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1 Introduction

Fractional calculus (FC) is a field of mathematics that allows the order
of derivative and integral operators to be arbitrary. It is seen as a form
of extension of the classic derivative, which restricts the derivative and
integral order to integers. Practical results have proved time and again
that it is worth the effort to model real world phenomena using frac-
tional integral and differential equations compared to integer calculus.
There is a general consensus that this observation is wholly attributed
to fractional calculus’s ability to take into account the hereditary and
memory influence in predicting the future, a characteristic that the clas-
sic derivative does not possess. For a detailed discussion of fractional
calculus, particularly as introductory texts to the subject, we refer the
reader to [I, 2, 3]. More applications of FC in applied mathematics,
science, economics, engineering and other disciplines can be found in
[ » Iy Uy 1y Oy ]

To gain maximum benefits from a good mathematical model, it is of
paramount importance that the methods of its solution be computation-
ally efficient, consistent and highly accurate. There are no methods that
are exclusively reserved for fractional calculus models. Any technique
that is applicable to an integer order differential and integral equation
will work perfectly in the fractional calculus setting.

However, there is no doubt that the accommodation of the fractional
order feature in fractional calculus increases the labour required to solve
fractional differential and integral equations. Thus, in solving these
kind equations, engaging a method of solution that is both computa-
tionally inexpensive and accurate is ideal, although it is a challenging
exercise to strike the balance. Common methods that have been applied
successfully to solve fractional calculus models include, homotopy anal-
ysis method [10], Adams-Bashforth method [3], homotopy perturbation
method [11], meshless method [12, 13], Adomian decomposition method
[14, 15], optimal homotopy asymptotic method [16], operational matrix
method [17, 18, 19].

During the last two decades, the theory of special functions and discrete
fractional calculus (DFC) have been gotten by to attract increasing at-
tention from the physical and mathematical communities. Specifically,
the strict correlation between these two models has been acting as the
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driving force for the most recent developments and generalizations in

the literature on these subjects. In 1974, Daiz et al. [20] introduced
the idea of DFC and composed it with an infinite sum. Later on, in
1988, Gray et al. [21] extended this concept and implemented it to the

finite sum. This concept is known as the nabla difference operator in
the literature. Atici and Eloe [22] proposed the theory of fractional dif-
ference equations, although the practical implementation is presented
in [23]. In [24], the Ulam-Hyers-Rassias stability of two structures of
discrete fractional three-point boundary value problems is discussed. In
2022, Alzabut et al. have considered a discrete time fractional order
host-immune-tumor cells interaction model [25].

This research paper aims to use a new form of ADM, that is discrete
ADM to solve a class of CDPs and FDPs.

The outline of our study is as follows. Preliminaries and notations of
discrete fractional calculus are recalled in Section 2. Section 3, we con-
struct a new version of ADM (discrete ADM). Our findings with some
graphs are illustrated in section 4. Section 5 contains final concluding
remarks.

2 Preliminaries and notations

In this section, we recall some basics concepts of discrete fractional cal-
culus (DF—calculus), which will be necessary in proceeding to obtain our
discrete results.

Definition 2.1 (See [20]). Get for a € R,

Ng i ={a,a+1,a+2,---},
or for a,b € R and b > a,

NP :={a,a+1,a+2,---,b}.

The forward difference operator A and A? are written as (1) if w : N? —
R:

AR(t) = h(t+ 1) — h(t), te NP1, )
A2h(t) = h(t +2) — 2h(t + 1) + h(t). (1)
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Theorem 2.2 (See [20]). Assume s1, s2, s3 are constants. Then the
following hold:

1
/(t ms)Eat= ot s 4O, sy # -,

1
/sﬁAt— ss+C, s #£ 1L
81—1

Definition 2.3 (See [20]). The falling function, ¢, is given as follows:

i) for s € N,
Fem - -2) (st ), =1,
ii) for s € R,
Lt+1) B 0
trr=—e—n 7 teR-1{Z = =0.
Tt—s+1) € {z=u{o}}, 0°=0

Lemma 2.4. Let 0 < ¢ < 1, then

— 1 = T(t-r)
(t_r_l)l_rzzcl“(t—r—ngl)

i L(t—r)

= 2 it 1)

Lett>r, t,r e R, r > —1,t> —1, then [27]

T(t+1) T(t+2) T(t+1)

Fr+1)t—r+1) T@E+2T{t—r+1) TEr+2)TEt—1)

that is
re+1) 1 I(t+2) Lt+1)

Ft—r+1) r+1|[TEt—-r+1) T{-—r)




DISCRETE ADM: A TOOL FOR SOLVING A CLASS OF ... 5

Then
t—¢ t—¢—1
_ 1] It—r+1) I'(t—r)
(t—r—1) == [ - +T'(s)
o Ze s R e
1[T(t+¢) T(t+g)
== — r
L
_ D(t+9)
sI'(¢)
O
Definition 2.5 (See [26, 28]). The fractional sum of order ¢ is defined
setting ¢ > 0 and w : N, — R as,
1 &
Ayt h(t) = o) Y (t—o(r)=h(r), ¢ €N,
r=a
where o(r) =r + 1. Set h(t) = tZ, then
- Fiy+1)
ALS h(t) = ——— 7, e RY.

Definition 2.6 (See [20, 28]). The Caputo delta difference is given
O<¢<landh:N, — R as,

. (=) 1 t+c—1 .
“ash(t) =%na, A h(t) = =0 > (t—o(r)== Ah(r), tENocp,

r=a

where o(r) =7+ 1.

3 Discrete ADM for CDPs and FDPs

In this section, we apply the discrete ADM to for CDPs and as well
as FDPs. Using this method, we can easily handle nonlinear problems
with the large order of non linearity [29]. Let us discuss a brief outline
of discrete ADM. Consider a general nonlinear difference equation in the
form

A h+ L(h)+ N(h) =g, s—1<g¢<s, (2)
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where L and N are the linear and nonlinear difference operators respec-
tively. Also, g is the source term. Applying the operator A~ (inverse of
A®) on both sides of equation (2) and using the given initial conditions
gives us,

s—1 r

h=>Y" arr;!—i- AT (g — L(h) — N(h)).
r=0

where a,, 7 =0,--- ,s—1 are constants of integration and can be found
form the boundary or initial conditions. In the Adomian decomposition
method, we assume the solution h can be expanded into an infinite series
as

h= i hi. (3)
1=0

Also, the nonlinear term N (h) will be written as

N(h) =) A, (4)
=0

where A; are called Adomain polynomials. By specified A;, the next
component of can be determined:

o
hiy1 =0""° ZAz’,
i=0

Finally, after some iterations and getting sufficient accuracy, the solution
of the equation can be expressed by equation (3). In equation (4), the
Adomian polynomials can be computed by several techniques. Here we
use the following recursive formula [11]:

;= — - E "hy > 0.
A; T LWN( )\hl>] , 1>0
1=0 A=0

Since the method does not resort to linearization or assumption of weak
nonlinearity, the solution generated is in general more realistic than
those achieved by simplifying the model of the physical problem.
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4 Test problems

This section includes two subsections,
these subsections, a few problems are solved and tested to illustrate
ability and reliability of ADM technique.

4.1 Test CDPs

Example 4.1. Consider the following CDP

Ah(t) — h(t
h(0) = a.

Since ¢ = 1, we apply the operator A~! on both sides of the above

equation and using the given initial condition leads us,

ho(t) = a,
hn—i-l(t) =

therefore

hi(t) =a~" ho(t) = att,

ha(t) =01 ha(t) = o,

then, yields

L ha(t),

Zh = ho(t) + hi(t) + ha(t) + ha(t) + ha(t) +

1 t2 t3 t4
—a—{—aF—i—a?—i—a?—{—a?

tt "
=a 2{: ;T =a.2".
=0

Example 4.2. Consider the following CDP

3

= G35y,
A 1h3(t):a4,,
1 t2
<1+ + ot

{Ah(t) — h(t) = 22+,

h(0) = 2.

3!

i

Test CDPs and Test FDPs.

t4

4!

Pt

)
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By applying ADM on the above equation, yields

h0<t) = %4t + %7
Bog1(t) =071 hy(t),

therefore
2 4 2
hy(t) =A"1 ho(t) = =40 + i — =
1(t) o(t) 32 + 3 32’
2 42 2 2
ho(t) =87t hi(t) = =4l + o — St — =

4t3 212 2 2
-1 t 1
ha(t) =27 ha(t) = ?T44 +§§ ?g_ﬁt 347
2 4t 243 242 2 2
-1 t 1
ha(t) =27 ha(t) = 354 +§I_?§ 335_?75 35’

then, yields

Zh = ho(t) 4+ hi(t) + ha(t) + ha(t) + ha(t) +

4 4 2 2 4¢2 2 2

=(Z4 +- 4t ¢ Aty S o

(3 +3> <32 +3 32> + <35 +32! 32 33
34 331 322! 33 34 35 34! 3231 3320 34

gl Lol +41+t1+t2+t3+t4+
-3 3203 3 1! 3!
3

2 4t 2 2 2 2 484 2 242 2
+< Ay~ -l >+< e b et s

ot

2

1
3
2 R A R 2 tt 2 3 s
S+ s+5+5+7+ )3l l+s+5+5+7+
3 1! ! ! [ [
tL
(144

2

35

)
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Example 4.3. Consider the following CDP

A%h(t) — h(t) =0,
h(0)=1, & h(0)=1.

We apply the operator A~2 on both sides of the above equation, after
that, by using the given initial conditions, we have

ho(t) = 1+ 1,
Bt (t) =072 hy(t),

therefore
4
hi(t) =872 ho(t) = % + % ha(t) =672 ha(t) = § + %j
h(t) =872 ha(t) = § + 71, ha(t) =72 ha(t) = g + 1,

then, yields

Zh ) = ho(t) 4+ hi(t) + ha(t) + ha(t) + ha(t) +
1 t2 3 A 2 6 47 B 2
:(1+t)+<2!+3!>+<4!+5!>+<6!+7!>+<8!+9!>+
=2t

Example 4.4. Consider the following CDP

A2h(t) — h(t) = 3tTH
h0)=1, A h(0)=

By applying ADM and the similar process, gets

{ho()—i?) st 1
n—i—l():A h()
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therefore
3 1# 1 3 3
hi(t) =A"2ho(t) = 3+ -+ —— — L - =
1(#) o(t) 2% T3 Ty T3 42
3 12 1¢2 3¢ 3¢ 3 3
ho() =02 h(t) = =3+ -+ - - S - S = - =
2() 1) B8 Ton T i T\ T 2o » 43’
3 1¢2 18 3¢ 3¢ 3¢ 3¢
ha(t) =A% ho(t)= =3+ -+ - - = = =
3(t) (*) 44 571 461 2851 4241 2531 132
then, yields
o0
h(t) = hi(t) = ho(t) + ha(t) + ha(t) + ha(t) + - --
=0
3 1 1 3 1 1¢# 3 3
= (23t + L4+ = e
(4 3 +4)+<42 230 " 4921 23 42
3., 1 1t 3¢ 3+ 3, 3
+|l =8+t -5~ 55— = t——
43 25 ' 44! 2331 42921 95 43
(Byp U 10 38 34 38 32 3,
44 27! T 46! 2351 4241 2531 4321 27
then,
3 . 11 1 2
h(t)—4.3<1+4+42—|—43—|—--->+4<1+2!+4!—|—--)
4
3
1/t B 15 3/t B
sl ta et ) e\ ntata T
3 . 2 ¢t 3/t 2 2
e Tatar ) cwslatata )t
= 3t

Example 4.5. Given the following CDE,

1

A2 h(z,t) + h(z,t),

3., 3

I
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its exact solution is h(z,t) = x.2°. To access the solution, we must apply
operator A, 1 on the above equation, this yields,

1
h(z,t) = h(z,0)+ a7 (2 A2 h(z,t) + h(m,t)) . (5)
Therefore the equation (5) can be rewritten as

h(@,t) = h(z, 0+ A7) <;h(x + 2,0 —h(z+1,8) + 2h(w,t)> .

oo
Now, let h(z,t) = hyt = thn,t and by substituting in the above

. n=0
equation, we get

SUNTYMRECY £ MRS S SRS S oM |
n=0 n=0 n=0 n=0

Therefore, we infer that the first term and the recursive formula series
are as,

h‘wo,t =,
o0 oo 3 o0
—1 1
hxnﬂ,t =4 2 Z hxn-&-z,t - Z h$n+1,t + 5 Z hwmt >
n=0 n=0 n=0

then, we get

2

_ 1 3 _ 1 3
hx1,t :At 1 (hzoJrQ,t - hx0+1,t + 2hx07t) :At 1 (2(1’ —+ 2) — ((L‘ + ].) + 2§C> =2
)
)

_ 1 3 _ 1
hxs,t :At 1 (hxz-i-?,t — ha:2+1,t + zhxlvt) :At 1 <(gj —+ 2) — (I‘ + ].) —+ —x

2

1 (1 3 1 (1
Pyt =0y 1 (hm1+2,t —hgyy14 + 2hz1’t> =A; 1 (2(33 +2)—(x+1)+ -z

2 2

11

tL
ﬂa

+2
5)

3
ga
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(1 3 e 3 4
hawe =8¢ | Gheavar = hagrre + Shage | =0, | 5@ +2) = (@ + 1) + 5o ) =27,

then, we can write
oo
W@, ) = hay = hapt = hags + hayt + Pag s + hagt + Bayg + -+
/L 2 3 4 A2 B 4 .
—m—l—xﬁ—l—x——i-xg—i—x——i-- (1—1—1'4- —1-3'—1- +- ):x.2.
4.2 Test FDPs
Example 4.6. Consider the following FDP

{A%(t) =h(t+s—1), 0<c¢<1,
y(0) = a.

By applying operator A™° on the above equation, this yields,

ho(t)
s (t ) A hp(t+¢ = 1),

therefore

a(t) =a=ho(t 4 — 1) = a5 o) =a~shy (16— 1) = a%,
3s

hg() b ha(t+s—1) = aSEEZ0E ha(t) =aha(t+¢ — 1) = eSS,

then, yields

Zh = ho(t) + hi(t) + ha(t) + hs(t) +

t+¢—1) 26 — 2)% —3)% 4¢ — 4)%
(t+¢—1) +a(t+ c—2) +a(t+3< 3) +a(t+ ¢ —4)
F'(c+1) I'(2¢+1) I'(3¢+1) I'(46 +1)




DISCRETE ADM: A TOOL FOR SOLVING A CLASS OF ...

The approximation solutions h(t) considering the first five and ten
terms for different ¢ are shown in Figure 1. We can see the different
behaviors of the discrete FDE with different fractional parameters. It is
clear when ¢ is close to 1 the approximation solution tends to the exact

solution.

T
2000 -
o =07

=08
1500
o ¢=09

h(t)

1000

500

ote . o
0

Nie

T
2000 -

1500

h(t)

1000

500

Figure 1: (Example 4.6) The approximation solution h(z,t) with set-
ting a = 2 (a) The first five terms (b) The first ten terms (c) The first

five terms (d) The first ten terms.

In this example, let ¢ = 1, then

ho(t) = a,
hn+1(t) =A

therefore

T
2000 -
o ¢=07

¢=0.8
1500
o ¢=09

h(t)

1000

500

T
2000 -

1500

h(t)

1000

500

L ha(t),
hQ(t) - a%a
h4(t) - a%v

13
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then, yields
h(t) =) hi(t) = a.2".
i=0
Example 4.7. Given the following FDP,

{Ag h(z,t) =A2 h(z,t), 0<c<1, ©)

h(z,0) = 2%,

its exact solution is h(x,t) = 2T when ¢ = 1. To find the solution, we
apply operator 1_cA; * on both sides of the above equation, this yields,

h(z,t) = h(2,0) +1-cA;° (A2 h(z,t)). (7)
Therefore the equation (7) can be rewritten as

h(z,t) = h(z,0) +1-c0; ¢ (h(z +2,t) — 2h(x + 1,t) + h(x,1)).

(o)

Now, let h(z,t) = hyy = thn,t and by substituting in the above
n=0

equation, we get

) 00 ) 0

i —<
5 hzn,t = h:co,t + 1-¢Ay E hxn+2,t -2 5 Wz, 11q,t + E Wz, t | -
n=0 n=0 n=0 n=0

Therefore, we infer that the first term and the recursive formula series
are as,

— xr
hxo,t =2 9

o0 (o) o0
hﬂ?n«rlat = 1_§At_§ Z h$n+27t - 2 § hﬂ?n«klat + § hﬂ?nat )

then, we get

han,t - 1—§At_g (h$o+2,t - 2hxo+1,t + hxo,t) = l—cAt_c (2x+2 — 2,27+ + 2x) =2

L+ —1)c
I'(c+1) ’
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_ (-1 (t+2¢ —2)%
h =1_A;°(h —2h h =T A e | =22 ——
x2,t 1—¢5¢ ( x1+2,t c1+1,t T ﬂc1,t) (1 NV F(§+1) F(Qg—l—l) )

_ (t+2c—2)%= (t+ 3¢ —3)3
Bt = 1A (has s — 2ha By ) = 20 (oarsEF 20722 et 43¢ = 3)%
3.t 1—cf¢ ( 2+2,t 2+1,t + 27t) (1 S=t I\(zg 4 1) P(3§+ 1)

_ _ (t+3¢—3)3% (t+ 4 — 4)%
hayt =1-cA7 ¢ (b —2h h =27 [ A;S—— 2> ) =9orr >
T4,t 1—¢B¢ ( T3+2,t $3+17t+ CUS,t) (1 (St 5 1’1(3§+1) P(4§+1) ’
then, we can write

o0
h(a,t) = hay =Y hayt = hags + hay it + hag + Pt + hay g + -
n=0

(t+s—1s _(t+2c—2)2 _ (t+3c—-3)% _ (t+4c—4)%

P(c+1) L(2+1) T(3¢+1) T4+ 1)

e ( Ll DE (E420-2)% (430 —3)%  (t4d—d)t >
- Ple+1) I'(2c+1) I'(3s+1) (4 + 1)

o~ (t+n(c— 1))
=27 .

7;] I'(ns+1)

When ¢ =1, then
h(z,t) = 2,

Figures 2 and 3 show the approximation solutions h(zx,t) consider-
ing the first five and ten terms for different values of ¢. We can see the
different behaviors of the discrete FDE with different fractional param-
eters. It is clear when ¢ tends to 1 the approximation solution tends to
the exact solution.

Example 4.8. Given the following FDE,

A§ h(z,t) = 1 A2 h(z,t) +w(z,t), 0<c¢<1,
h(z,0) = x,
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T T T T T T T
2000 °. 2000

* ¢=0.7 * ¢=0.7

=08
1500 1500
o ¢=09

=08

o ¢=09

h(1,t)
h(1,t)

1000 - 1000 -

500 . 500
.

T T T T T
2000 * 2000

.
1500 1500

h(1,t)
h(1.t)

1000 - 1000 -

500 . 500
.

Figure 2: (Example 4.7) The approximation solution h(x,t) when z =
1 and considering (a) The first five terms (b) The first ten terms (c) The
first five terms (d) The first ten terms.

its exact solution is h(x,t) = 2% when ¢ = 1. To access the solution,
we must apply operator 1_cA; ° on the above equation, this yields,

1
h(z,t) = h(z,0) + 1-cA ¢ <2 AZ h(x,t) + h(:n,t)) . ()
Therefore the equation (8) can be rewritten as
1
B, ) = huw(@,0) + 1A <2h(:c 28 —hlz418) + gh(x, t)> |

(o)
hei = thmt and by substituting in the above

n=0

Now, let h(x,t) =

equation, we get

(9] 1 00 3 ()
D wan e = Ry 150 <2 PRLINIED SIS ’“"’t> |
n=0 n=0 n=0 n=0
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T
2000
® ¢=07

¢=0.8
1500
°® ¢=09

h(x.1)

0000 o g

500

T
2000

1500

hix,1)

1000 -

500

6=0.95

° =099

* ¢=0.999

o ¢t

e

?
4

(@)

T
2000

1500

hix,1

500

1000 -

® ¢=07

6=0.8

® ¢=09

=095
° =099

° =0.999

o c=1

Figure 3: (Example 4.7) The approximation solution h(x,t) whent =1
and considering (a) The first five terms (b) The first ten terms (c) The

first five sentences (d) The first ten terms.

Therefore, we infer that the first term and the recursive formula series

are as,

hwoﬂf =z,

o o 3 [o.¢]
hxn+1:t = 1—€At_g <; Z hl’n+2,t - Z hl’n+17t + 5 Z hdfmt) ’
n=0 n=0 n=0

17
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then, we get

(1 3 (1 3
hayt = 1-¢0¢ N (tho—&-lt — hgot1,t + 2h$o,t> =1-0¢° <2(a: +2) = (z+1)+ 233)

_$@+<—1ﬁ
Ic+1)
(1 3 t+¢—1
th,t = lngt c <2hw1+2,t - hx1+1,t + 2h:p1,t> = <1 gAt (F(§+1))>
(t+2¢ —2)%
= aj‘—,
['(26+1)
(1 3 t+2¢—2
ha:g,t = 1—§At N (2h$2+27t - h:l?2+1,t + 2h$27t> - <1 §At (F(2<+1))>
_ (t+3c—3)%
T T(3s+1)
(1 3 _(t+3¢—3)=
hx4,t = 1-¢0y N <2hw3+27t - hx3+1,t + 2h$3,t> = <1 Dy g((?)g—f—l))>
(t 4 4¢ — 4)3s
= :L'—,
[(4s+1)

then, we can write
(o)
h(@,t) =has =Y hayt = hagt + oyt + hagt + hagt + hagr + -

(t+s—1)  (t+2c—2)2  (t+3c—3)3  (t+4s—4)%

TPTTTCTD U TR U T Y Tl r 1)
_ (+(t+g—1)< (t+2c—2)%  (t+3¢c—3)% (t+4c—4)% )
- T(c+1) T(2 + 1) T(3 + 1) T(4s + 1)
t+n<—1D
_:CZ ng—{—l

When ¢ =1, then
h(z,t) =z 2"
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We set the first five and ten terms of h(z,t), then the numerical

results are plotted in Figures 4 and 5.

The different behaviors of the

discrete FDE with different fractional parameters observe in this Figure.
Also, in this Figure, we can see the approximation solution tends to the

exact solution when ¢ is close to 1.

o =07
¢=08

o ¢=09

h(1,t)

|
|
|
|
|

e

6 8 10

h(1,)

h(1.8)

h(1.t)

o ¢=07

=08

o ¢=09

ot
N

Figure 4: (Example 4.8) The approximation solution h(x,t) when z =
1 and considering (a) The first five terms (b) The first ten terms (c) The
first five terms (d) The first ten terms.

5 Conclusion

This paper was based on a new version of the Adomian decomposition
method (ADM), which is called the discrete ADM. This technique helps
us to obtain a recursive formulation. Using this recursive formulation,
we can achieve the solutions of linear and nonlinear classic and frac-
tional difference problems (CDPs and FDPs). Finally, several practice
problems are solved to show the accuracy of the discrete ADM approach.
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Figure 5: (Example 4.8) The approximation solution h(x,t) whent =1
and considering (a) The first five terms (b) The first ten terms (c) The
first five terms (d) The first ten terms.
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