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1 Introduction

Many authors have continued their research and looked into dif-
ferent types of continuous functions and multifunctions, both stronger
and weaker. It has been observed that continuity and multifunctions
are basic concepts in general topology, set valued analysis, and several
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branches of mathematics. Particularly in general topology, continuous
functions and continuous multifunctions are two of the most important
and closely related topics.

In the literature, the concept of upper and lower continuity for mul-
tifunctions was first studied and introduced by Berge[2]. After his work,
many authors turned their direction to investigate several work regard-
ing weak and strong forms of continuity. In 1999 , Mahmoad[7] intro-
duced the concept of pre-irresolute multi-valued functions. Neubrunn
[10] introduced and studied the notion of upper(lower) a-continuous
multifunctions. Some properties of weakly a-continuous multifunctions
were studied by Popa[l&]. Recently, multifunctions in topological spaces
have been used in applications to study graphs, which are used in physics
and smart cities.

The purpose of this paper is to give a new weaker form of some types
of continuous functions called upper gpa-continuous multifunctions and
lower gpa-continuous multifunctions. Moreover, properties and their
preservation theorems of an upper gpa-continuous (resp. lowergpa-
continuous) multifunctions are introduced and studied. Further, the
notion of upper gpa-irresolute (resp. lower gpa-iresolute) multifunctions
are studied and their properties are investigated. we further develop the
topological aspects of the multifunctions. We provide discussions for
several new as well as already existing topologies for continuous multi-
functions. We have adopted the theoretic approach to discuss continuous
convergence for the topology of multifunctions

Let (M,7), (N,o) and (O,n) are nonempty topological spaces on
which no separation axioms are assumed unless expressly indicated, and
they are written M, N and O respectively, throughout this study. If M
is a topological space and A is a subset of M, gpa-closed set [16] is de-
fined as pcl(A) C U whenever A C U and U is a-open in M. gpa-closure
of A, gpa-interior of A are also denoted by gpa-cl(A), gpa-int(A) and
are defined as gpa-cl(A) = N{G : A C G, G is gpa-closed in M }, gpa-
int(A) = U{G : G C A, G is gpa-open in M} respectively.

A multifunction [2] P : M — N is a point to set correspondence and
always we assume that P(m) # ¢ for every point m € M, provided for
any subset A of M and B be any subset of N, then P(A) = U{P(m) :
m € A}, P*(B)={m € M : P(m) C B} and P~ (B) = {m € M :
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P(m)N B # ¢}, where PT(B), P~(B) denotes upper and lower inverse
of any subset B of N. In particular, P~ (n) = {m € M : n € P(m)}
for each point n € N. Then P is said to be surjection if P(M) = N or
equivalently, if for each n € N there exists m € M such that n € P(m).

For multifunction P : M — N, the graph multifunction [19] Gp :
M — M x N is defined as Gp(m) = {m} x P(m) for each m € M and
the subset {{m} x P(m):m € M} C M x N is called the multifunction
of P and is denoted by G(P).

2 Generalized pre a-Continuous Multifunctions

Definition 2.1. A multifunction P : M — N is called a

(i) upper gpa-continuous (briefly u.gpa-c) at a point m € M, if for
each open subset V in N with p(m) C V, there exists an gpa-open
set V' containing m such that P(U) C V.

(ii) lower gpa-continuous (briefly l.gpa-c) at a point m € M, if for
every open subset V' in N with P(m) NV # ¢, there erists an
gpa-open set V' containing m such that P(z) NV # ¢ for each
zeU.

(iii) upper(resp. lower) gpa-continuous, if it is upper(resp. lower) gpa-
continuous at every point of M.

Example 2.2. Let M = {ay,a2,a3}, N = {a1,a92,a3}, 7 = {M,p,{a1}}
and o = {N, ¢,{a1,a2}}. Let P: M — N be an identity function. Then
gpa — O(M)=M, ¢, {a1}, {a1,a2}, {a1,a3} and

gpa — O(N):Na b, {(11}, {a2}> {ala a2}> {ala a3}7 {a27 a3}

Let a1 € M and V = {aj,a2} be an open set of N with P({a;}) =
{a1} C V. Then by definition, there exists gpa-open set U = {aj,as} in
M containing the point a; such that P(U) = P({a1,a2}) = {a1,a2} C
V. Therefore, P(U) C V. Hence, P is u.gpa-c.

Example 2.3. Let M = N = {ay,a2,a3},let 7 = {M, ¢, {a1},{a1,a2}},
be a topology on M, Then gpae — O(M) are : M, ¢,{a1},{az2},{a1, a2}
o ={N, ¢,{a1}} be a topology on N, then
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gpo— O(N) are : N, ¢,{a1},{a1,a2},{a1, a3}

Let P: M — N be an identity function and M = {as} € M.
Here gpa-open sets in N containing ag are :N, {a,as}

Let us consider V = N,

V=N= {al,ag,ag} — P({CLQ}) NV = {CLQ} N {al,ag,ag} = {ag} 75 10}
Now consider V' = {ay, a2}

V ={a1,a2} = P({az}) NV = {az} N{ar, a2} = {as} # ¢
gpa-open set containing {as} are: N, {a1, a2}, then

(i) {a2} N{ar, a2} = {az2} # ¢

(ii) {a2} NN ={az} N{a1,a2,a3} = {az} # ¢
Therefore P is a l.gpa-c.

Theorem 2.4. If M and N be any two topological spaces. Then for a
multifunction P : M — N the following properties are equivalent:

(i) P is u.gpa-c

(ii) for eachm € M, andV € O(N) such that m € PT (V) there exists
U € gpa — O(M,m) such that U C PT(V)

(iii) for each m € M and K € C(N) such that m € PT(N — K),
there exists gpa-closed set H in M such that m € M — H and
P (K)CH

(iv) for each V € O(N), P+ (V) is gpa-open
(v) for each K € C(N), P~(V) is gpa-closed

(vi) for each m € M and for each neighbourhood V of P(M), P*(V)
is gpa-neighbourhood of m

(vii) for each m € M and for each neighbourhood V of P(M), there
exists gpa-neighbourhood U of m such that P(U) CV

Proof. (i) — (ii): Follows from definition.

(1) — (i1i): Let m € M and K be a closed set in N with m € PT(N —

K ) from (i) there exists gpa-open set U containing m such that U C
PY(N —K). Take H = N — K, then H is gpa-closed with m = M — H.
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Also, U € PH(N — K) = M — P~(K), that is P~(K) C M —V = H.
(i13) — (i1): Let m € M and V € O(N) with m € P*(V), put K =
N — V where K € C(N) with m € P*(N — K). From (iii), there
exists gpa-closed set H such that m € M — H and P~ (K) C H. Let
U=M—H, then U € gpa — O(M,m) and also P~ (K) C H. Thus,
M—-P (N-K)CHandso M—HC P (N—K). Hence U C PT(V).
(i1) — (iv): Let V. € O(N) and m € P~ (V). From (ii), there exists
U € gpa — O(M,m) with U C P*(V). So P*(V)= |J U. We
meP+(V)
know that, arbitrary union of gpa-open sets is gpa-open [15] and so
PH(V) € gpa — O(M).
(iv) — (ii): Let m € M and V € O(N) with m € PT(V). From (iv),
PY(V) € gpa — O(M). Let U = P*(V) then U € gpa — O(M,m).
Hence, U € P* (V).
(iv) = (v): Let U € C(N) and so N — U = O(N). From (iv), PT(N —
U)egpa—OM),as P"(N-U)=M—P (U)andso M — P~ (U) €
gpa — O(M). Thus P~ (U) € gpa — O(M).
(v) — (vi):Let V€ O(N) and so N —V € C(N). But from (vi),
P~ (N —-V) € gpa — C(M), since P~(N —V) =M — P*(V) and so
M — PT(U) € gpa — C(M). Thus, P*(V) € gpa — O(M)
(tv) — (vi): Let m € M and V be a neighbourhood of P(m). Then,
there exists open set U in N such that P(m) C U C V, that is m €
PY(U) € PH(V). But from (iv), PT(U) € gpa — O(M) and so P*(V)
is gpa-neighbourhood of m.
(vi) — (vii): Let m € M and V' be a neighbourhood of P(m), from (vi),
P (V) is a gpa-neighbourhood of the point m € M. Put U = PT(V),
then U is a gpa-neighbourhood of m with P(U) C V.
(vii) — (7): Let m € M and V € O(N) with P(m) C V, then V is
a neighbourhood of P(m). By (vii), there exists gpa-neighbourhood
U of m such that P(U) C V. Thus there exists gpa-open set G with
m € G CU and so P(m) € P(G) C P(U) C V. Hence, P is u.gpa-c for
each point m € M. O

Theorem 2.5. The following properties are equivalent for a multifunc-
tion P: M — N :

(i) P is l.gpa-c.
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(ii) for each m € M,and V € O(N) with m € P~ (V) there exists
U € gpa — O(M) containing m such that U C P~ (V).

(iii) for each m € M and K € C(N) with m € P~ (N — K) there exists
H € gpa — C(M) such that m € M — H and P*(K) C H.

(iv) for each’ V€ O(N), P~ (V) € gpae — O(M).
(v) for each K € C(N), P*(K) € gpa — C(M).

Theorem 2.6. If a multifunction P : M — N is upper pre-continuous
and N is submazximal then P is u.gpa-c.

Proof. Let A € p— O(N). As N is submaximal, then A € O(N) [3].
Since, P is upper pre-continuous, PT(A) is pre-open in M and hence
Pt (A) is gpa-open in M. Thus, P is u.gpa-c. 0O

Theorem 2.7. A multifunction P : (M,7) — (N,0) is u.gpa-c if and
only if for each open set B in N, P~(B) is open in M.

Proof. Let B € O(N) and m € P*(B). Then by u.gpa-c, there exists
V € gpa — O(M) with P(V) C B, where P*(B) € O(M). Let P*(B)
is open and m € P~(B), then P (B)={m € B: P(M) C B}. Thus, P
is u.gpa-c. O

Theorem 2.8. A multifunction P : M — N is l.gpa-c if and only if
for each open set B in N, P~(B) is open in M.

Proof. Let B € O(N) and m € P (B) Then by l.gpa-c, there exists
V € gpa—O(M) with P(V)NB # ¢. Asv € V and so P~ (B) € O(M).
Suppose, P~ (B) is open and m € P~ (B). Then P~ (B)={m € M :
P(M)N B # ¢}. Hence, P is l.gpa-c. O

Theorem 2.9. The following statements are equivalent for a multifunc-
tion P: (M,7) — (N, o)

(i) P is u.gpa-c.
(ii) P(gpa — cl(B)) C cl(P(B)) for each B C M.
(iii) gpa — cl(PT(A)) C PTcl(A)) for each A C N.
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(iv) P~ (int(A)) C gpa —int(P~(A)) for each A C N.
(v) int(P(B)) C P(gpa — int(B)) for each B C M.

Proof. (i) — (i1): Let B C M, we have P(B) C cl(P(B)), where
cl(P(B)) is closed in N. As, P is u.gpa-c, B C P*cl(P(B)). From
Theorem 2.4, PTcl(P(B)) is gpa-closed in M. Thus gpa — cl(B) C
P*tcl(P(B))) and so P(gpa — cl(B)) C cl(P(B)).

(i) — (#i): Let A C N, so PT(A) ¢ M. From (i), P(gpa —
c(PT(A))) Cc(P(PT(A))) = cl(A), thus gpa — cl(PT(A)) C PTcl(A).
(iii) — (iv): Let A C N, Apply (iii) to N\ A then gpa—cl(PT(N\A)) C
PTcl(N\ A)) & gpa—cl(M\ P~ (A)) C PT(N\int(A) & M\ gpa —
int(P~(A)) C M\ P (int(A)) & P~ (int(A)) C gpa — int(P~(A)).
(tv) — (v): Let B C M, so P(B) C N. From (iv), P~ (int(P(A)) C
gpa — int(P~(P(A))) = gpa — int(A). Thus, int(P(A)) C P(gpa —
int(A)).

(v) = (i): Let m € M and A € O(N,P(m)). So, m € P*(A)
where P*(A) € M. From (v), we have int(P(P*(A))) C P(gpa —
int(PT(A))). Then, int(A) C P(gpa — int(PT(A))). As A is open,
A C P(gpa —int(P*(A))), that is PT(A) C gpa — int(PT(A)). Thus
Pt (A) € gpa—O(M,m) and P(P*(A)) C A. Hence P is u.gpa-c. [

Theorem 2.10. Let P : M — N be u.gpa-c. If N is closed subset of
Q, then P: M — Q is u.gpa-c.

Proof. Let A C C(Q) and so ANQ is closed in . Then AN Q is
gpa-closed. By u.gpa-c PY(AN Q) € gpa — C(M) with P(m) € N
for all m € M. Thus, PT(A) = PT(AN Q) is gpa-closed in M. From
Theorem 2.4, P: M — @ is u.gpa-c. O

Theorem 2.11. Let P : M — N be u.gpa-c and A € gpa — C(M).
Then P\ A: A— N is u.gpa-c.

Proof. Let B € C(N). As P is u.gpa-c then P*(B) € gpa — C(M).
As intersection of two gpa-closed sets is closed, then PT(B)N A = A,
where A; € gpa — C(M), and so (P \ A)T(B) = A; is gpa-closed in M.
Thus P\ A is u.gpa-c. O

Theorem 2.12. If P, : M — N, P, : N — @Q be two multifunctions.
Then Pyo Py : M — Q is u.gpa-c if Py is pre-irresolute and P; is
u.gpa-c.
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Proof. Let A € pcl(Q) and so Py (A) € pcl(N) as Py is pre-irresolute.
Hence P(A) € gpa — C(N), since Py is u.gpa-c. Then P (P (A)) €
gpa — C(M) and so Py o P; is u.gpa-c. O

Theorem 2.13. If P : M — N is u.gpa-c injective with N is T — space
then M is gpa — 17.

Proof. Let N be 17 space. Then for each mi,mgy € M such that
mi # my, there exist A, B € O(N) such that Pi(m1) € A, Pi(mgy) ¢ A
and Pi(my) ¢ B, Pi(mg2) € B. Since, P is u.gpa-c there exist U,V €
gpa — O(M) with my € U, miy ¢ V and mgo ¢ U, ma € V, that is
my € U,y mg € Vand P(U) C A, Pi(V) C B. Thus M is gpa — Tj.
O

Theorem 2.14. Let P : M — N is u.gpa-c injective and N is To. Then
M is gpa — T.

Proof. Let my, mo € M such that my % mgy. Then, there exist G, H €
O(N) such that P(m1) € G, P(mg2) € H. As P is u.gpa-c there exist
A, B € gpa — O(M) such that P(G) C A, P(H) C B with ANB = ¢
and so GN H = ¢. Hence M is gpa — T5. O

Theorem 2.15. For a multifunction P : M — N is u.gpa-c image of
gpa-connected space is gpa-connected.

Proof. Let P: M — N is u.gpa-c. Suppose N is not connected and
N = AUB with a partition of N, where A € O(N) and B € C(N). Since
P is u.gpa-c, PT(A), PT(B) € gpa — O(M) where PT(A)NP*(B) = ¢
and M = Pt (A)U P (B) is a partition of M, which contradicts that,
M is gpa-connected. Hence N must be connected. O

Definition 2.16. For a multifunction P : M — N, the graph multi-
function G, : M — M x N is defined as Gp(m) = {m} x P(m) holds
for everym e M.

Lemma 2.17. [12] For a multifunction P : M — N,
(i) GH(Ax B)= An P*(B)

(i) G, (A x B)=ANP~(B) for any subsets A C M and B C N.
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Theorem 2.18. Let P : M — N be a multifunction. If the graph
multifunction G, is u.gpa-c, then P is u.gpo-c, where G, : M — M x N
is defined as G,(m) = {m} x P(m).

Proof. Let m € M and V € O(N,P(m)), then M x V € O(M x N)
and Gp(m) C M x V As G), is u.gpa-c there exists U € gpa — O(M,m)
such that Gp(U) € M x V. Thus U € Gf (M x V), and by Lemma 2.17,
Gy(M xV)=MnPHV)=PHV)and so U C P"(V). Thus P is
u.gpa-c. O

Theorem 2.19. Let P : M — N be a multifunction. If the graph
multifunction Gy, is l.gpa-c then P is l.gpa-c.

Proof. Let m € M and V € O(N) with m € P~ (V). Then M x V
is open in M x N, and also, we have G,(m) N (M x V) = ({m}) x
Pm))N (M x V) ={m}) x P(m)NV # ¢. As G, is l.gpa-c, there
exists U € gpa — O(M, m) such that U € G, (M x V). From Lemma
217G, (M xV)=MnP~(V)=P (V)and so U C P~ (V). Thus P
is .gpa-c. O

Theorem 2.20. Let (M, 1), (N,0), (Q,n) be topological spaces and P; :
M — N and Py : N — Q be multifunctions. Let Py X Po: M — N x Q
be a multifunction defined by (P1 x Pay)(m) = Py(m) x Py(m) holds for
each m € M and (Py X P) is u.gpa-c, then P; and P» are u.gpa-c.

Proof. Let m € M and V C N and W C Q be open sets with m €
P (V) and m € Py (W) and so Pi(m) C V and Py(m) C W. Thus
(Pl XPQ)(m) = Pl(m) XPg(m) - VxW and som € (Pl XP2)+(VX W)
As Py x Py is u.gpa-c, there exists gpa-open set U containing m such
that U C (P; x P2)*(V x W), that is U C P;"(V) and U C Py (W).
Thus P, and P, are u.gpa-c. O

Theorem 2.21. Let P : M — N be compact multifunction. Then G,
s u.gpa-c if and only if P is u.gpa-c.

Proof. Suppose G, : M — N be u.gpa-c. Let m € M and V €
O(N, P(m)). Since, M x V is open in M x N and Gp(m) € M x N,
so there exists U € gpa — O(M,m) such that G,(U) C M x N. From
Lemma 2.17 U C G (M x V) = P*(V) and P(U) C V. Hence P is
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u.gpa-c.

Conversely, let P be u.gpa-c. Let m € M and W be any open set
in M x N containing Gp(m). Then for each n € P(m), there exist
U(n) € M and V(n) C N such that (m,n) € U(n) x V(n) C W. Then
the family {V(n);n € P(m)} is an open cover of P(m). As P(m) is
compact there exists finite number of points say ni, ns, ....... ng in P(m)
such that P(m) C {V(n;);i = 1,2,....k}. Let us put U = N{U(n;);i =
1,2....k} and V = U{V(n;);i = 1,2, ...k}, then U and V are open sets
in M and N respectively and {m} x P(m) C U xV C W. As P is
u.gpa-c there exists U € gpa — O(M,m) such that P(U;) C V. From
Lemma 217 UNU; CUNPH(V) = GF(U x V) € GF(W). Thus
UnU; € gpao — O(M,m) and Gp(UNV) € W. Thus G, is u.gpa-c.
U

3 Applications of Generalized pre a-Continuous
Multifunctions

Definition 3.1. [15] Let (M, 7) be a topological space. Then (M,T) is
said to be gpa-Ts space if for each m,n € M with m # n, there exist
disjoint gpa-open sets U and V' such that m € U and n € V.

Theorem 3.2. Let Py and P» be u.gpa-c and closed multifunctions from
a space M to a normal space N. Then the set A = {m : Pi(m)NPy(m) #
¢} is closed in M.

Proof. Let m € M — A. Then P;(m) N Py(m) = ¢. As P; and P, are
closed multifunctions and N is normal, there exist U,V € O(N) with
U NV = ¢ containing P;(m) and P»(m) respectively. As P; and P, are
u.gpa-c, the sets P (U) and Pyf (V) € O(m). Let W = P/ (U)N Py (V).
Then W € gpa — O(M, m) with W N A = ¢. Thus A is closed. O

Theorem 3.3. Let P : M — N be u.gpa-c and closed multifunction
from a space M to a normal space N with P(m) N P(n) = ¢, where
m,n € M with mNn=¢. Then M 1is gpa-T5.

Proof. Let m,n € M with m # n and so P(m) N P(n) = ¢. As N is
normal, there exist U € O(N, P(m)), V € O(N,P(n)) with UNV = ¢.
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So, PT(U) € gpae — O(N,m) and PT(V) € gpa — O(N,n). Thus, M is
gpa-Th. 0

Definition 3.4. The graph G(P) of the multifunction P : M — N
is gpa-closed with respect to M, if for each (m,n) ¢ G(P) there exist
U € gpa—O(M,m) and V € gpa — O(M,n) wirh (U x V)NG(P) = ¢.

Definition 3.5. A subset A of a space M is called a-paracompact [21]
if every open cover of A in M has a locally finite open refinement in M
which covers A.

Theorem 3.6. Let P : M — N be u.gpa-c and a-paracompact multi-
function into a Ta- space N. Then G(P) is gpa-closed with respect to
M.

Proof. Let mg,ng ¢ G(P). Then ng ¢ P(mg), holds for every n €
P(mg). Then there exist V,, € O(N,n) and W,, € O(N,ngy) with
Vo N Wy, = ¢. Then {V,, : n € P(mg)} is an open cover of P(myg).
Thus there is a locally finite open cover £ = {Us : 8 € A} of P(myg)
which refines {V,, : n € P(mg)}. Thus there exists an open neigh-
bourhood Wy of ng such that W; intersect only finitely many mem-
bers Ug,,Ug,, Uy, -.e..... U, of &, and there exist finitely many points
N1, M2, T3y eevveennn ni of P(mg) such that Us, C V() where 1 < k < .

7
Hence the set W = Wy N[ W(,,)] becomes an open neighbourhood
k=1

of mg such that W N (U€) — ¢. As P is u.gpa — ¢, there exists U €
gpo — O(M,myg) such that P(U) C U§. Thus (U x W) NG(P) = ¢ and
so G(P) is gpa-closed with respect to M. O

Definition 3.7. A topological space M is gpa-compact if every gpo-
open cover of M has a finite subcover.

Theorem 3.8. Let P : M — N be compact surjection, u.gpa-c. If M
18 gpa-compact Then N is compact.

Proof. Let £ be an open cover of N. If m € M, then P(m) € U¢
and so £ is an open cover of P(m). As P(m) is compact, there ex-
ists a finite subfamily &,y of § such that P(m) C U§, ) = Vi and
so Vp, is open set in N. Since P is u.gpa-c. P*(V,,) € gpa — O(M)
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and so A = {PT(V,;,) : m € M} is a gpa-open cover of M. By gpa-
compactness of M, there exist points mq, mg, ms, ......... my € M such
that M C U{PT(Vyy,) : m; € M,i =1,2,3,...n} and so N = P(M) =
PU{PT(Vy,) + i = 1,2,3,..m}) C U{Vin, + i = 1,2,3,...n} C
{&nmy) 1 =1,2,3,....n}. Hence N is compact. O

4 Upper (Lower) Generalized pre a-Irresolute
Multifunctions

Definition 4.1. A multifunction P : M — N is called a

(i) upper gpa-irresolute (briefly u.gpa-1) if for each m € M and each
V € gpa—O(N, P(m)), there ezists U € gpa— O(M, m) such that
PU)CV.

(ii) lower gpa-irresolute (briefly l.gpa-1) if for each m € M and each
gpa-open set V with P(m)NV # ¢, there exists U € gpa—O (M, m)
such that U C P~(V).

Theorem 4.2. For a multifunction P : M — N the following state-
ments are equivalent:

(i) P is u.gpa-I.

(ii) for each m € M, for each gpa-neighbourhood V' of P(m), PT (V)
s gpa-neighbourhood of m.

(iii) for each m € M, for each gpa-neighbourhood V of P(m),there
exists gpa-neighbourhood U of m with P(U) C V.

(iv) PY(V) € gpa — O(M) for each V € gpa — O(N).
(v) P~ (V) € gpa — C(M) for each V € gpa — C(N).
(vi) gpae — cl(P~(B)) C P~ (gpa — cl(B)) for each B C N.

Proof. (i) — (ii): Let m € M and W be a gpa-neighbourhood of
P(m). Then there exists V € gpa — O(N) with P(m) CV C W. As P
is u.gpa-1, there exists U € gpa — O(M, m) such that P(U) C V. Thus,



ON UPPER AND LOWER g¢gpa-CONTINUOUS MULTIFUNCTIONS13

m € U C PH(V) C PH(W) and so PT(W) is a gpa-neighbourhood of
m.

(19) — (4i7): Let m € M and V be a gpa-neighbourhood of P(m).
Let U = P*(V). Then by (ii), U is gpa-neighbourhood of m with
PU)CV.

(i1) — (iv): Let V € gpa — O(N) and m € P*(V). Then there
exists gpa-neighbourhood G of m with P(G) C V. Thus for some U €
gpa — O(M,m) with U C G and P(U) CV. So, m € U C PT(V) and
hence Pt (V) € gpa — O(N)

(iv) — (v): Let A € gpa — C(N), then M \ P~(A) = PT(N\K) €
gpae — O(M). Thus P~ (A) € gpa — C(N).

(v) — (vi): Let B C N. Since gpa — cl(B) is gpa-closed in N. So
P~ (gpa — cl(B)) is gpa-closed in M with P~(B)) C P~ (gpa — cl(B).
Thus gpa — cl(P~(B)) C P~ (gpa — cl(B)).

(vi) = (1): Letm € M and V € gpa—O(N) with P(m) C V. So P(m)N
(N\V) = ¢. Hence m ¢ P~ (N\V). From (vi) m € gpa—cl(P~(N\V))
and so there exists U € gpaw — O(M, m) such that UN P~ (N \ V) = ¢.
Thus P(U) CV and so P is u.gpa-I. O

Theorem 4.3. The following statements are equivalent for a multifunc-
tion P: M — N:

(i) P is l.gpa-1.

(ii) for each V. € gpa — O(N) and each m € P~(V), there exists
U € gpa — O(M,m) such that U C P~(V).

(ii) P~ (V) € gpa — O(M) for each V € gpa — O(N).
() PY(K) € gpa — C(M) for each K € gpac — C(N).
(v) for each A C M, P(gpa — cl(A)) C gpa — cl(P(A)).
(vi) gpaw — cl(PT(B)) C P*(gpa — cl(B)), for each B C N.
Proof. (i) — (ii): Follows from definition 4.1.
(i1) — (iii): Let V € gpa — O(N) with m € P~ (V). From (ii) there

exists U € gpaw — O(M,m) such that U € P~(V). Thus, m € U C
cl(int(U))Uint(cl(U)) C el(int(P~(U)))Uint(cl(P~(U))). So P~ (V) €
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gpa — O(M)

(i13) — (iv): Let K € gpae — C(N), then M \ PT(K) = P~ (N \ K) €
gpa — O(M) and so PT(K) € gpa — C(M).

(iv) — (v): Follows from the definition.

(v) — (vi): Follows from the definition.

(vi) = (i):Let m € M and V € gpa — O(N) with P(m) NV # ¢. So
P(m)N(N\V)=¢. Then P(m) ¢ N\V and m ¢ PT(N \ V). Since
N\V € gpa—C(N), and from (vi), m ¢ gpa—cl(PT(N\V)). So there
exists U € gpa—O(M,m) with UNP~(N\V)=Un(M\P~(V)) = ¢.
Thus U C M\ (M \ P~ (V)) =P (V), that is U C P~ (V). Hence P is
l.gpa-1. O

Lemma 4.4. Let P : M — N be a multifunction. Then (gpa —
c(P))~ (V)= P (V), for each V € gpa — O(N).

Proof. Let V € gpa — O(N) with m € (gpa — cl(P))~C(V). So
V N (gpa — cl(P))(m) # ¢, as V € gpa — O(N) and so V N P(m) # ¢.
Thus m € P~(V)

Conversely, let m € P~ (V). Then VNP (m) C (gpa—cl(P))(m)NV # ¢,
and som € (gpa—cl(P))~ (V). Thus (gpa—cl(P))~(V)=P~ (V). O

Lemma 4.5. Let A,B C M. Then
(i) If A € gpao — O(M) and B € M then AN B € gpa — O(B)
(i1) If A € gpa — O(B) and B € gpa — O(M) then A € gpae — O(M).

Theorem 4.6. Let P : M — N be a multifunction, andU € O(M). If P
is u.gpa-I(resp l.gpa—1I) then Py, : U — N is an u.gpa—I(respl.gpo—
I).

Proof. Let V € gpa — O(N), let m € U and m € P (V). As P
is l.gpa-1. there exists G € gpa — O(M,m) with G C P~ (V) and so
me GNU € gpao —OU) and GNU C Py, (V). Thus P, is l.gpa-1.
O

Similarlly, we can prove for u.gpa-I.

Theorem 4.7. Let {U; : i € A} be an open cover of M. A multifunction
P : M — N is u.gpa-I if and only if the restriction Plui :U; — N is
u.gpa-1 for each i € A.



ON UPPER AND LOWER gpa-CONTINUOUS MULTIFUNCTIONSI15

Proof. Suppose P is u.gpa-I. Let i € A, m € U; and V € gpa —
O(N, Py, (m)). As P is u.gpa-I and P(m) = Py, (m) there exists G €
gpo — O(M,m) with P(G) C V, put V.= GNU; then m € U € gpa —
O(U;,m) and Py, (U) = P(U) CV thus P, is ugpo — I. On the other
hand let m € M and V € gpo— O(N) containing P(m) thus there exists
i € A with m € U;, since Py, is u.gpa-I, and P(m) = P, (m) there
exists U € gpa—O(U;, m) with P, (U)CVandsoU € gpaZ—O(M,m)
with P(U) C V. Hence P is wgpol. O

Similarlly, we can prove for I.gpa-I.

Definition 4.8. A subset B of a space M is said to be a

(i) gpa-compact relative to M (gpa-Lindelof relative to M ) if every
cover of B by gpa-open sets of M has a finite (countable) subcover.

(ii) gpa-compact (gpa-Lindelof ). If M is gpa-compact(resp gpa-Lindelof)

relative to M.

Theorem 4.9. If P : M — N be u.gpa-I multifunction and P(m) is
gpa-compact relative to N for each m € M. If B is gpa-compact relative
to M, then P(B) is gpa-compact relative to N.

Proof. Let {V; : i € A} be a cover of P(B) by gpa-open sets in N.

Then for each m € B, there exists a finite subset A(m) € A with

Pim) € WV; : i € A(m)} and so P(m) C V(m) € gpa — O(N),

thus there exist finite number of points of B, m1,ma, ms, ....... my, with
k

B C U{V(my) :i=1,23,....k}. Thus P(B) ¢ P(U{Vitm;)}) C
i=1

k k k

UPViP)c UV(P)c U U V. Thus P(B) is gpa-compact

i=1 i=1 i=1icA(m;)

relative to V. 0

Corollary 4.10. Let P : M — N be a multifunction and u.gpa-I sur-
jective multifunction and P(B) is gpa-compact relative to N for each
m € M. If M is gpa-compact, then N is gpa-compact.

Theorem 4.11. If P : M — N be u.gpa-I and P(m) is gpa-Lindelof
relative to N for each m € M if B is gpa-Lindelof relative to M, then
P(B) is gpa-Lindelof relative to N.
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Definition 4.12. [15] A space M is said to be gpa-normal (briefly gpo-
N) if for any pair of distinct gpa-closed sets A and B in M there exists
disjoint open sets U and V in M such that ACU, BCV.

Theorem 4.13. The set of a point m of M at which a multifunction
P : M — N is not u.gpa-I(resp l.gpae — I) is identical with the union
of the gpa-frontiers of the upper(lower) inverse image of gpa-open sets
containing (respectively meeting) P(m).

Proof. Let m be a point of M at which P is not u.gpa — I then there
exists V € gpa — O(N) containing P(m) with U N (M \ P*(V)) # ¢ for
each U € gpa— O(M, m) then m € gpa—cl(M\ PT(V)) asm € PT(V)
then we have m € gpa—cl(PT(N)) and som € gpa—F,.(PT(B)). On the
other hand V' € gpa—O(N) containing P(m) and m € gpa—F, (P (B))
let P is u.gpa-I then there exists U € gpa — O(M, m) with P(U) C V,
thus m € U C gpa — int(PT(V)) which contradicts to the fact that
m € gpa — F.(P*T(V)). Hence P is not u.gpa-I. O

Similarlly we can prove the theorem related to [.gpa-I.

Theorem 4.14. Let P : M — N be an u.gpa— I injective multifunction
and point closed from a topological space M to gpa-normal space N, then
M is gpa — Th-space.

Proof. Let m,n € M with m # n then P(m) N P(n) = ¢ as P is
injective. By gpa-normality of N, there exist disjoint open sets U and
V containing P(m) and P(n) respectively. Thus there exist disjoint gpa-
open sets PT(U) and P*(V) containing m and n respectively such that
G C PT(U)and H C PT(V)and so GNH = ¢. So M is gpa— Ty-space.
(|

Definition 4.15. A multifunction P : M — N 1is said to have gpa-
closed graph if for each (m,n) ¢ G(P) there exist U € gpa — O(M,m)
and V € gpa — O(N,n) with (U x V)N G(P) = ¢.

Theorem 4.16. Let P : M — N be a multifunction from a space M
into gpa-compact space N if G(P) is gpa-closed. Then P is u.gpa-c.

Proof. Suppose P is not u.gpa-c then there exists non empty closed
subset B in N with P~ (B) is not gpa-closed in M. Let us assume that
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P~(B) # ¢ then there exists point mg € gpa — cl(P~(B) \ P~(B)),
thus for each point n € B we have (mq,ng) ¢ G(P), as P is gpa-closed
graph there exists gpa-open sets U(n) and V(n) containing my and n
respectively with (U(n) xV(n))NG(P) = ¢. Then {N\B}U{V(n) :n €
B} is a gpa-open cover of N and so it has a subcover {N\B}U{V(n;) :

n; € B,1 <i<k}putU = ﬂ U(n;) and V = U V(n;) then we can

verify that B C V and (U X V) ﬁ GP)=¢asUis gpa neighbourhood
of mpUNP (B)=¢and so ¢ # (U x B)NG(P) C (U xV)NG(P)
which is contradiction. Thus P is u.gpa-c. ([

Definition 4.17. Let A C M then P : M — A is called retracting
multifunction if m € P(m) for each m € A.

Theorem 4.18. Let P : M — M be a u.gpa — I multifunction of a
Ts-space M into itself if P(m) is a-paracompact for each m € M then
A={m:m € P(m)} is gpa-closed.

Proof. Let mgy € gpa — cl(A) \ A then my ¢ P(mg) as M is Ty for each
m € P(mg) there exist disjoint open sets U(m) and V(m) containing
mo and m respectively. Then {V(m) : m € P(my)} is an open cover
of P(mg) by a-paracompactness of P(mg). {V(m): m € P(mg)} has a
locally finite open refinement say W = {Wjp : 8 € I} covers P(mg). Thus
there exist open neighbourhood Uy and mg such that Uy interests only
finitely many members W3, , Wp, ...... Wpg, of Wy. Consider mq, ma....my
of P(mg) such that W3, C V(m;); where 1 < i < kand U = Uy N

k
() U(m;)) and so U is an open neighbourhood of my with UN(Wpg) = ¢
i=1
as P is u.gpa-I there is a G € gpa — O(M, mg) with G C PT(|J Wp)
Bel
then GNU is a gpa-nbd of my and (GNU)N A = ¢, which contradicts

that mg € gpa — cl(4). O
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5 Conclusion

In this present work, we have analyzed new weaker forms of new types

of continuous functions called upper gpa-continuous multifunctions and
lower gpa-continuous multifunctions. Established the properties and
preservation theorems of a upper gpa-continuous (resp. lowergpa-continuous)
multifunctions. Further, upper(lower) gpa-irresolute multifunctions are
studied here. There is a scope to study and extend these newly defined
concepts in topological spaces.
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