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Abstract.

In this paper, we investigate some advanced properties of the contin-
uous dual Hahn polynomials which are orthogonal in a single variable.
In particular, we derive various families of bilinear and bilateral gener-
ating functions from them. We also obtain recurrence relations for these
polynomials with the help of three-term contiguous relations of classical
hypergeometric series. Furthermore, we give some integral representa-
tions.
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1 Introduction

The continuous dual Hahn (CDH) polynomials, which generalize the
Jacobi polynomials, are a family of hypergeometric orthogonal polyno-
mials. We know from [2, 18] that the CDH polynomials reduce to the
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Jacobi polynomials with the help of some limiting procedure. So far, the
CDH polynomials have been studied by many authors (see, for instance,
[7, 10, 12, 3, 1]). They have also appeared in Stieltjes’s (see [10]).

In the present paper, we investigate some advanced properties of
these polynomials. We first derive various families of bilinear and bi-
lateral generating functions from them. Then, we obtain recurrence
relations for the CDH polynomials with the help of three-term contigu-
ous relations of classical hypergeometric series studied by Wilson [17]
and also Chu and Wang [0] (see also [15]). Furthermore, we give some
integral representations in the interval (0,1), (0,00) and a triple integral
representation for the CDH polynomials.

Before proceeding further, we first recall the definition of the CDH
polynomials and their generating function relations.

The CDH polynomials is given by (see [11, 18])

Sn($2§ 01,57'7) = (OH‘/B)n(OH"Y)n 3y [_na a+iz, o —irsa+ f,a+7; 1] )

(1)
where 3F, denotes the corresponding generalized hypergeometric series.
Recall that, in general, . Fs (r,s € Ng = NU {0}) is defined by

Aty O oo

’ , ’ (al)n. .(Oér)nz

TFS Z :: \&1)p - - \Gr )y <
By, Bs; nZ:;)(Bl)n(/Bs)n n!

= ,Fs(aq,...,ap; 81,..., 08 2) .
As usual, the Pochammer symbol (u)s is given by

I'(p+s)

[ 1, if v =0; pe C\{0}
_{u(,u—l-l)...(u—i—n—l), ifs=neN;, peC

provided that the Gamma quotient exists. It is assumed that (0), := 1.
The CDH polynomials have the following generating function relations
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(see [11]):

= Sn(xQ; 04767’7) n

4\t . . . _
(1-1) oy o +ix, B + iz o + B t] T; PR ", (2)
o ' 3 1 - Sn(552§04u37’7)
s (a4 v)nn!
ot ; - — Sn(2?; a, 8,7)
(1—1) a+iz o F [ﬁ—i*@x‘,’}/—}—ll‘;ﬂ—i—'y;t] :Z—tn7 (4)
- STL 2; s M
e oy [a + iz, a — iz o+ B, + v; —t] :Z(a—i—(;; (Zf%) n'tn

n=0

(5)

2 Mixed Generating Functions

Here, we obtain several families of generating functions for the CDH
polynomials S, (z%; a, 3,v) given by (1). We should note such an inves-
tigation has been considered for other polynomials, such as Gottlieb and
Cesaro polynomials, in the recent papers [9, 13].

Throughout this section, let p,s € N; u, 9 € C; a € C\ {0} and

Q,:C*—C\ {0}
be a bounded function. We also need the following function:

Aﬂv"/) [517 sy ésa T] = Z akQ/,kH/;k(gl, ceey fS)Tk. (6)
k=0

So, we get the following theorems.

Theorem 2.1. Let

U#j)ﬂ(xa 04757’}’3517 "‘7§8; Z)
/p] Sn—pk(x2; «, /Bu ’Y)

SR e LU
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Then, we have

Z Uky (x;a,ﬂ,%&, o s tﬂp) ¢
(1 — )7 S By (a4 i, B+ ix; o+ Bt (8)
XAy (€1, s3] S
where A,y is given by (6).
Proof. Let A denote the left side of (8). Then, using (7), we immedi-
ately get

oo [n/p]

A= n pkx Oéﬂ’}/) 0 s ktn—pk‘
q;) kzo @t B)npr(n — ph)! perklE1, - L)

Replacing n by n + pk and considering (2), we observe that

A= ZZ o, (@ a”BV)wak(&w--,és)nkt"

n=0 k=0 Oé-i-ﬂ

0o Sn(;r san B,7) )
- —tn Q e S

7;) (o + B)nn! kZ_DO‘k ppk (&5 &N

=1 —t)7" o [a+ iz, B+ iz o+ Bit] Ay (€1, s Esim)
which is the right member of (8). O
Theorem 2.2. Let

Vﬂﬂp(x. awB v 611 .- 758; Z)
[n/p]

S Sy (a0, 5.7)

O‘+’7 n— pk(n pk)

QM+T/)/€(£17 x3) gs)zk

Then, we get

o0
U
> vy <w;a,ﬁ,7;€1, e s t;) "

n=0
= (1 —t)PY SR [+ iz, y + iz o+ ;5
X Au,d) [517 "'7585 T’] ’

where Ay, is given by (6).
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Proof. Applying a similar method in the proof of Theorem 2.1 and also
using relation (3), we easily obtain the desired result. O

Theorem 2.3. Let

WES (20, B, 7361, oy €53 2)

Wy n pk l‘ a,ﬁ 7)

- Z (B Vnpi(n — ph)! ok (€, €6) 2"

Then, we have

o0

Ui
Z W’rﬁgp (x, Oé,ﬁv'ﬁ&, ...,gs; t7p> tn
n=0

= (1 —t)" "GPy [B 4w,y + ia; B 4 3 1]
X A,u,ib [gla --'7§s§ 77] ’

where Ay, is given by (6).

Proof. Applying a similar method in the proof of Theorem 2.1 and also
using relation (4), the proof follows immediately. O

Theorem 2.4. Let

9#’¢(x‘ Oé,,B ’y‘gla . 7{8; Z)
[n/p]

” Pk(x aaﬁ ’7) k
a Z @t B)npk (@ + 2)npi(n — ph)! (81, - Ca)2

Then, we have

[e.9]

n
Zeﬁ:g (x,aaﬂa7,§1,,§s7t?> tn
n=0

X Au,1/1 [617 ’fsan] )

where Ay, is given by (6).
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Proof. Again using the idea as in the proof of Theorem 2.1 and con-
sidering relation (5), the proof is easily obtained. [

Since the multivariable function 2,44 is quite general, we may de-
rive some applications of our results by choosing appropriate functions
Quipr(&1,--,&s), k € Ng, s € N. We now introduce some of them.

Example 2.5. Setting s = 1, ai = m, puw=0,%=1and
taking the CDH polynomials instead of the function €, in Theorem
2.1, and also using (5), we get the following class of bilinear generating
functions for the CDH polynomials:

i Z/’i] Suph(s%50,8,7) Sk €0 6,7) e

=0 k=0 (a+ B)i(a+ 7kl + B)n—pk(n — pk)!k!

= (1 —t) 7T [ + iz, B+ iz o+ Bt
X oFy [a+iy, 0 —iy;a+ B, a+ ;-0

Example 2.6. Recall that the Lagrange polynomials gﬁf"ﬁ ) (y,z) are
generated by (see [8])
oo
(L—yt) (1 =2t)" = gl (y,2)t", (9)

where |t| < min{]y\_l , ]z]_l}. If we take s =2, ap =1, u=0, ¢ =
1 and replace the function €, yx in Theorem 2.2 with the Lagrange
polynomials, then, using the relation (9) and Theorem 2.2, we obtain

oo [n/p]

Z Z n pk :C ;& B 7)9” )( )nktn—pk

=0 k=0 O‘_}'Wn pk(n_pk)
=(1—t) @ —yn) (1 - zn)_ﬂ oFy [a+ix,y + iz o + ;3 1],

which is a class of bilateral generating functions for the CDH polynomials
and the Lagrange polynomials.

Before closing this section, we should note that if €2,y is given as
a product of some simpler functions, then by using suitable coefficients
oy, our Theorems 2.1 —2.4 contain many families of generating functions
(in the sense of multilinear and multilateral) for the CDH polynomials

(1).
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3 Recurrence Relations

In 2007, by using the modified Abel Lemma Chu and Wang showed the
forms A, B, C and D of contiguous relations satisfied by the 3F5 (1)-
series (see [0]). Furthermore, in [17] Wilson obtained three-term con-
tiguous relations for some orthogonal polynomials. In this section, us-
ing them, we derive five recurrence relations for the CDH polynomials
Sn(2?; 0, 8,7).

We now consider the conditions Re(8 +p—a —~v —n) > 1 (in Part
1—3)and Re(p+n—a—p5—=) >0 (in Part 4) for the series

a? ) ;
g5{5171}

Furthermore, we need the conditions Re(S+v)+n—1 > 0 (in Part 1—3)
and Re(f 4+ v) +n > 0 (in Part 4) for the parameters of all recurrence
relations for the CDH polynomials.

Part 1. For five complex numbers «, 3,7, and n, there holds the
three-term relation [0]

Q, Y, 15 a+ 1,9,
F 1| = A 3F 1
32[5#; } 32[6+Lu;]

a+2,v+1,n4+1;
B+2,u+1; ’

where the coefficients A and B are defined by
(1+a—pub+m
I+ta—-p)p ’
(I+a+y+n—B8—p)(d+a)m
(I+a—p)(1+5)6u

Then, one can get the following theorem.

(10)

A=

B =

Theorem 3.1. The CDH polynomials have the following recurrence re-
lation form > 2 :

Sn (2%, B,7)
=[(a+y+n—-1(a+p) - (o + xz)} Sp_1(x?a,8+1,7)
+[B+y+n-1)1—-n)(a®+2%)] Sua(@®a+1,8+1,7).
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Proof. If we take « - —n, 8 > a+ 8, v - a+ix, p - o+ and
n — «a —ix in (10), we have

—n,o +1x, ¢« — 1 —n+1,a+ix, o —ix;
F ) b 71 :A F ) 9 71
2 a+Baty ] 32[ a+B+1a+7; ]
—n+2,a+t+ix+ 1,0 —ix+1;
B F 9 M ’1
" 32[ atB+2,a+y+1; y
where

(1—n—a—7)(a+pB)+(a®+2?)
(I-n—a-7)(a+p) ’
(1-n-B-9)(1-n)(e?+2?)

(I-—n—a=7)1+a+p)a+f)la+)

A:

B =

Using the definition of the CDH polynomials given by (1), we obtain

Sn($2;aa5>7)
(a0 + B)n(a+9)n
_ {(1 —n—a—y)(a+p)+(? +$2)} Sn-1(2*; 0,8+ 1,7)
(I-n—a—-9)(a+p) (@+B8+1)n1(a+7)n

+[ (1=n—F—)(1=n)e®+? ]
1I=n—-a=7y)1+a+pB)(a+pf)(a+y)
Spo(x?;a+1,8+1,7)
(a + 08+ 2)n_2(a +v+ 1)n—2’

and then

Sn(x2§a757'7)

_ [(1—n—a—7)(a+5)+(a2+x2)} (a+7)n
(I-n—-a-7) (a+7)n-1

+[@—n—ﬁ—wﬂ—nmﬁ+ﬁq (@ +Y)n
Err— @+ M

X Sp_a(z®a+1,8+1,7).

Sn—l(xQ; «, B + 177)

So, the desired result easily follows from some simple calculations. [
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Part 2. For five complex numbers «, 3,7, and n, there holds the
three-term relation [(]

QL 7Y, 15 a—1,9,n; a, v+ 1,n+1;
F 1| = C 3F 1|+D 3F 1|,
3 2|: 57,“’7 :| 3 2|: B?/’L_17 :| 3 2|: /8+17,U’7
(11)

where the coefficients C' and D are defined by

(I4+~y+n—p)(1—p)
A+y—mw(I+n—p)
(I+a+y+n—B—pm
A+y=—mw(p—-—n-1)8 "

Then we obtain the next result.

Theorem 3.2. The CDH polynomials have the following recurrence re-
lation forn > 0:

[(1 =% +2%] (a+ B+n) Su(2*; 2, 8,7)
=(y—a—1)Su1(a*a,8,7—1)
+(n+pB+7y— 1)(0[2 +1:2)Sn(a:2;a +1,8,v—1).

Proof. Using (11) instead of (10) in the proof of Theorem 3.1, the proof
is completed at once. ]

Part 3. For five complex numbers a, 3,7, and n, there holds the
three-term relation [(]

a, 7, n; 04,7—1;"7—15 :| {064‘1’%"7; :|

F: 1| = F 3F: 1|+H 3F: 1],
32{ B 1 ] 32{ B=1n—1 S N

(12)

where the coefficients ¥ and H are defined by

(1-8)1—p)
(I+a—=3)1+a—pu)
_all+aty+n—F—p)
(I+a-pB)1+a—p)

E =

Then, we get the next result.
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Theorem 3.3. The CDH polynomials have the next relation forn € N :
Sn(an; 057677) = Sn(aj27 o — 17 Ba’y) - 7’L(1 -—n- B - V)Snfl(xﬁ; 047657)'

Proof. Using (12) instead of (10) in the proof of Theorem 3.1, we get
the proof. O

Part 4. For five complex numbers «, 3,7, and n, there holds the
three-term relation [17]

:U’_17777 , 15
__aby  platl L+l
(u— ) 2 g1+ 1;

Theorem 3.4. The CDH polynomials have the next relation forn € N :

(a+B+n—1)Sy(2%a,8—1,7)
= (a+B-1)Sp(a%a, B,7) — n(a® + 2°)Sp_1(z* a + 1,8, 7).

Proof. If we use the relation in Part 4 instead of (10) in the proof of
Theorem 3.1, the proof is completed. O

4 Integral Representations

Now, we derive various integral representations for the CDH polynomi-
als.

Theorem 4.1. The CDH polynomials have the next representation:

MNa+B8+n)T(y—iz+n)

Sn(z?; a, B,7) = (o —iz)[(B + iz)L(y — i)

1
% /uﬁ+ix—1<1 _ u)a—ix—l(l _ tu)—a—izdu,
0

where Re(a+ ) > Re(B +ix) > 0 and |arg(l —t)| < 7.
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Proof. The hypergeometric function 9} has the representation [11]

1
/uﬁl(l —u)? P71 = zu)"%du, (13)
0

. . = /7
O e ) CE)

where Re(y) > Re(f8) > 0 and |arg(l — 2)| < w. If we use (13) and
binomial theorem for (1 —#)~7*% in left-hand side of (2), we have

1

11

Z (’7 - ’L:E)n m a + ﬁ /u,3+m 1 )afixfl(l _ tu)iaimdu

| _
~ nl (ﬂ—i—zx (v mo

_ io:sn(lz;a’ﬁv'}/)tn
= (ot B)nn!
tn
Then, the proof easily follows from the coefficients of — O
n!

Theorem 4.2. The CDH polynomials have the next representation:

MNa+B8+n)'(y—iz+n)

2. _
(@0 8.%) = F 0 T8 + i) T (7 — )
/uaixl(u + 1) P —t 4 1)y,
0

where Re(a+ B) > Re(B +ix) > 0 and |arg(1l —t)| < .

Proof. The hypergeometric function o F} has the following integral rep-
resentation [1]:

2Filo,8i32] = rpios [0 e ) = 2 1)
0
(14)
where Re(y) > Re(f) > 0 and |arg(1 — z)| < m. Using (14) instead of
(13) in the proof of Theorem 4.1, the proof immediately follows. O
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Theorem 4.3. The CDH polynomials have the next representation:

I'a+p+n)
INa+iz)lDN(a — iz)I(B + iz)T(y — ix)

Sn(z?;a, B,7) =

[cele oo o]

X///e—m—ugug—ugu’lym1ugzx1(u2+1)—ﬂ+wug+ml
000

X (u1 + uz)"duidugdus,
where Re(a+ B) > Re(S +iz) > 0 and |arg(l —t)| < .

Proof. Using the following fact

o0

1 —atiA—1
F()\ /e N dt, Re (\) > 0,
0

and (14) on the left side of (2), we obtain

Sn(2? 0, 8,7) n

Z (v + B)pn! t
1

Ly —ix)

o0

i (1—t) y—iz— I'(a+5)
ur(1—t¢), vy—iz—1

8 /e “1 dulf(ﬁ +ix)(a — iz)
0

n=0

oo
[ ) g — 1) g
0

_ I'(a+p)
[(y —iz)0(B +ix) (o — ix)

00
% //ug—ix—l(u2 + l)ix—ﬂ(u2 —t+ 1)—a—ixe—u1(1—t) UY_igc_ldulduQ,
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which gives
isn(x2; a, /Ba 7) m
(o + B)pn!

I(a+ B)
I'(y —iz)I'(8 + iz)l'(o — ix)

n=0

1
X/e us(ug+1— t) a+wc 1du e —u1(1—t) ’Y ir— duydus.
0

Then, we may write that

S (7% @, 8,7)
Z (a4 B)pn! t
_ I'(a+B)
L(y —ix)I'(B + iz)[(a —ix)(a + iz)

(e elie oo o]

/// a—ir— 1 11—1(u2+1)ix—6u§t+i:c—le—u1—u2u3—u3

X e(“1+“3)tdu1du2dU3,

n=0

which implies

isn(xz; 04718’7) tn

— (a+f)nn!
) Mo+ )
Iy —iz)l'(B + iz)'(a —ix)(a + ix)

/// oa—1ir— 1 zx—l(u2+1)izfﬁu§é+ix—167u1*u2u3*u3

ngn
X deuldugdug.
= n!

13
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n

t
Then, the proof easily follows from the coefficients of — O
n!

5 Concluding Remarks

In this paper, we derived advanced properties of the CDH polynomials.
We have obtained some relations for them, such as, bilinear and bilateral
generating function relations, recurrence relations and various integral
representations.

In 2008, Ferreira et al. obtain asymptotic expansions between the
CDH polynomials and Jacobi, Meixner—Pollaczek, Krawtchouk and
Meixner polynomials. From these expansions, we may also derive many
relations for the other polynomials.

Recall that the Meixner-Pollaczek polynomials are defined by [11]

2M). . '
P (x30) = (n,)nemqj 2 F1 [—n, A iz 201 — e—Qwﬁ] )

The CDH polynomials have the following asymptotic representation with

respect to the Meixner-Pollaczek polynomials (see [10]):
Sn(2?; 0, 57
E 15
(a+8), 7 (15)

where A # mmw, m € Z, is an arbitrary constant,

1
C = pr () cos A+ 3p1 (2)° = pa (2)

p1 () cos (24) + [pl (33)2 — 2p9 (m)] cos A

X — _
2sin A
with
(z) M
it w
y(y+1 afy
p2 () = 2 +oz—i—ﬁ

+aﬂ(1+a)(1+ﬁ)—['y+2a5+(1+’y)(1+2(a+5))]3§2+x4
2(a+B)(1+a+p3) '

(16)
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The Jacobi polynomials are defined by [14]

P (z) = (2

1—
oFy [—n,n+o¢+ﬁ—|—1;a+1;

The CDH polynomials have also the following asymptotic representation
with respect to the Jacobi polynomials (see [10]):

Sn(z%; 0«5 7

where X # +1 is an arbitrary constant,

:X::_l{2}71(35)2—1—])1(1:)—1—3])1(;E)X_gpo(m)_i_X2_X_Q}7
C:ﬁ[2101(1‘)2—|—p1(x)—|—3p1(x)X_4p2($)+X2+X_2}’

and pi(x), p2(x) are given in (16).
The Meixner polynomials are defined by [7]

M, (z;8,7) =2 F1 {—n, —x; 831 — i] -

Another asymptotic representation with respect to the Meixner polyno-

mials (see [10]) is given as the following:
Sn(z%; a, 8,7)
((()H_ﬁ Zk M,k (X35 4,0), (18)

where C # 0,1 is a constant,

2
161 o [m (2)* + p1 () — 2p2 (af)] :

A=(14C)pi(z) +Cpi (2)* —2Cps (x),

X:

and p;(x), p2(x) are given in (16).
The Krawtchouk polynomials are defined by [11]

1
K, (z;p,N) =2 I [—n, —x; —N; ] :
D

15



16

M. DUMLUPINAR AND E. ERKUS-DUMAN

Another asymptotic representation with respect to the Krawtchouk poly-
nomials (see [10]) is given by

Su(@*0,B7) 5~ (€ .
W_Z( o )ckKnk(X,A,C), (19)

where A # 0,1 is a constant,

2
X =2 @ - @)~ 2 )]
C=m (37)‘*‘%7

and pi(x), p2(x) are given in (16).

Therefore, we can say that, in Sections 2,3,4, using asymptotic rep-
resentations given respectively by (15), (17), (18) and (19) between the
CDH polynomials and Meixner—Pollaczek, Jacobi, Meixner and
Krawtchouk polynomials, we may also obtain new bilinear and bilat-
eral generating functions relations, recurrence relations and integral rep-
resentations for Jacobi, Meixner—Pollaczek, Krawtchouk and Meixner
polynomials. But we leave the details to the readers.
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