N, then we

get

< f, T ∗dn > = < Tf, dn >=< {f(wk)
||ewk

||}, dn >

=
f(wn)
||ewn ||

=< f,
ewn

||ewn ||
> .
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This implies that for a = {an}n∈N ∈ `2 we have

T ∗a =
∑

n∈N

an
ewn

||ewn ||
.

If f ∈ H2(β), then

| < f,
∑

n∈N

an
ewn

||ewn ||
> | 6

∑

n∈N

|an| |f(wn)|
||ewn ||

6 ||a||2||Tf || < ∞.

Note that for all f in F we have ewn(f) = f(wn) = 0. Thus ewn ∈ F⊥

for all n ∈ N. Also if f ∈ H2(β), then we have

< f, M∗
z ewn > = < Mzf, ewn >= wnf(wn)

= wn < f, ewn >=< f, wnewn > .

Therefore

M∗
z ewn = wnewn .

But

(Mz − wn)∗ = M∗
z − wn,

so indeed

{wn}n∈N ⊆ σp(M∗
z |F⊥) ∩ D

⊆ σap(M∗
z |F⊥) ∩ D.

Thus to complete the proof it is sufficient to show that

(σap(M∗
z |F⊥) ∩ D)̄ ⊆ {wn}̄n∈N .
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Let w ∈ D\{wn}̄n∈N . So there exists r > 0 such that |w − wn| > r for

all n ∈ N. Now if

w ∈ σap(M∗
z |F⊥),

then there exists a sequence {hn}n∈N of unit vectors in F⊥ such that

||(Mz − w)∗hn|| → 0. Since

(Mz − w) = ker ew,

the subspace (Mz − w) is closed and so (Mz − w)∗ is also closed. But

ker(Mz − w)∗ = ( (Mz − w))⊥ = [kw].

Thus (Mz − w)∗ is injective on [kw]⊥ and hence (Mz − w)∗ is bounded

below on [kw]⊥. So kw ∈ F⊥. Clearly we have T ∗ = F⊥, hence there

exists a nonzero sequence a = {an}n∈N ∈ `2 such that T ∗a = kw. Now

we have

||(Mz − w)∗kw|| = ||(Mz − w)∗T ∗a||

= ||
∑

n∈N

an

||kwn ||
(M∗

z − w)kwn ||

= ||
∑

n∈N

an(wn − w)
kwn

||kwn ||
||

= ||T ∗d||,

where

d = {an( wn − w )}n∈N ∈ `2
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and ||d||2 > r||a||2. On the other hand since {wn}n∈N is a universal

interpolating sequence, the operator T : H2(β) → `2 is onto and so

T ∗ : `2 → H2(β) is bounded below. So there exists α > 0 such that

||T ∗b|| > α||b||2 for all b ∈ `2. Also, since (Mz − w)∗kw = 0, we obtain

0 = ||T ∗d|| > α||d||2 > α r||a||2 > 0

which is a contradiction. Hence

w 6∈ σap(M∗
z |F⊥)

and we have proved that

D\{wn}̄n∈N ⊆ C\ σap(M∗
z |F⊥).

Now clearly we get

(σap(M∗
z |F⊥) ∩ D)̄ ⊆ {wn}̄n∈N .

This completes the proof. ¤

Remark. The above theorem has been extended for the Banach spaces

of analytic functions on a plane domain ([22]).
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