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1 Introduction

Quantum calculus has received more and more attention in recent decades.
The subject of ¢ -difference equations was first introduced by Jackson
in 1908 ([19], [20]). Other researchers have also studied the issue of g¢-

difference equations ([ ]7 [ ]7 [ ], [ ]7 [ ]7 [ ]a [ ]7 [ ]7 [ ]7 [ ]7 [

[31], [38], [11]). This topic has been developed by many researchers in

recent years and many new results have been obtained ([3], [12], |

[22], [26], [10]). Later, the study of quantum calculus was generalized
by researchers from one parameter to two parameters (p,q). The (p, q)-
calculus was presented by Chakrabarti and Jagannathan ([9]). The ex-

tension of studies of (p, g)-calculus was given in ([6], [7], [L0], [18], |

[24], [28], [35], [36]). Recently, Soontharanon and Sitthiwirattham have
acquired fractional operators (p, ¢)-difference and their properties ([37]).
One can find some recent studies on the boundary value problem for

(p, q)-difference equations in ([27], [29], [31], [32], [33], [39]).

In this article, motivated by several articles about the g¢-difference
and (p, q)-difference, we examine the rate of convergence of both cases.

In this way, we review the (p, ¢)-intgro problem

CDg,qy(t) = f(tv y(t)v q)zgi,qy(t))a te Tto(p,q)v
y(0) =1,

ry(12) + (5 + 1)°Dgu(12) + (k + 2)Z5 ey(12) = 0,

ky(p) + (K +1)°D3y(p) + (1 + 2)Z5 gy (p) = 0,

where Dy ,°Dy , are the Caputo fractional (p,q)—derivative of order

pq >

k
a,0and 0 < g < p < 1, Typq = {#to : k€ No} U {0}, a be-

longs to (2,3], o € (1,2], 0,{ € (0,1] and ng denotes the Riemann-
Liouville fractional (p, q)-integral of order ¢,  is a positive real number

and 9 = (Z4 R — —s% L 8)Y(=21)dp ¢S,
pat(t) = (TngSy) () SO0 0 Jo(t=as)g (L, )y (=1 )dp g
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Also, we investigate the g-version of the problem, that is,
CDgy(t) = f (ta y(t)> (I)gy(t)) , te Tto(q)a
y(0) =1,

ky(to) + (v + 1)°DZy(to) + (k + 2)Zy(to) =0,

ky(p) + (k + 1)°DTy(p) + (1 + 2)Zgy(p) = 0,

where Dy, D7 are the Caputo fractional g-derivative of order «,o,
0<q<1,teTyy ={t:tog", ke N}U{0}, a €(2,3],0€(1,2], (0

belong to (0, 1], ch denotes the Riemann-Liouville fractional g—integral

of order ¢ and ®fy(t) = (Z5¢y)(t) = Fql(g) f(f(t — qs)g;lﬁ(t, s)y(s)dgs.

2 Preliminaries

In this section, we recall some basic definitions, notations and results.

Definition 2.1. [37] Let 0 < ¢ < p < 1. The (p, ¢q)-analogue of the
power function (¢; — 02)27(1 with n € Ny is defined by

(c1 — ca)iy = 150 (c1p? — cag?),

(c1 = e2)g = 1,
where ¢1,c2 € R and Ny :={0,1,2,...}. For a real number ¥, we define

1 1= (2)(
(1 =) = ] Sr—raraiory: a#0.
Pt 1= ()G

9 _ 0
Definition 2.2. [37] For ¥ € N, we put [J], , = - P’ ), .
p—q

B

Definition 2.3. [37] We define (p, ¢)-Gamma and (p, ¢)-Beta functions

(1—2)(¥-1) wrp q(bl)rpq(b2)
by I, 4(¥) = 25— and By, ,(b1,b2) = 2 ’ :
Y Lpq(9) -5y pg(b1,02) =p T, (b1 + b)

where ¥ € R\ {0,—-1,-2,...}.
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We proposed the algorithm 1 for calculating the (p, ¢)-Gamma func-
tion. Also by definition of [¥], 4, the property T'p (04 1) = [9]pq'pq(?)
holds [37].

Definition 2.4. [37] The (p, ¢)- derivative of a function y : [0,%o] = R
is defined by
t) — t
y(ot) — ylat) L0,
Dpa)(t) =] -t
y (0) t=0.
provided that y is differentiable at 0. A map y is called (p, q)-differentiable

on Ty (g Whenever Dy y(t) exists for all t € Ty, 4. The (p,q)-
derivative of higher order of a function y, for all n > 1, is given by

(Dp u)(t) = Dp,q<Dg,Ely)(t);

(Dp.q¥)(t) = y(t).

Definition 2.5. [37] The (p, ¢)-integral of a function y defined on T,
is given by

P,q)

(Tpa)(t) = /0 y(5) dpgs = 10— 0) 3wt (t € Tootna):

j=0

pg+1 p]+1’

whenever the sum is absolutely convergent. Similar to (p, ¢)-derivatives,
we define the operator Jp’:‘q for all n > 1 by

(T () = Tpag(Tpig 9)(1),

(Tpq) (1) = y(2),
Remark 2.6. Note that, (D} ¢Jpqy)(t) = y(t), and if y, is continuous
at ¢ = 0, then (Jp,qDpey)(t) = y(t) — y(0).

Definition 2.7. [37] Let ¥ € Rt with n = [¢J] + 1. The Riemann-
Liouville (p, q)-integral of a function y defined on Ty, ) is given by

1

(1%/0 (t = q5)0y V(1) dpgs

9
p(Q)Fp,q p

jzfqy(t) =

whenever the integral exists.
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Definition 2.8. [37] The Caputo (p, ¢)-derivative of a function y defined
on Ty (pq) is given by

1 t s
DY y(t) = / t— s\ =9-Dpm), ( ° yq- o
pia¥(t) p(gﬁ)FP,q(n — o) Jo (t—as)pyq p.d y(pfﬂq) p,q5

We need next results.

Lemma 2.9. [77] Let 0 < g <p <1 andy: Typq — R be a map. If
n>1and ¥ € (n—1,n), then

(T2 Vy(t) = y(t) + co+ it + cat® + -+ eyt L.

Theorem 2.10. [16] Let { f;}jes be a collection in Cla,b] by sup norm,
then {f;}jer is relatively compact iff it is uniformly bounded and equi-
continuous on [a,b].

Theorem 2.11. [16] Suppose that a set C be closed and relatively com-
pact, then C is compact.

Theorem 2.12. [17] Let (X,| . ||) be a Banach space and S C X be

closed and convex. Then, any relatively compact operator A : X — X
has at least one fized point s* € S, that is, As* = s*.

3 Main Results

Now, we are ready to start providing our main results.

Lemma 3.1. Let g € C(Ty(pq),R) and A1,Q # 0.Then the following
(p, q)-fractional boundary value problem

CDS,qy(t) = g(t)’ te Tto(P,Q)’

ry(3) + (r+ 1)°DF oy () + (r + 2)T5 y(3) = 0,

ky(p) + (K +1)°D7 y(p) + (5 +2)Z; ;y(p) = 0, p € Try(p,q) — {0, 2},
(3)
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has the unique solution

L A LI Y
zw/o (t —qs)pgq g(poz—l)dpvq (4)

t [(—0221 + A1=s) t2 _ _
- = —(—OLE A=
A1|: N +1}+Q( 9Z1 + A1Es),

y(t) = —

where

e ),

Lpq(C+3)

¢ Fp7q(3)(t§0)2_0 Fp,q(?’)(%o)cw
Tt Lpe(C+3) )7
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and
_ K P s
o = _((1)7 (P_qs)pq g( —)dpgs (7)
P2/ Tpq(a) /0
—o—T
+(k+1)(— — / / qz)p,
( )( p(g)+(2 )qu P
x 1 s
X (F - QS)ZTQ(F)dnqup,qx)
1 P a+(—1 S
e 2) (g | o= 955 0l s
p\? I Tpgla+ Q)

Proof. To achieve the desired solution by using Lemma 2.9, at first we
take 77, from (3), then there exist constants ag, a1, az € R such that

1 t -1 S
y(t) = ———— / (t — q8)pg 9(——)dpgs + ag + art + at®. (8)
p(Q)Fp,q(a) 0 p
To apply boundary condition, we take the “Dy  and ICq of y. Thus,
—o=T
Dy y(t) =— — // (t—qx)pg —
¥ (1) p(g)Jr(2 )qu
T [pq(3)t7oF2
— —qs g dpg5dp qv + a2
(p o— )Pq (p ) P,q°~'p,9q Fp,q(?)*o')
and
¢ 1 t atc—1 s
Ip,qy(t) = - <a+<) ; (t—qs)pq Q(W)dp,qs
p\ I Tpg(a+Q)
te [, q(2)tctt L4 (3)tc+2
TN @m( o @m( e
P P/ Tpq(C+2) P/ Tpqe(C+3)
By using the boundary value condition, we get
ag = 0,
—1 [(=6281 + A1Es)
= _- = 9
ai AL 0 + =1 9)

1 — —_
= §(A1:2 — O25).



8 A. AHMADKHANLU AND L. KHOSHVAFGHTI AND SH. REZAPOUR

in which Ay, Ag,01,09,Q,=;,E9, are defined by (5)- (7). Now by sub-
stituting (9) in (8), we obtain (4). the proof is complete. [
Now, we investigate the problem by using the g-derivative.

Lemma 3.2. Let o € (2,3],0 € (1,2),¢ € (0,1) and  be a nonzero
real positive constant. Then the q-differential fractional problem

CDgy(t) + g(t) - 07 le Tto(q)v

y(0) =0,

ky(to) + (v + 1)°DZy(to) + (r + 2)Z5y(to) = 0,

ky(p) + (k+1)°DTy(p) + (5 + 2)Tgy(p) = 0,  p € Tyyq) — 10, to},

(10)
has the unique solution
0=~ | € 0957006 s (1)
Y L) Jo a9 !
¢ _@*E* —|—A =k . t2 *H*
where
( ¢+1
Le(2)ty
AF = | Ktg+ (k+2)=L20
Ly(3)p°° g(3)p°*¢
A5 = (kp?+ (k+1)=2 + (k+2
= (g ey
r,(3)t2° (3)t27¢ (12)
O =kt +(k+ 1)L _ 4 (k4 2) L0 ,
r (2)94“)
05 =% (kp+ (k+2)=2 ,
Q" = 0507 — Ay,
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==t | o= as)i o) (13)
e e AR O O
F Doy ) 0 a0 (o)),
and
=) = _FqIZa) /0 p(p — 45)257 g(s)dys + ag (14)

ot 1><—w}_0) /0 (0 — 4512 2g(5)dgs)

42 | = a0y,

Proof. The procedure is similar to the previous case. By taking Z¢'
from (10), we get

¢
/ (t— qs)?;lg(s)dqs + ag + ait + ast?. (15)
0

To use the boundary condition, we take “Dp , and Iqu from y. Hence,

1 t o1 T (3)t—0+2
‘Diy(t) = ————— [ (t— d S
210 Fq(a_g)/0< T
and
1 t at(—1
Ty(t) = ——— | (t— d
0 =g [ 0 a9 o)y
N t¢ N [, (2)tstt N [, (3)t6+2
ag ai as .
L(¢+1) La(C+2) Le(C+3)
Note that,
apg = 0,
_ 1 [(=O55T + A55) | .
RN [ o = (16)
1 —x% —%
ay = —(A1E5 — ©257),

Q*
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where A}, A3, ©7,05, QO =7, 55, are defined by (12)- (14). Now by sub-
stituting (16) in (15), we obtain (11). This completes the proof. [

Now, we investigate the existence and uniqueness of the solutions of
problems (1) and (2) by using the Banach fixed point theorem. Consider
the Banach space X' = {y : y € C(Tyy(p¢))} via the norm

lylle = _max {1y(t) [}

to(p,q)

Let o € (2,3], 0 € (1,2), 0€(0,1),0< g <p <1, kR Typq =
{Erto, b € No} U {0} and X = C(Tyy ), R)- Define B: X — X by

__; ¢ . Sa—l
B)) = 5 | 4= 0o

S S
x B [(]ﬂ_l)ay(w)a@;,qy(w))] dp,q$

B L (—@QE.lBy + AlE.QBy)
Aq Q

t2
+ ElBy:| + 5(—@2E1By + A1£2By)7

where 1B, and =3B, are defined by

S S
7)721(?),‘1’;,1124(2@)} dp.qS)

1 P ;)4% to —o—1, I a—1
e D [ [ G e G ek

s s
xB [(F%ZJ(F):‘?;,W(F))} dp,q8dp,q)

: / / FT e eyt
a < 5 Pa a—1 P
2)+(2)Fp,q(a)rp,q(<) 0 0 b P

S S

x B [(f)vy(pafl),fbquy(zﬁ)} dyas).
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S S
),y(ﬁ),ﬁ,qy(ﬁ)} dp,q8

1 L p_‘z_l —o—1 x a—1
+(k+1)(— (-0 (0~ q%)pq (ﬁ ~q8)pg
p(2 )+ )Fp,q(a)l—‘pyq(*g) 070 P
s
pafl

s
—):y( )aq)g,qy(F)} dp,q5dp,q)
¢-1

1 e R
(g)+(g)Fp,q(O¢)Fp,q(C)/0 /0 (p = a2l (p<*1 4s)ia

S S S

< B[ 0 () ).

Also, the constants Ay, Ag, ©1, O9,  are defined by (5).

Theorem 3.3. LetB : Ty (p ) XRXR = R and & : Ty (p.q) X Ty (p,q) — [0,00)
be continuous and §o = max{{(t,s) : (t,8) € T (p,q) X Tto(p,q)}- Assume that
the following conditions hold:

(H;) There exist constant 11,72 > 0 such that
| B[t, y1,y2] — Blt,v1,v2] <71 [y —v1 | +72 [ g2 —v2 |,
for allt € Ty q) and ys,v; € X (i =1,2),
(Hs) We have

oy to t0\2
where
£o(%2)e
(=11 — 7 d ,
l ' Lpqle+1)
B S (G S (0
! Fp,q(a+1> Fp,q(a_0+ 1) Fp,q(O“i‘C‘Fl)7
SO ) L Chs 0 S G 2)pte
Tpola+1) Tpgla—o+1) Tpglat+¢+1)

Then, the problem (1) has a unique solution in Ty, )
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Proof. For each t € Ty (, ) and y,v € X, we have

| @F,4y(t) — @5 4o(t) |

£o /t 0—1 s s
= —— | =g |y(5) —v(—7) [ dpgs
p<2>rpq<g> 0 P pe
€o(te)e
< - - grdy s =——-P" _|y—u].
<l v\/ 0 s =~y v
Put ICy(t) ::| B¢, y(t), @2 4y(t)] |- Then, we get
| 218y — E18, |
‘g t?o t() a—1 S
e [t K = K | ()
p\/Tp () Jo P p
1
U+ ) (7=
p(z) (a )Fp,q<a)rpq( o)
% pmo=1 to —g—1, X a—1
— —qx —— —qS)pg
/0 /0 (p 47)pgq (pa_l q8)p.g
1

S
X IRy = Ko | (Co=7)dpgsdp g + (E42)(=

pc T ¢—1 X a—1
/ / (2 gy — a9 | Ky = Ko | (o))
0

<(nly—vl+m| @ y—2%0])

N i o
Lpgla+1) Tpyla—o+1) Tpela+(+1)

&)(Lo)a
< —v|—m——=P |y—wv]|]|T
(My e Y

< T—Tﬂ Ti|ly—v|<lY1||y—v|
= 1 zfp,q(g+l) 11Y = 11|Y X -

x| —
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Similarly, we have | ZoB, — Z2B,, |< ({)Y2 || y — v ||x. Thus,

| (By)(t) = (Bv)(?) |

1 7 to -1 s
< [ K = K | (s
p/Tpq(a) Jo P p

-

D
+A1

0 ((_GQElBy + @QE.le)s;- (AlagBy — Alang) " (ElBy B Ele)>

t0)2

Q

O (4
Fp7q(04+1) + Al

—~

+

((A1E5B, — AE,B,) + (—0,51 B, + 0,5, B,))

) [l( | —~0,EB, + 0:5,B, |

<( )

+|A1E,B, — A E,B, | )+ | 2B, — 5B, | }

(Lo)?
+ =5 (| =©:51By + ©:51By [ + | AiZ:B, — M5B, |)
(O(=)  (9) [(—Oy()YTy + AL(H)Y
_( p _\p |:( 2() 1+ 1() 2) _~_(€)le|
Fp_’q(Oéﬁ*l) Al Q
(Lo)?
+ L2 0OV + A (O] [y —v [x<E |y —v ||lx

Q

Hence, || By—Bv ||[< £ || y —v ||¢c. By by using (Hz), we deduce that B
is a contraction and so by using the Banach fixed point theorem, B has
a fixed point which is a unique solution for the problem (1) on Ty (, ¢
O

Now, we prove the existence and uniqueness result for problem(2).
Consider the Banach space X' = {y : y € C(Ty,(,))} via the norm

Iyl = max {] (o) I}

to(q)

where a € (2,3], 0 € (1,2), 0 € (0,1), 0 < ¢ < 1, L € R, t € Ty,
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X = C(Ty(g), R). Define the operator B: X — & by

(By)(t) = — (A@—n@?ﬁﬂww®%¢%®ﬂ%s

Fg()
t ( 6*:* + Al_‘ ) t2 * =k —%*
- KT |: 19* 2 + -1 + E(—@Qley + Al.:.QBy)

where Z7B, and Z5B, are defined by

EiBy = (6)(—Fq(a)/00(to — )7 B [5,y(s), @2y(s)] dys)

+w+nenﬂimié%m—wﬁ“lﬁkm> y(s)] dgs)

+ (£ + 2)(_qul+g) /0 O(to - qs)(qHC_lIB% [s,y(s), ® 2y(s )] dgs),

1 P
Do | 0 a9 s [ y(s), 980()] ).

Theorem 3.4. Let B : Ty ) xRXR — R and &* : Ty () X Ty, (q) — [0, 00)
be continuous maps and {§ = max{{(t,s) : (t,5) € Ty X Tiq)}
Assume that the following conditions hold:

(Hi) There exist constant 71,75 > 0 such that
‘ ]B[tvylayQ] - ]B[t,UhUQ] |S Tl* | Y1 —u1 | +7—2* | Yz —v2 ‘7

for allt € Ty (g and y;,v; €C (i =1,2),
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(H2) We have

o t [(—e3rr 4+ ATTS) . 2 . .
0 _— M‘FTI +QT(,@2T’1‘+A1T2> <1,

= e ety ar o
q 1

where

() .y So(to)?

o= | gy

Yoo g (DT ("
Fyla+1) Tya—-0c+1) Tyla+¢+1)

Tyt (C+1)p*7  ((+2)p™

( Fgla+1) Dgla—o+1) Tyla+(+1)

Then, the problem (2) has a unique solution in T ().

Proof. For each ¢t € Ty, () and y,v € C, we have

&
Fq(@)

| D5y(t) — Pgo(t) [= — /O (t—g5)§ | y(s) — v(s) | dgs

* to =
<o lv=ol [t =gy
___&(to)*

—— |ly—v].
Lot |V
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Put Ky (t) := B[t,y(t), Pe(t)]. Then, we have

=18, ~ S8, = (O s [ (o= a7 1Ky — K | dy)
O [ "t — g =T Ky — Ky | (s)dgo)
Fy(a—0) Jy
D " (to— g2 Ky — Ko | (3)dys)
<t ly—v|+75 | 0y — v |
ltg C+0te™7 e+ 25t

TR TyacorD) Tyasct)

x(10)0
< ([ -meS ] 1y o) i< @iy

Similarly, we have | 25B, — Z5B, |< (¢*)Y5 || y — v ||x. Thus,

1 to a—1
[ (BO)O) = (Bo)(0) 1<~ s [ (00— a5 [ Ky = Ko | ()
Fq(a) 0
to [(—O321B, + A*E5B,)  _, . -
- AOT {( — yQ* 2 )+:1By] "‘in(Al:QBy_@z:lBy)

(é*)tg tO 1 kg k =k
= — = | oz ( | —O3EB ZiB,
*(rq(aﬂ) A;[Q*(' ©:=iB, + O:=IB, |

+| AIE;B, - A{E;B, | )+ | EiB, ~ ZiB, ||

2

t k= s’k Kk k%
+ Q*O*ﬂ -03=1B, + O3B, | + | ATE5B, — ATESB, |)

_ ) 0 T
N (Fp,q(a +1) Ay Q* T+
t(2) * (P * * [k * *
+ 8 Copri + AT Iy v e S vy
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Hence, || By —Bv |[|[< ¥* || y —v || x. By using (Hz), we conclude that B

is a contraction and so by using the Banach fixed point theorem, B has

a fixed point which is a unique solution of problem (2) on Ty (- O
Now we check some problems via at least one solution.

Theorem 3.5. Assume that (H;) and (Hz) in theorem 3.3 hold. Then,

the problem (1) has at least one solution on Ty q)-

Proof. We present the proof here in three steps.
1. We first show that the map B maps bounded sets into bounded sets of
={ye X ylla} < L. Set maxier, ,, | B(t,0,0) [= N. Now, put

to\o
()
L > qu(&‘f’l)

- <f>+N)( 0T+ A7) | T]+ (92T1+AT2))

Note that, | W(t,y,0) |=| B[t, y(t), 3 qy(t)] — B(¢,0,0) | + | B(t,0,0) |.
For each t € Ty (, 4 and y € S, we have

(2

—_ 1 %J t a—1
M%=@NH744*A(ﬁ—wmﬂW@%mwm@+wH)

X (== / /76 1 tﬂ*qrig_l(%*qs)%
p(2)+(2 )I‘ p

1 2 pcwfl to -1 x a—1
+ (0 +2)(—— n /0 /0 (E —q2)pq ( P q5)p,g
2

x | W(t,y,0) | dpqs))

o(2)
S(P‘”naiu>

|y | +N> Ty <[LL+ N]Yq ||y |[xa< [LL+ N Y.
(17)

Similarly, we have
E2By, < [LL+ N] Y. (18)

17
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By using the relations (17)-(18), we find

1 Toto e
B N — —4S8)pq IR R} p,qS
E0 =~ [T i | W0 |

to —_ —_ to \2
> —-0:5:B A152B (%) _
_ AL [( 2—1 ys;_ 1=2 y) +ElBy:| + ?2 (*@251By+A1:2By)
1
<( ()" % [(—e.EB, + AiE:B,) L=
- Fp q(a+1) A1 Q v
()
+ ?2 (—@251By+A152By)
- ) ti“[| —0,Z1B, + 0,5,B, |
- prq(a-f— 1) Aq Q

4| A1EBy — A1E:B, )+ | EiB, — 1B, | ]

(t2)?
+

(| —©2E:1By + ©221B, | + | A1E2By — A1E2By |)

Q
+ (%) (=271 + A1Y2)) ||y [lx< L.

Thus, || By ||x< L, where yield that B is uniformly bounded.

2. The operator B is continuous on Sy, because of the continuity of B.
3. We claim that B is equi-continuous on Sy,. For each arbitrary elements
t1,t9 € Tto(?#}) with 1 < to, we can write

1B |l

By)(ta) — (By)(t < — |5 =t
[ (Bta) = (Bu) (1) |< Lo 145 1|
to — 11 —GQElBy + AlagBy) _
— =B
Al 0 + =1 Y
t3 — 12 _ _
+ M(—@gley + Al.:QBy). (19)

Q
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Since the right-hand side of (19) tends to be zero when | to — ¢; |—
0 , B is relatively compact on Sp. This yield that B(Sy) is an equi-
continuous set. By using these steps and the Arzela-Ascoli theorem 2.10,
we conclude that B : X — X is completely continuous. Now by using
the Schauder fixed point theorem 2.12, we conclude that the problem (1)
has at least one solution. U

Here, we present the existence of a solution to (2).

Theorem 3.6. Assume that (H;) and (Hz) in theorem 3.4 hold. Then,
the problem (2) has at least one solution on Ty (4.

Proof. The process is similar to the previous theorem.
1. We first show that the map B maps bounded sets into bounded sets
of S ={ue X:||y[lx} < L*. Put maxeer, ., [ B(¢,0,0) |= N* and

_
= 7@**1‘* *T*
(1 —0* + N*) (AEF {(( 2 1Q+ L 2>)+T; +§(®;T;+A’{T;)

Note that, | W(t,y,0) |=| B[t,y(t), ®gy(t)] — B(#,0,0) | + | B(£,0,0) |.
For every t € Ty () and y € S}, we have

=iBy = O~y [, G095~ | W(t.0.0) | dyo)

Dy [t e W0 9

D g [ o= a9 W0) | dy)

< ([ -me ] 1y en)m

<L 4 NIT |y lle< (76 + NI T, (20)

Similarly, we have
=By, < [L*0F + N*| 5. (21)

19
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From (20)-(21), we find

1 ¢ a—1
(By)(#) = — / (t— 45)2=" | W(t,5,0) | dgs
Ty(a) Jo ! !
t [—O3=B, + ATES o t2 - T
—A,{[ 271 yQ 172 y+:QBy] +§(—@2:23y+A1:1By)

ty to [(—O3ZiB, + A1E5B,) .,
< __ =B
= (Fq(a+1) At [ Q =2y

t2 ) =k ) =k
+ #(_@2:1]311 + A1:2]3.71)

te to 11
< 0 7[7 o *E*B A*E*BU
_(7Fq(oz+1)+AT Q*(| 05E1B, + ATEIB, |

+ | AIESB, - A{E;B, )+ | 5B, ~ SiB, ||

< p P 2 1 1 2 L0*T*
_(I‘q(aJrl) +A’{ Qr * )
N (f0)?

qe [(FL70207) + (L*ACTY)] [ y fles L.

Thus, || By ||c< L* and so B is uniformly bounded.
2. The operator B is continuous on S7 because of the continuity of B.

We show that B is equi-continuous on Sg. For each t1,t2 € Ty (,) with
t1 < tg, we can write

1B |l

By)(ta) — (By)(t1) |< ————— | t§ — ¢
| By)(t2) = (By)t) |< gy |65 17|
_t2_t1 (_GEE{By‘FATE; y)+:*
Af Q* —
(t2_t2) Kk Kk
+ 25 (-O5EIBy + ATESB,). (22)
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Since the right-hand side of (22) tends to be zero when | to —t; |- 0, B
is relatively compact on S;. This shows that B(Sz) is equi-continuous.
By using the steps and the Arzela-Ascoli theorem 2.10, we conclude that
B: X — X is completely continuous. Now by using the Schauder fixed
point theorem 2.12, we find that problem (2) has at least one solution.
O

4 Examples

In this section, we provide some examples to illustrate our main results.

Example 4.1. Consider the problem defined below

1 e ™t [sint +ef | y(t) | e ™ 3(cost + 2)

1
“Dylay(t) = D ay(t ]
Psqy() 24\/%4-677”5 1+t3 1—|—|y(t) | + 1+t2 | quy( )|

for t € Ty (p,q), With the boundary value conditions

4 3
Ly(%0) + (0 +1)°Diqy(8) + (£ + 2)Lqy (%) = 0,

4 3
Cy(p) + (€4 1)°Djqy(p) + (£ +2)Lp4y(p) = O,

e_ls_t‘

where f(t’s) = S Tlﬁo(]?ﬂ)’ o=, 0= %7 ¢ = %7 0= %a

(t+3)2
t0:3,€:O.01,0<q<p§1,p:q—3t0 and k = 2. Note that,
p

et sint+et | y(t) |
B [t,y(t), P25 y(t)] = 24\/7 + et [ 1+13 14+ [ y(t) |

e ™ 3(cost +2) , 1
T | )|,

+
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By using (5)-(7), we get

1tl
p(2 )vaq(i +2)
Az = 0.01(p)? + (0.01 + 1)% +(0.01 +2) Tg,q(3)(p)4+2 7
o HORERe
[2]pq! (273 Dp(3) (242

©1 = 0.01(2)% + (0.01 + 1)

O2 = A%O.Ol(p) +(0.01 +2) Tpq(2)(p)

Q=010 — AjAy,

and for all £ € Ty (), 9, v ER,

| B [t,y(t),@iﬁqy(t)}—B [t,'u(t),q)quv(t)} |= 24[ | y—v | +8\f | (I)p qy( )— (I:'qu”(t) | .

Thus, the condition (H;) holds with 73 = 0.0235079 and 72 = 0.003511168
for all y,v € X. Also, we have

0.19245009(2)
¢ = {0.0235079 — 0.003511168 |
pals +1)
L 0.01(2)% (0.01+1)(§)%—% (0.01 +2)(2) 7+ |
pq(lfl+1) Fp’q(%—%—i-l) F (1?—’_%—’_1) ’
toel 0.01(p)7  (0.01+1)(p) 75  (0.01+2)(p)7 7 ‘
2 =| — - .
\ Fp,q(%*‘” Fp,q(% B % "’U qu(fl+ %4'1)

In the last section, the tables show us that

3

(
+\T2|] ‘p (92\T1\+A1|T2\)

se| @)1 j{eeﬂnummw
( Q]
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By using Theorem 3.3, this problem has a unique solution. Some con-
siderable numerical results presented in Tables 4, 5, 6, 8 and 11 about
this example. By comparing the Tables, it can be concluded that the

g-calculus is better than (p, ¢)-calculus.
Example 4.2. Consider the g-differential equation

u e ™t sint+e'  |Jy(t)| e ™ 3(cost+2), 1
cDA (t) = _ doy(t R
V)= e e 18 T [y 1+ 2 RO

for t € Tyy(g), with the boundary conditions

Cy(to) + (€ + 1)°Digy(to) + (€ + 2Td y(to) = 0,
ty(p) + (£ + 1)°Dy(p) + (£ + 2T y(p) = O,

—|s—t|

where £*(t,s) = ————, t€ 0,1, a =1 o=1¢=3%0=14
(t+3)2

0*=0.01,tg=3,0<q<1, p=tyg® k=2 and & = 0.19245009. Note

that,

et sint + et | y() |
Blt,y(t),® y(t)| =
[y, 2] = o Y T )

e ™ 3(cost +2) , 1
L2 (o) 1)

_l’_

For every t € T;,,y,v € R, we have
1 -3
B [t y(e), 240(8)] — B [t,0(0), @0(0).] I= 5y = |y v |+ | 9y(t) ~95u(t) |

Hence, (H;) holds with 77 = 0.0235079, 75 = 0.003511168 and all
y,v € X. By performing calculations similar to the previous steps, we
get >-F < 1 and so by using Theorem 3.3, this problem has a unique
solution. Some numerical results presented in Tables 1, 2, 3, 7 about
this example. By comparing the Tables, it can be concluded that the
g-calculus is better than (p, ¢)-calculus.

23
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5 Conclusion

The role and importance of generalization in learning and teaching math-
ematics are not hidden from anyone. In fact, the history of mathematics
is nothing but the recording of successive generalizations in mathemat-
ics. Sometimes the problem can be solved more easily by changing the
problem to a more general one and by generalizing it. But this is not
always the case and there are gaps in some generalizations. For this
reason, in this paper, we examined the generalization of g-calculus, ie
(p, q)-calculus. To achieve this goal, we examined the fractional differen-
tial equations in both modes with the Banach fixed point theorem, and
numerical result. By comparing the data from Tables 1-3 with 4-6, 7
with 8, and 9 with 10, it can be concluded that the rate of convergence
of the designed algorithms to the desired solution is higher in g-calculus
than in (p, g)-calculus. It can be clearly seen that as the value of p pa-
rameter gets closer to 1, the convergence rate of the algorithm increases.
And if p = 1, we actually have nothing but the g-calculus.
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1 function g = pgGammal (p,d, x,n)
2 d=1;
3 for k=1:n
4 g=(d.* (1-(q./p) .~ (k+1)) ./ (1-(q) .~ (x+k))) ./ (p—q) .~ (x-1);
5 end
6 end
Table 1: Some numerical results of Coefficients in Example 4.2 for different value
of q.
n | ) @ 9 @) & ) @) i 2N
q=06,p=1
1 7.5498 4.4032 27.9060 0.9551 —2.7243 —12.7158 —0.3997 0.0227 0.0365
2 7.2712  4.6050 27.9290 1.0527 —1.2348 —11.0704 —0.3564 0.0228 0.0014
3 7.1291  4.7154 27.9417 1.1025 —0.5546 —10.4074 —0.3389 0.0228 0.0554
4 7.0613 4.7784 279488 1.1298 —0.2250 —10.1053 —0.3309 0.0228 0.1176
5 7.0070 4.8365 27.9530 1.1453 —0.0608 —9.9600 —0.3270 0.0228 0.1778
6 6.9812 4.8493 27.9555 1.1544 0.0221 —9.8883 —0.3251 0.0228 0.2285
7 6.9660 4.8569 27.9569 1.1597  0.0643 —9.8525  —0.3241 0.0228 0.2668
8 6.9570 4.8615 27.9578 1.1628 0.0858 —9.8345  —0.3237 0.0228 0.2935
9 6.9516 4.8642 27.9583 1.1647  0.0967 —9.8255 —0.3234 0.0228 0.3112
10 6.9484 4.8659 27.9586 1.1658 0.1023 —9.8209 —0.3233 0.0228 0.3224
11 6.9465 4.8668 27.9588 1.1669 0.1052 —9.8186 —0.3232 0.0228 0.3294
12 6.9453 4.8674 27.9589 1.1672 0.1066 —9.8174  —0.3232 0.0228 0.3337
13 6.9446 4.8678 27.9590 1.1673 0.1074 —9.8168 —0.3232 0.0228 0.3363
14 6.9442 4.8680 27.9590 1.1674 0.1078 —9.8165 —0.3232 0.0228 0.3379
15 6.9440 4.8681 27.9591 1.1675 0.1080 —9.8164 —0.3232 0.0228 0.3388
16 6.9438 4.8682 27.9591 1.1675 0.1081 —9.8163 —0.3232 0.0228 0.3394
17 6.9437 4.8682 27.9591 1.1675 0.1081 —9.8162 —0.3232 0.0228 0.3398
18 6.9437 4.8683 27.9591 1.1675 0.1081 —9.8162 —0.3232 0.0228 0.3400
19 6.9436 4.8683 27.9591 1.1675 0.1082 —9.8162 —0.3232 0.0228 0.3401
22 6.9436 4.8683 27.9591 1.1675 0.1082 —9.8162 —0.3232 0.0228 0.3402
23 6.9436 4.8683 27.9591 1.1675 0.1082 —9.8162 —0.3232 0.0228 0.3403
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Table 2: Some numerical results of Coefficients in Example 4.2 for different value

of q.
n Ay A SIeh) O @ T Tio) K x
q¢q=07,p=1

1 6.2846  7.7973 264935 1.2550 —15.7206 —3.5550 —0.6320 0.0227 0.0679
2 6.0151 8.1856 26.7723 1.3972 —11.8317 —2.9676 —0.5407 0.0228 0.0306
3 58661 8.4196 26.9403 1.4752 —9.6467 —2.6912 —0.4979 0.0228 0.0915
4 57762 85682 27.0470 1.5223 —8.3179 —2.5384 —0.4742 0.0228 0.0997
5 57192 8.6655 27.1169 1.5522 —7.4698 —2.4463 —0.4599 0.0228 0.1056
21 56022 8.8733 27.2661 1.6135 —57166 —2.2681 —0.4323 0.0228 0.1190
22 56020 8.8701 27.2656 1.6135 —5.7150 —2.2679 —0.4323 0.0228 0.1191
23 56019 88712 27.2659 1.6136 —5.7138 —2.2678 —0.4322 0.0228 0.1191
2 56019 8.8730 27.2665 1.6136 —5.7121 —2.2676 —0.4322 0.0228 0.1191
27 56019 88733 27.2665 1.6137 —57118 —2.2676 —0.4322 0.0228 0.1191
31 56019 8.8739 27.2665 1.6137 —5.7113 —2.2676 —0.4322 0.0228 0.1191
32 56019 88739 27.2665 1.6137 —57113 —2.2675 —0.4322 0.0228 0.1191
33 56019 8.8739 27.2666 1.6137 —5.7113 —2.2675 —0.4322 0.0228 0.1191
34 56019 8.8739 27.2666 1.6137 —5.7112 —2.2675 —0.4322 0.0228 0.1191
35 56019 88739 27.2666 1.6137 —5.7112 —2.2675 —0.4322 0.0228 0.1191
36 56019 8.8739 27.2666 1.6137 —5.7112 —2.2675 —0.4322 0.0228 0.1191
37 56019 8.8740 27.2666 1.6137 —5.7112 —2.2675 —0.4322 0.0228 0.1191
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Table 3: Some numerical results of Coefficients in Example 4.2 for different value
of q.
n| AL Al S0 @) 1) ) T al 2N
¢q=09,p=1

1 2.9739  32.7752 40.7239 1.2095 —48.2147 —0.3615 —0.2499 0.0229 0.0126
2 2.8286 35.3934 43.6447 1.3564 —40.9141 —0.3069 —0.2132 0.0229 0.0155
3 2.7421 37.1229 45.5741 1.4439 —35.9891 —0.2798 —0.1950 0.0230 0.0196
4 2.6850 38.3447 46.9372 1.5017 —32.4667 —0.2636 —0.1842 0.0230 0.0244
5 2.6446  39.2493 47.9464 1.5017 —29.8374 —0.2529 —0.1770 0.0230 0.0297
56 24748 43.4962 52.6843 1.7143 —17.2848 —0.2137 —0.1506 0.0230 0.1241
57 24747  43.4963 52.6843 1.7144 —17.2846 —0.2136 —0.1506 0.0230 0.1242
77 24744  43.4962 52.6843 1.7147 —17.2848 —0.2136 —0.1506 0.0230 0.1247
78 24744  43.4963 52.6843 1.7147 —17.2846 —0.2136 —0.1505 0.0230 0.1247
83 24744  43.4962 52.6843 1.7147 —17.2848 —0.2136 —0.1505 0.0230 0.1247
84 24743 43.4963 52.6843 1.7148 —17.2846 —0.2136 —0.1505 0.0230 0.1247
91 24743 43.4968 52.6847 1.7148 —17.2831 —0.2136 —0.1505 0.0230 0.1247
92 2.4743 43.4968 52.6848 1.7148 —17.2830 —0.2136 —0.1505 0.0230 0.1248
95 2.4743 43.4968 52.6849 1.7148 —17.2830 —0.2136 —0.1505 0.0230 0.1248
96 2.4743  43.4969 52.6850 1.7148 —17.2829 —0.2136 —0.1505 0.0230 0.1248
97 24743  43.4969 52.6850 1.7148 —17.2829 —0.2136 —0.1505 0.0230 0.1248
98 2.4743  43.4969 52.6850 1.7148 —17.2828 —0.2136 —0.1505 0.0230 0.1248
102 24743  43.4969 52.6850 1.7148 —17.2828 —0.2136 —0.1505 0.0230 0.1248
103 2.4743 43.4970 52.6850 1.7148 —17.2828 —0.2136 —0.1505 0.0230 0.1248
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Table 4: Some numerical results of Coefficients in Example 4.1 for different value

of q.
n Aw A 9 O¢) Q Tw T2 K by
q=0.6,p=0.99
1 7AT37 5.9052 30.2633 1.0620 —7.4545 —7.0407 —0.5664 0.0228 0.0475
2 7.1980 6.1707 30.3748 1.1900 —4.7391 —5.9650 —0.4922 0.0228 0.0209
3 7.0573  6.3162 30.4358 1.2617 —3.3287 —5.4829 —0.4591 0.0228 0.0188
4 6.9803 6.3991 30.4706 1.3051 —2.5393 —5.2349 —0.4420 0.0228 0.0657
5 6.9365 6.4472 30.4908 1.3325 —2.0793 —5.0977 —0.4326 0.0228 0.1124
6 6.9109 6.4756 30.5027 1.3500 —1.8052 —5.0187 —0.4271 0.0228 0.1529
7 6.8959 4.8569 30.5098 1.3614 —1.6397 —4.9722 —0.4239 0.0228 0.1844
8 6.8870 6.4925 30.5140 1.3688 —1.5391 —4.9445 —0.4220 0.0228 0.2072
9 6.8817 6.5025 30.5166 1.3736 —1.4776 —4.9278 —0.4208 0.0228 0.2227
10 6.8785 6.5085 30.5190 1.3767 —1.4400 —4.9178 —0.4201 0.0228 0.2329
11 6.8766 6.5121 30.5195 1.3788 —1.4169 —4.9117 —0.4197 0.0228 0.2395
12 6.8754 6.5143 30.5198 1.3801 —1.4028 —4.9080 —0.4194 0.0228 0.2436
13 6.8748 6.5156 30.5200 1.3809 —1.3941 —4.9058 —0.4192 0.0228 0.2462
14 6.8743 6.5163 30.5201 1.3815 —1.3888 —4.9044 —0.4192 0.0228 0.2478
15 6.8741 6.5171 30.5202 1.3819 —1.3855 —4.9036 —0.4191 0.0228 0.2488
16 6.8740 6.5172 30.5203 1.3821 —1.3835 —4.9031 —0.4191 0.0228 0.2494
17 6.8739  6.5173 30.5203 1.3822 —1.3822 —4.9028 —0.4190 0.0228 0.2498
18 6.8738 6.5174 30.5203 1.3823 —1.3815 —4.9026 —0.4190 0.0228 0.2500
19 6.8738 6.5174 30.5203 1.3824 —1.3810 —4.9025 —0.4190 0.0228 0.2502
20 6.8738 6.5175 30.5203 1.3824 —1.3807 —4.9024 —0.4190 0.0228 0.2502
21 6.8738 6.5175 30.5203 1.3825 —1.3806 —4.9024 —0.4190 0.0228 0.2503
22 6.8737 6.5175 30.5203 1.3825 —1.3805 —4.9024 —0.4190 0.0228 0.2503
23 6.8737 6.5175 30.5203 1.3825 —1.3804 —4.9023 —0.4190 0.0228 0.2503
24 6.8737 6.5175 30.5203 1.3825 —1.3804 —4.9023 —0.4190 0.0228 0.2504
25 6.8737 6.5175 30.5203 1.3825 —1.3803 —4.9023 —0.4190 0.0228 0.2504
26 6.8737 6.5175 30.5203 1.3825 —1.3803 —4.9023 —0.4190 0.0228 0.2504
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Table 5: Some numerical results of Coefficients in Example 4.1 for different value
of q.
n Agy A ©q) O) 0 T T2 K 2
q=0.7,p=0.99

1 6.2361 8.3024 26.9852 1.2659 —17.6146 —3.3938 —0.6396 0.0228 0.0693
2 5.9686 8.7174 27.3016 1.4132 —13.4479 —2.8244 —0.5454 0.0228 0.0841
3 5.8208 8.9676 27.4924 1.4967 —11.0501 —2.5548 —0.5007 0.0228 0.0972
4 5.7317 9.1263 27.6134 1.5484  —9.5521 —2.4043 —0.4756 0.0228 0.1075
5 5.6751 9.2304 27.6928 1.5821 —8.5693 —2.3126 —0.4603 0.0228 0.1152
22 5.5589  9.4527 27.8623 1.6582 —6.3454 —2.1273 —0.4291 0.0228 0.1341
23 5.5588  9.4528 27.8624 1.6583 —6.3433 —2.1272  —0.4291 0.0228 0.1342
24 5.5588  9.4529 27.8625 1.6583 —6.3418 —2.1271  —0.4291 0.0228 0.1342
25 5.5587 9.4530 27.8626 1.6584 —6.3408 —2.1270 —0.4291 0.0228 0.1342
26 5.5587 9.4530 27.8626 1.6584 —6.3400 —2.1270 —0.4290 0.0228 0.1342
28 5.5587 9.4531 27.8626 1.6584 —6.3391 —2.1269 —0.4290 0.0228 0.1342
29 5.5587 9.4531 27.8627 1.6584 —6.3388 —2.1269 —0.4290 0.0228 0.1342
30 5.5587 9.4531 27.8627 1.6584 —6.3386  —2.1269 —0.4290 0.0228 0.1342
31 5.5587 9.4531 27.8627 1.6584 —6.3385 ~ —2.1268 —0.4290 0.0228 0.1342
32 5.5587 9.4531 27.8627 1.6584 —6.3384 —2.1268 —0.4290 0.0228 0.1342
33 5.5587 9.4532 27.8627 1.6584 —6.3383 —2.1268 —0.4290 0.0228 0.1342
36 5.5587 9.4532 27.8627 1.6584  —6.3382 —2.1268 —0.4290 0.0228 0.1342
37 5.5586 9.4532 27.8627 1.6584 —6.3381 —2.1268 —0.4290 0.0228 0.1342
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Table 6: Some numerical results of Coefficients in Example 4.1 for different value

of q.
n | Ap Ap) 9 O 0 T T2 K z
q=0.9,p=0.99
1 27988 37.6769 454170 1.0796 —17.6146 —0.3338 —0.2412 0.0229 0.0122
2 2.6622  40.7759 48.8551 1.2159 —13.4479 —0.2828 —0.2052 0.0229 0.0157
3 2.5808 42.8230 51.1262 1.2997 —11.0501 —0.2571 —0.1870 0.0229 0.0210
4 2.5271  44.2692 52.7307 1.3573  —9.5521 —0.2414 —0.1759 0.0229 0.0280
5 2.4891 45.3400 53.9187 1.3998 —8.5693 —0.2309 —0.1684 0.0229 0.0365
9 2.4089 47.7496 56.5919 1.6584 —6.3382 —0.2092 —0.1530 0.0229 0.0826

10 2.3977 48.1006 56.9814 1.6584 —6.3381 —0.2061 —0.1508 0.0230 0.0964

69 2.3291 50.3647 59.4929 1.6706 —6.3381 —0.1820 —0.1336 0.0230 0.4581
70 2.3291 50.3650 59.4933 1.6707 —6.3381 —0.1820 —0.1335 0.0230 0.4584

72 2.3291 50.3656  59.4939 1.6709 —6.3381 —0.1820 —0.1335 0.0230 0.4590
73 2.3290 50.3658 59.4942 1.6710 —6.3381 —0.1820 —0.1335 0.0230 0.4593

75 2.3290  50.3662 59.4947 1.6711 —6.3381 —0.1820 —0.1335 0.0230 0.4597
76 2.3290 50.3663 59.4949 1.6712 —6.3381 —0.1819 —0.1335 0.0230 0.4599

93 2.3290 50.3675 59.4963 1.6716 —6.3381 —0.1819 —0.1335 0.0230 0.4615
94 2.3290 50.3675 59.4964 1.6717 —6.3381 —0.1819 —0.1335 0.0230 0.4616

97 2.3290 50.3676  59.4964 1.6717 —6.3381 —0.1819 —0.1335 0.0230 0.4617
98 2.3290 50.3676  59.4965 1.6717 —6.3381 —0.1819 —0.1335 0.0230 0.4617
99 2.3290 50.3676  59.4965 1.6717 —6.3381 —0.1819 —0.1335 0.0230 0.4617
100 2.3290  50.3677  59.4965 1.6717 —6.3381 —0.1819 —-0.1335 0.0230 0.4617

107 2.3290 50.3677 59.4964 1.6717 —6.3381 —0.1819 —0.1335 0.0230 0.4618
108 2.3290  50.3677  59.4964 1.6717 —6.3381 —0.1819 —-0.1335 0.0230 0.4619
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Table 7: Some numerical results of Coefficients in Example 4.2 for different value
of q.
n A Be 90 O v T T K 2
q=019,p=1
1 11.8238 0.3046 38.0837 0.0351 —2.2634 —50.4305 —0.0337 0.0227 0.2129
2 11.7770 0.3072 38.0812 0.0360 —2.2482 —48.9596 —0.0328 0.0227 0.2144
3 11.7681 0.3077 38.0807 0.0361 —2.2453 —48.6899 —0.0326 0.0227 0.2146
4 11.7664 0.3078 38.0806 0.0362 —2.2448 —48.6390 —0.0326 0.0227 0.2147
5 11.7661 0.3078 38.0806 0.0362 —2.2446 —48.6293 —0.0326 0.0227 0.2147
6 11.7661 0.3078 38.0806 0.0362 —2.2446 —48.6275 —0.0326 0.0227 0.2147
7 11.7661 0.3078 38.0806 0.0362 —2.2446 —48.6272 —0.0326 0.0227 0.2147
8 11.7661 0.3078 38.0806 0.0362 —2.2446 —48.6271 —0.0326 0.0227 0.2147
9 11.7661 0.3078 38.0806 0.0362 —2.2446 —48.6271 —0.0326 0.0227 0.2147
10 11.7661 0.3078 38.0806 0.0362 —2.2446 —48.6271 —0.0326 0.0227 0.2147
q=02p=1
1 11.7229 0.3320 37.8055 0.0415 —2.3248 —48.5707 —0.0385 0.0227 0.1941
2 11.6703 0.3352 37.8015 0.0425 —2.3042 —47.0204 —0.0374 0.0227 0.1955
3 11.6598 0.3358 37.8007 0.0427 —2.3001 —46.7223 —0.0371 0.0227 0.1958
4 11.6577 0.3360 37.8006 0.0428 —2.2993 —46.6631 —0.0371 0.0227 0.1958
5 11.6573 0.3360 37.8005 0.0428 —2.2991 —46.6513 —0.0371 0.0227 0.1958
6 11.6572 0.3360 37.8005 0.0428 —2.2991 —46.6489 —0.0371 0.0227 0.1958
7 11.6572 0.3360 37.8005 0.0428 —2.2991 —46.6485 —0.0371 0.0227 0.1958
8 11.6572 0.3360 37.8005 0.0428 —2.2991 —46.6484 —0.0371 0.0227 0.1958
9 11.6572 0.3360 37.8005 0.0428 —2.2991 —46.6484 —0.0371 0.0227 0.1958
10 11.6572 0.3360 37.8005 0.0428 —2.2991 —46.6484 —0.0371 0.0227 0.1958
q=04,p=1
1 9.7192  1.3333 324596 0.3452 —1.7541 —21.3048 —0.2280 0.0227 0.3601
2 9.5231 1.3785 32.3953 0.3692 —1.1691 —19.2504 —0.2096 0.0227 0.6311
3 9.4489  1.3962 32.3701 0.3782 —0.9500 —18.5420 —0.2032 0.0227 0.8209
4 9.4198 1.4032 32.3602 0.3818 —0.8645 —18.2741 —0.2008 0.0227 0.9214
5 9.4083 1.4060 32.3562 0.3832 —0.8307 —18.1692 —0.1999 0.0227 0.9670
6 9.4037  1.4072 32.3546 0.3837 —0.8172 —18.1276 —0.1995 0.0227 0.9862
7 9.4019  1.4076 32.3540 0.3839 —0.8118 —18.1110 —0.1994 0.0227 0.9941
8 9.4012 1.4078 32.3537 0.3840 —0.8097 —18.1044 —0.1993 0.0227 0.9973
9 9.4009  1.4078 32.3536 0.3841 —0.8088 —18.1018 —0.1993 0.0227 0.9986
10 9.4008  1.4079 32.3536 0.3841 —0.8085 —18.1007 —0.1993 0.0227 0.9991
11 9.4007  1.4079 32.3535 0.3841 —0.8083 —18.1003 —0.1993 0.0227 0.9993
12 9.4007  1.4079 32.3535 0.3841 —0.8083 —18.1001 —0.1993 0.0227 0.9993
13 9.4007  1.4079 32.3535 0.3841 —0.8082 —18.1000 —0.1993 0.0227 0.9994
14 9.4007  1.4079 32.3535 0.3841 —0.8082 —18.1000 —0.1993 0.0227 0.9994
15 9.4007  1.4079 32.3535 0.3841 —0.8082 —18.1000 —0.1993 0.0227 0.9994
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Table 8: Some numerical results of Coefficients in Example 4.1 for different value

of q.
n | A A 9 O Q T T2 K b))
¢=0.19,p = 0.67
1 16.0990 0.5740  79.0227 0.0200 —7.6605 —35.1351 —0.0148 0.0227 0.2544
2 16.0353  0.5790  79.0318 0.0211 —7.6184 —33.0747 —0.0140 0.0227 0.2607
3 16.0232  0.5799  79.0335 0.0214 —7.6018 —32.5329 —0.0138 0.0227 0.2625
4 16.0210  0.5801  79.0338 0.0215 —7.5961 —32.3823 —0.0137 0.0227 0.2630
5 16.0205 0.5801  79.0339 0.0215 —7.5943  —32.3398 —0.0137 0.0227 0.2631
6 16.0204 0.5801  79.0339 0.0215 —7.5938 —32.3278 —0.0137 0.0227 0.2631
7 16.0204  0.5802  79.0339 0.0215 —7.5936 —32.3244 —0.0137 0.0227 0.2632
8 16.0204  0.5802  79.0339 0.0215 —7.5936 —32.3234 —0.0137 0.0227  0.2632
9 16.0204  0.5802  79.0339 0.0215 —7.5936 —32.3231 —0.0137 0.0227 0.2632
10 16.0204  0.5802  79.0339 0.0215 —7.5936 —32.3230 —0.0137 0.0227 0.2632
q=0.2,p=0.67
1 15.8590 1.5727 78.1094 0.2138 —33.0847 —35.1351 —0.1095 0.0227 0.0158
2 15.7878  1.5871  78.1188 0.2268 —30.9731 —33.0747 —0.1028 0.0227  0.0479
3 157737 1.5900  78.1206 0.2308 —30.3931 —32.5329 —0.1009 0.0227 0.0605
4 15.7708  1.5906  78.1210 0.2320 —30.2239 —32.3823 —0.1004 0.0227 0.0648
5 157703  1.5907  78.1211 0.2324 —30.1738 —32.3398 —0.1002 0.0227 0.0661
6 157702  1.5907  78.1211 0.2325 —30.1588 —32.3278 —0.1002 0.0227 0.0665
7 157701  1.5907 78.1211 0.2325 —30.1543 —32.3244 —0.1001 0.0227 0.0667
8 157701 1.5907  78.1211 0.2325 —30.1530 —32.3234 —0.1001 0.0227 0.0667
9 157701 1.5907  78.1211 0.2325 —30.1526 —32.3231 —0.1001 0.0227 0.0667
10 157701  1.5907  78.1211 0.2325 —30.1525 —32.3230 —0.1001 0.0227 0.0667
11 157701 1.5907  78.1211 0.2325 —30.1524 —32.3230 —0.1001 0.0227 0.0667
q=04,p=0.67
1 107739 10.1909 62.0035 1.1890 —36.0724 —8.0181 —0.6199 0.0227 0.1107
2 10.5568  10.4706 62.2349 1.3943 —23.7625 —6.6185 —0.5175 0.0227 0.1122
3 10.4746  10.5801 62.3255 1.5207 —16.0433 —5.9913 —0.4705 0.0228 0.0921
4 10.4425 10.6235 62.3615 1.5991 —11.2115 —5.6680 —0.4459 0.0228 0.0494
5 10.4297 10.6408 62.3758 1.6475 —8.2188  —5.4899  —0.4322 0.0228 0.0111
9 10.4215 10.6520 62.3851 1.7123 —4.1879  —5.2737 —0.4154 0.0228 0.2525
10 10.4213  10.6522 62.3852 1.7162 —3.9441  —5.2615 —0.4144 0.0228 0.2839
11 10.4213  10.6522 62.3853 1.7185 —3.7979  —5.2542 —0.4139 0.0228 0.3046
12 10.4213  10.6523 62.3853 1.7200 —3.7104  —5.2499  —0.4135 0.0228 0.3179
13 10.4213  10.6523 62.3853 1.7208 —3.6581  —5.2473 —0.4133 0.0228 0.3261
16 10.4213  10.6523 62.3853 1.7218 —3.5970  —5.2443  —0.4131 0.0228 0.3360
17 10.4213  10.6523 62.3853 1.7219 —3.5903  —5.2439  —0.4130 0.0228 0.3371
18 10.4213  10.6523 62.3853 1.7219 —3.5864  —5.2437 —0.4130 0.0228 0.3381
19 10.4213  10.6523 62.3853 1.7220 —3.5840  —5.2436 —0.4130 0.0228 0.3384
20 10.4213  10.6523 62.3853 1.7220 —3.5826  —5.2436 —0.4130 0.0228 0.3385
21 10.4213  10.6523 62.3853 1.7220 —3.5817  —5.2435 —0.4130 0.0228 0.3386
22 10.4213  10.6523 62.3853 1.7220 —3.5826  —5.2435 —0.4130 0.0228 0.3387
26 10.4213  10.6523 62.3853 1.7220 —3.5806  —5.2435 —0.4130 0.0228 0.3387
27 10.4213  10.6523 62.3853 1.7220 —3.5805  —5.2435 —0.4130 0.0228 0.3387
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Table 9: Some numerical results for calculation of T'p, with p = 1 and ¢ =
0.2,0.5,0.6,0.7,0.8,0.9 that is constant x = 2.5 and n =1, 2, ..., 92.
n] ¢=02 ¢=05 ¢=06 ¢=07 ¢g=08 ¢=09
p=1x=25
1 1.3465  2.3270  3.0381  4.3529  7.4253  19.4816
2 1.3874  2.5893  3.4449  5.0035  8.6105  22.6972
3 1.3955  2.7116  3.6611  5.3813  9.3376  24.7266
4 1.3971  2.7707  3.7822  5.6157  9.8190  26.1175
5 1.3975  2.7997  3.8519  5.7672 10.1541 27.1253
12 1.3975  2.8282 3.9501 6.0612 10.9983 30.1220
13 1.3975  2.8284  3.9512  6.0686 11.0359 30.3085
18 1.3975  2.8284  3.9527  6.0829 11.1340 30.9169
19 1.3975  2.8284  3.9528  6.0838 11.1434 30.9957
28 1.3975  2.8284  3.9528  6.0857 11.1754 31.3959
29 1.3975  2.8284  3.9528  6.0858 11.1764 31.4195
44 1.3975  2.8284  3.9528  6.0858 11.1802 31.5821
45 1.3975  2.8284  3.9528  6.0858 11.1803 31.5862
91 1.3975  2.8284  3.9528  6.0858 11.1803 31.6224
92 1.3975  2.8284  3.9528  6.0858 11.1803 31.6225

37
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Table 10: Some numerical results for calculation of T, 4 with p = 0.95 and ¢ =
0.2,0.5,0.6,0.7,0.8,0.9 that is constant x = 2.5 and n = 1,2, ..., 250.

n] ¢=02 ¢=05 ¢=06 ¢=07 ¢=08 ¢=09

p=0.95z=25

1 1.4766  2.6273  3.4863  5.1282  9.2364  29.7243

2 1.5263  2.9606 4.0159 6.0060 10.9431 35.4698

3 1.5368  3.1276  4.3213  6.5649 12.1048 39.5508

4 1.5390 3.2144  4.5070 6.9461 12.9633 42.7302

5 1.5395  3.2603  4.6232 7.2169 13.6317 45.3628

6 1.5396  3.2847  4.6970  7.4142 14.1704 47.6362
15 1.5396  3.3126  4.8270 7.9551 16.4436 61.5187
16 1.5396  3.3127  4.8279  7.9663 16.5529 62.6948
21 1.5396  3.3127  4.8293  7.9922 16.9100 67.9298
22 1.5396  3.3127  4.8295 7.9942 16.9543 68.8620
36 1.5396  3.3127  4.8295 7.9999 17.1866 78.7064
37 1.5396  3.3127  4.8295  8.0000 17.1907 79.2148
73 1.5396  3.3127  4.8295 8.0000 17.2131 80.1671
74 1.5396  3.3127  4.8295 8.0000 17.2132 80.6125
249 1.5396  3.3127  4.8295  8.0000 17.2132 89.4425
250 1.5396  3.3127  4.8295 8.0000 17.2132 89.4426

Table 11: numerical results for calculation of p(, 4.

p

p=1 p=099 p =067
¢=0.19 | 0.1083 - 0.36008419
7=02] 012 - 0.39898525

qg=04 0.48 — 1.59594099
q=0.6 1.08 1.11305896 —
q=0.7 1.47 1.51499692 —
qg=0.8 1.92 1.97877149 —
q=0.9 2.43 2.50438267 —




	1 Introduction
	2 Preliminaries
	3 Main Results
	4 Examples
	5 Conclusion
	References

