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Abstract. In this work, we apply an efficient method based on hybrid
functions for solving linear and non-linear systems of fractional order
differential equations (SFDEs). Here, we consider the fractional deriva-
tives in the Caputo sense. By using the present method, a system of
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FDEs is reduced to a system of algebraic equations which can be solved
by a proper numerical method. In convergence discussion of the method,
an upper bound of the error is obtained. To show the efficiency and the
accuracy of this method, some examples are simulated and then some
comparisons between the outputs with those of several other methods
are carried out.
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1 Introduction

Integer order differential and integral equations and their systems due to
the varied and widespread applications in physics, medicine, engineering,
biology, and other fields [32, 17, 10, 13, 15, 44, 3, 19] have always been
considered by researchers. But the problem is that the behavior of many
dynamical systems and consequently their mathematical models cannot
be described based on the differential and integral calculus of integer
order. Hence, fractional calculus (FC) as a generalization of classical
calculus has been noticed especially extensively by researchers [11, 37,

, 29, 7]. The significant role of FC in describing phenomena with
memory effects and hereditary properties in diverse fields [16, 21, 33,

, 42, 48, 141] has made it a powerful instrument in the mathematical
modeling of these phenomena.

Since that the exact solutions of FDEs and their systems are not
available in general, the numerical methods such as the homotopy per-
turbation method [2, 28], homotopy analysis method [9, 15], the residual
power series [5, 18], the Adomian decomposition method [39, 2], the
variational iteration method [19, 40], the differential transform method
[16, 206], spectral collocation method [27, 8] and some other methods
[1, 51, 1, 25] have been introduced to solve the fractional models.

In recent years, by using hybrid functions consisting of the combina-
tion of polynomials such as Legendre, Chebyshev, Lagrange, Bernoulli,
Bernstein, and Taylor or Fourier series with the Block-pulse functions
(BPFs), various numerical methods have been proposed for solving math-
ematical models of integer and fractional orders [0, 23, 22, 50, 38, 30,
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In this work, an attempt is made to solve the system of FDEs by
using the hybrid Legendre Block-pulse functions (HLBPFs). To do this,
we consider the general form of the system of FDEs as

tho‘ul = fl(t,ul,uQ, ...,un),

SD?UQ = f2(t,u1,u2, ...,un),

OCDf‘un = fu(t,ur,ug,y ... up),

where 0 < a < 1 and the initial conditions are u1(0) = A1, u2(0) = Az,
..., up(0) = A\p. In addition to the present section, this paper is divided
into four other sections. In Section 2, some FC concepts and some
definitions and properties of HLBPFs are reviewed. In Section 3, we
apply the hybrid Legendre Block-pulse functions method (HLBPM) to
construct approximate solutions for linear and non-linear systems of
FDEs. The error and convergence analysis of the method is studied in
Section 4. Finally, in Section 5, the applicability and effectiveness of the
method are illustrated by means of some examples.

2 Preliminaries and Definitions

In this section, some required concepts of FC and some definitions are
presented.

2.1 Fractional calculus

Although, there is not a uniform definition for the fractional derivative
and the fractional integral, and several definitions have been presented
by Griinwald-Letnikov, Riemann-Liouville, Hadamard, Erdélyi-Kober,
Caputo, and others, two common and accepted definitions which have
defined by Riemann-Liouville and Caputo are demonstrated as follows:

Definition 2.1. [13] The Riemann-Liouville fractional integral operator
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0Z{ for a function w € L'(a,b) is defined as
1 /t w(s)
d¢, a>0,
(0Zf'w)(t) = T(a) Jo (t—<)t
f), a=0,

where « is the order of operator and I'(.) denotes the well-known Gamma
function.

Definition 2.2. [13] The Caputo fractional derivative operator of order
a > 0 for t > 0 is defined as

(§ D)) = (T §Pfw)1) = s [ (= (0

where n — 1 < a < n € N. For any constant C' € R, it yields OCD?C = 0.

Property 2.3. The above-defined fractional operators satisfy the fol-
lowing properties:

(i) (§Df §D;%w)(t) = (§ DT 2w)(t),
(ii) (0T oZ?w)(t) = (0Zf2 0Z7 ' w)(t) = (0T T *2w)(t),

0, BeZ" and B <a,
(i) §Df7 =4 _T(B+D 5.4

_ , otherwise,
'g—a+1)

(iv) (VTP §Dw)(t) = w(t) — S Ew®(0), n—1<a<nel.

2.2 Hybrid functions
Definition 2.4. A P-set of BPFs b,(t) on the interval [0, 1) is defined

as )
p— p

1, ——<t<=,

by(t) = P - P

0, 0.W,

where p=1,2,..., P, is the order of BPFs. The set {b,(t)} has orthog-
onality and disjointness properties on [0, 1).
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Definition 2.5. [31] A PQ-set of HLBPF's ,,(t) on the interval [0, 1)
is defined as
p—1 p
L,2Pt—2p+1), - <i<
Ppgt) =4 ° P P
0, 0.W,

where L, is the well-known Legendre polynomial of order ¢ = 0,1,2, ..
@ — 1, which is obtained with the following formulas:

*)

llo(t) =1, lll(t) =1,
(0 + D Egsa(t) = (20 + DiLy(t) — gLy r(8), € [1,1]

Note that since the BPFs and Legendre polynomials are both orthogo-
nal and complete, then the set {¢pq(t)} forms an orthogonal complete
system in L2[0,1). We can expand a function w € L?[0,1) using the
basis functions {¢pq(t)} as [34]

w(t) = Z Z Cpg Ppq(t)-
p=1 q=0

Theorem 2.6. [31] Let Y be a finite dimensional subspace of a strictly
convex normed space ©. Then, for each w € © there exists a unique best
approrimation w € Y.

We let © = L?[0, 1) and consider the normed space © with the following

norm:
L :
HMQZWWP=<AMW%07

where (.,.) denotes the inner product.
Remark 2.7. Since O is a Hilbert space, it is also strictly convex.
Let

Y = span{10(t), - -, P1g-1)t); p20(t), - -, P20-1)t); - -, 0po(t), -,
©p-1)(t)}
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Since Y is a finite dimensional subspace of ©, using Theorem 2.6 we
have

,_a

P Q-
w(t) = w(t) = wpq(t Z Cpg Ppq(t CT‘I)(t) = @T(t)C, (2)
p=1 ¢=0

where
®(t) = [p10(t), -, Pr@-1) (1), ¥20(t), - - -, Pa0—1)(t); - - - spPO(E); - - -
epo-1n B,
and
C =[C10,C11,- -+ C1(Q=1)5C205 C215 - - , C2(Q—1)» - - + s CPOs CP1y -+ + 5 CP(Q_l)]T.

The hybrid coefficients c,, are obtained by

_ w®ep®) o p 0101

e (@pa(t), pq(t)) ’

2.3 Operational matrices

The integration of the vector ®(t) is approximated as [31]

¢

| #0dc=re0). 3)
0

where T, i.e. the operational matrix of integration is defined as

M S S ... S]

0O M S . S
T=10 0 M . S ’
|0 0 0 ... M|,

where § = PQ, 0 is the @ x @ zero matrix, and S and M have the
following forms:

10 0 0
I (U
g— 2100 0 0
Pl. . ’
0 0 0 0] o
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1 1 0 0 0 0 0 0 0 0
-+ 0 &+ 0 0 0 0 0 0 0
o -+ o0 Lt o0 0 0 0 0 0
o o -+ o 1 0 0 0 0 0
o 0 0 -1 0 0 0 0 0 0
M= >p : : N : : : :
0o 0 0 0 0 0 295 O 0 0
0 0 0 0 0 26;7 _01 2@177 (1) 0
o 0 0 0 O 0 35573 _01 3075 (3
o 0 0 0 O 0 0 353 _01 5073
| 0 0 0 0 0 ... 0 0 0 3537 O
We note that ®(t) can be approximated by using the BPF's as
(1) = Voxo B(1), (4)
where
o Upg = [®(11) ®(r2) ... ®(19)], where 7, = 251 for s =
1,2,...,60 are the collocation points.

o B(t) = [bi(t), ba(t), ..., by(t)]T, where b,(t) is the pth BPF.

To obtain the operational matrix of the fractional integration Y, , for
HLBPF's, we put

(Z%@)(t) =~ Tixp (1) (5)
Using Eq. (4), we can write
(Z9®)(t) = (I Toxo B)(t) = Yoxo (I B)(2). (6)
From Eqs. (5) and (6), we get
G0 ®(t) = Voo (Z*B)(t). (7)

Furthermore,
(Z°B)(t) ~ F*B(t), (8)

QxQ
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where F¢ has the following shape [30]:

Lo o fig—1]
1 0 1 i ... po—2
F& = 0 0 1 ... Ho—3
eI+ 2) - :
00 0 .. 1],,

where ps = (s +1)°H — 259t (s — 1)t s = 1,2,...,0 — 1. By
substituting Eq. (8) in Eq. (7), and considering Eq. (4), the following
relation is derived:

T9xoVoxo B(t) =~ Woxg F*B(1).
And finally, T§, 4 is obtained as

T@X@ ~ Wyyg F© ‘IIQXG

3 Method Implementation

In this section, we consider system (1) in which the fractional deriva-
tive operator gD? is in the Caputo sense. For solving this system by
the HLBPM, it is necessary that §Dfug(t) be approximated by the
HLBPFs. To do this, we put

SDuy(t) ~ UL ®(t), k=1,2,...,n, (9)

where Uy = [ug1,Ug2,--.,Urg)’ is the unknown vector.
If we apply the Riemann-Liouville fractional integral operator ¢Z{* de-
fined in Definition 2.1 to both sides of Eq. (9), then we get

(oZf* § Dfur)(t) = U (oI @) (t)-

By using item (iv) in property (2.3) and Eq. (5), we rewrite the last
equation as

ol 1,
) ~ Z u?(07) + UL 150 ®(1).

Q
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Particularly for 0 < o < 1, we have
un(t) = up(07) + UE Thp B(1).
If we expand the constant uy(0") in terms of the HLBPFs as
up,(0%) = Uf ) (t)
where Uy is defined as [34]

Q-1 Q-1 Q-1

—N—
Uk(o):[uk(0+) 0 0 ... 0 w0ty o 0 ... 0 ... wrOt) 0 0 ... O

then, we will have
ug(t) = (U ) + UL To)®(t) = UL, @(), k=1,2,...,n. (10)

Now, for implementation of the method, the system (1) is considered in
two forms. At first, we rewrite the system in linear form as follows:

CDt Ul = 5131 +Zy17" ur

CDt U2 = .%'2 + Z Y2, r Ur

(11)
n
6 D un(t) = Ta(t) + Y ynr () ur(t),
r=1

where the known functions z; and yg, for k,r = 1,2,...,n, can be

approximated by the HLBPFs as
a(t) = XT (1), (12)
Yk () = Y (1). (13)

For approximating the term yy, . (t) ux(t), we use Egs. (10) and (13), and
get

Yer (t) un(t) = (Y, @) (UL ,@(1)) = Y, ()87 () Up,a = Yarﬁk,a@((t%)
14
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where the evaluation procedure of ®()®7 (t) and matrix Uy, are given
in [34].

If we subtitute Egs. (9), (12) and (14) into Eq. (11), then by replacing ~
with =, we will have the following linear system of algebraic equations:

<U}§—X}{—ZY£T{J,€,Q> ®(t)=0, k=1,2...,n.  (15)

r=1

Now, before further details about this system, we also obtain a system
of algebraic equations for the non-linear form of system (1). Here, in
addition to the previously obtained approximations, we approximate
non-linear terms by the HLBPF's as

up(tyur(t) = (U, @(1) (U7, ®(t) = U ,@(1)®" () U0
= Uiaﬁna@(t), rk=12,...,n,
and
u(t) = ujp () un(t) = (U] o Ur,a®(6) (UL, (t)) = UL Uk,a®()® () Up,a
= Ui, Uz o @(1).
Likewise, we have ~
up(t) ~ UL, U (1),

where m is a positive integer number. By substituting the obtained
approximations in terms of the vector ®(t) into function fi, we can
write

fe(tur,ug, .. uy) :Fg’a@(t), k=1,2,...,n.

Hence, the non-linear system of algebraic equations associated with the
non-linear form of system (1) can be written as

(U{—F;ﬁa)@(t) =0, k=1,2,...,n. (16)
Now, we collocate systems of algebraic equations (15) and (16) at the
points t = 75, = 23251; s=1,2,...,0, and solve them by a proper numeri-
cal method such as Newton’s method. After obtaining the vectors Uy, for
k =1,2,...,n, the approximate solution of system (1) are determined

by using Eq. (2).
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4 FError Analysis

In current section, by using a Hilbert space called the Sobolev space as
well as the relevant norm, an upper bound of the error for the present
method is obtained.

Definition 4.1. [11] Let v > 0 be an integer and (a,b) be a bounded
real interval. The vector space of the functions v € L?(a,b) with the
following definition, is called the Sobolev space.

H"(a,b) = {v[ 0™ e L%(a,b), for0 < m < 'y}.

For the Sobolev space, the relevant norm is defined as

2l 2
ol = (Z Hv<m>uiz<a,b>>
m=0

Remark 4.2. Some properties of the Sobolev spaces are considered as
follows:

e H%a,b) = L?(a,b),
e ...H"(a,b) C H(a,b) C...C H'(a,b) C L*(a,b).

Lemma 4.3. [11] Let {Ly},=0 be the sequence of Legendre polynomials.
Also, assume that wy(t) = Z;}:O d;L;(t) be the best polynomial approz-
imation of degree J for w € L?>(—1,1). Then, for v > 1, there exists a
positive constant dg > 0 such that

3_
lw = Qrllpee(=1,1) < doJ 2wl gy (1,15
for all functions w in HY(—1,1).

Lemma 4.4. Let w € HY[0,1) and wpg be the approzimation of w
defined in Eq. (2). Then,

3_
fJow — wPQHLoo[o,l) < 0o(PQ)TY 12}%}(1) HWHHW(IPM

-1
where I, = [P5=, 5).

11
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Proof. It can be obviously concluded by using Lemma 4.3. 0
Before we express the following theorem, we apply operator ¢Z;* to both
sides of equations in system (1) and obtain

O:Z’;l OCDtaul = OItafl(t’ Uy, U2, . .. 7un)a
O:Z’;l OCDtOKU2 = OItafz(t’ Uy, U2, . .. 7un)a

(17)
OI? g’D?‘un = ()Iféfn(t,ULUQ, cee 7“”)'

Now, by considering Definitions 2.1, 2.2 and Property 2.3, system (17)
can be written as

t _ \a—1
w(®) - (o) = | (tlwii)11(<7U1(€),u2(<)7---»un(<))d§a

0
_ <)oz—l

ug(t) —uz(0+) :/0 (tl_‘(a)f2(§7ul(§)au2(§)""7un(§))d§’

t _ a—1
Un(t) — un(0F) = /0 (tr(z) Fals,ur (<), ua(s), . . ., un(<)) ds.
(18)

We represent the system (18) in matrix form as

v =00+ [ LI R i (19)
where

U(t) = [ul(t)v U’?(t)? .- 7un(t)]T7

and

fn(sU(S))
Theorem 4.5. Let U € H"[0,1) be the exact solution of Eq. (19),

A~

U(t) = Upg(t) be the approximate solution obtained by the HLBPM and
e(t) =U(t) — U(t) be the error term. Moreover, assume that
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(a) fr(s,U(s)), k=1,2,...,n be a continuous function for 0 <¢ <t <
1 and satisfies the Lipschitz condition

| fr(, US) = fe(s, W(9)| < Li [|U = W]|oo,
where L, >0, k=1,2,...,n, is Lipschitz constant.
(b) Ko ﬁsupf t—galdg
Then, there exists a positive constant § such that
lelloc = U = Ulloe < Kad [nax, [wr|| 7 (1)
Proof. Let u(t) = uppg)(t), ¥ = 1,2,...,n, be the approximate

solution of the system defined in Eq. (19), and ex(t) = ux(t) — ux(t) be
the error term. Then,

_ g)oa—l

¢
- t -
er(t) = up(t) — ur(t) = / kYl (fu(s, U(s)) = fr(s, U(s))) ds.
0 I'(a)
By considering assumptions a and b and 0 < ¢ < 1, we obtain

lex ()] < KoLi U — [~]||OO = KoLr max |Jug — tg||oo-
1<k<n

Let L = max L, then
1<k<n

llek|loo < KoL |ty — Uyl oo, re{l,2,...,n}. (20)

Now, by using Lemma 4.4 and Eq. (20), we have

leklloo < KoL llur—tyr]loc = KoL Hur—ﬁr”Lw[O,l) < Kad 12?5(13 ||UTHHW(IP)7

(21)
where § = Léo(PQ)%f :
If e(t) = U(t) — U(t), then using (21), we get

— — Ul < K6 .
lefloc = [[U = Ulloo < Ka lg;aSXPHuer(zp)

13
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5 Numerical Examples

In this section, the effectiveness of the present method is studied by ap-
plying the HLBPM on several examples of linear and non-linear systems
of FDEs. For all computations, a Matlab 2017a software package on a
laptop with core 15-3210M CPU Intel processor and 4GB RAM is used.

Example 5.1. As the first example, a linear system of FDEs is consid-
ered as [51, 1]
6 Difun(t) = ua(t) + ua(t), (22)
6 Diug(t) = —ua (t) + ua(t),

subject to the initial conditions u1(0) = 0, u2(0) = 1. For o = 1, the
exact solution of the system (22) is ui(t) = e'sin(t), uz(t) = e’ cos(t).
By taking P = 2, = 10, we apply the HLBPM for solving this system
when o = 1. Figure 1 shows the obtained absolute errors of u; and us.
Also, in Table 1 a comparison between the absolute errors of uw; and
ug obtained by the present method and the method in [51] is shown.
It is noted that the maximum absolute errors of u; and uy on [0, 1] by
Haar wavelet collocation method (HWCM) [1] are 4.03865E — 07 and
1.14139F — 07, respectively. It can be obtained from Figure 1 and the
tabulated data in Table 1 that the obtained numerical solutions by the
HLBPM are in high agreement with the exact solutions.

¢ HLBPM (P =2,Q =4) HLBPM (P =2, Q = 6) Method of [51] (M =3, k=4)
Cuy Cuy Cuy Cuy Cuy Cuy
0.1 2.22e-05 8.00e-05 3.86e-08 7.59e-09 5.09E-04 6.79E-05
0.2 6.95e-06 4.02e-05 1.38¢-08 4.59e-10 2.02E-04 7.59E-05
0.3 1.62e-05 5.00e-05 2.80e-08 1.03e-08 2.50E-04 2.85E-05
0.4 1.83e-05 7.51e-05 5.32e-08 1.62¢-08 2.16E-04 4.26E-05
0.5 4.07e-05 1.55e-04 1.54e-07 3.96e-08 8.34E-04 6.53E-04
0.6 9.78e-05 1.01e-04 3.40e-08 2.64e-08 5.48E-03 1.39E-04
0.7 3.53e-05 4.59¢-05 6.96e-09 4.86e-10 1.39E-03 3.69E-04
0.8 6.86e-05 6.54e-05 4.40e-08 4.81e-08 2.72E-03 7.74E-04
0.9 8.13e-05 8.96¢-05 7.62¢-08 7.68e-08 1.71E-03 7.66E-03
1.0 1.42e-04 1.52e-04 9.84e-08 9.04e-08 2.81E-03 1.43E-03

Table 1: Comparison between the absolute errors of u; and ug in Ex-
ample 5.1 for o = 1.

Also, for fractional derivatives, we take P = 2,() = 10 and use the
HLBPM for a; = 0.7+ 0.15;j = 0,1,2,3 on [0,1]. The obtained results
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—u

1(Exact) Y1(HLBPM)!

3 - ‘uz(Exam) u 2(HLEPM)|

Absolute error

0 0.1 02 03 0.4 0.5 0.6 07 08 08 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: The solution behavior of Example 5.1 for a; = 0.74-0.15; j =
0,1,2,3.

are shown in Figures 2a and 2b. In Figure 2, we see that when @ — 1, the
numerical solutions converge to the solutions of system (22) for a = 1,
which indicate that the presented method is practicable.

Example 5.2. Stiff systems are observed in the study of electrical cir-
cuit theory, ballistics, aerodynamics, chemical kinetics and other areas
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of applications. Here, we consider a non-linear stiff system of FDEs as

[18, 1]
§Duy (t) = —1002u; (t) + 1000u(t),

6 Dua(t) = ur(t) — uz(t) — u3(2),

where the initial conditions are u1(0) = 1, u2(0) = 1. When o =
1, the exact solution of the system (23) is uy(t) = e 2, us(t) = e ".
The absolute errors of u; and ug obtained by the HLBPM (for P =
4, @Q = 12) and the fractional residual power series method (FRPS) [15]
are shown in Table 2. In Table 3, we give a comparison between the
maximum absolute errors by HLBPM, FRPS [18] and HWCM [I] on
0,2].

(23)

Absolute error of u; Absolute error of us
Exact ui(t) HLBPM FRPS [15] | Exact up(t)  HLBPM FRPS [19]
0.2 0.670320046035 2.22e-16  0.00e+00 | 0.818730753077 0.00e+00  0.00e+00
0.4 0.449328964117 1.11e-16  5.55e-17 | 0.670320046035 0.00e-+00  0.00e+00
0.6 0.301194211912 2.22e-16  0.00e+00 | 0.548811636094 0.00e+00  0.00e+00
0.8 0.201896517994 1.94e-16 5.55e-16 0.449328964117 0.00e+00 5.55e-17
1.0 0.135335283236 1.67e-16 3.76e-14 0.367879441171  5.55e-17 5.55e-17
1.2 0.090717953289 2.50e-16 1.70e-12 0.301194211912 1.11e-16 0.00e+00
1.4 0.060810062625 2.08e-16 4.26e-11 0.246596963941  1.39e-16 1.39¢-16
1.6 0.040762203978 1.73e-16  6.93e-10 | 0.201896517994  8.33e-17 5.55e-16
1.8 0.027323722447 1.70e-16  8.09e-09 | 0.165298888221 8.33e-17  4.22e-15
2.0 0.018315638888 1.77e-16  7.28e-08 | 0.135335283236  5.55e-17 3.76e-14

Table 2: The numerical results of Example 5.2 for o = 1.

HLBPM FRPS [15] (HWCM) [1]
u;  2.50e-16  7.28¢-03 4.48¢-06
uy  1.39e-16  3.76e-14 1.37¢-06

Table 3: The maximum absolute errors of u; and ue for Example 5.2
for a = 1.

For fractional derivatives, the HLBPM (for P = 2, Q = 8) is used for
a; =0.7+0.15;5 = 0,1,2,3 on [0, 1]. The obtained results are shown in
Figures 3a and 3b. As the Example 5.1, we see that when o — 1, the
numerical solutions converge to the solutions of system (23) for a = 1.
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0 01 02 03 04 05 06 07 08 03 1
t

(b)

Figure 3: The solution behavior of Example 5.2 for oi; = 0.7+0.1j; j =
0,1,2,3.

Example 5.3. In this example, an other non-linear system of FDEs is
considered as [51, 1]

FDfun (1) = Sud(r), o
§Dfualt) = wi(t)ualt) — Sublt) +2

with the initial conditions u1(0) = 0, u2(0) = 0. When a = 1, the exact
solution of this system is u1(t) = 3, ua(t) = 2t. Here, we take P =
2, @ = 4 and apply the present method for solving system (24). Some
numerical results including a comparison between the absolute errors of
w1 and ug obtained by the HLBPM and the method in [51] are shown in
Table 4. Also, it is noted that the maximum absolute errors of u; and wuo
on [0, 1] by HWCM [1] are 7.10139FE —06 and 4.90903 E — 06, respectively.
It can be found from Figure 4 and Table 4 that the approximate solution
by HLBPM and the exact solution are in excellent agreement. Also,
Figures 5a and 5b show the solution behavior obtained by the present
method at the fractional orders a;; = 0.5+ 0.15;5 = 0,1,...,5 on [0,1]
which indicate that when o — 1, the numerical solutions converge to
the solutions of system (24) for a = 1.

Example 5.4. As the last example, we consider a variable coefficients

17



18 M. R. DOOSTDAR et al.

%10716
....... JR— =
— Uy exacy Yigrerm)| : : | : i P [
2 F |7 Moy Yagisem! i i l i l (NI !
: Co : it
i il ot
AR O
; | : I i !
| I n: 1 . S H
i AR R 2
15 - i il i R I VA
= . Sl . i 1
i il i [ I
g g HA! : Heqpe ot
5 - i | i
35 | i i i . i
| T i i
g . I
o i P i !
< h cl i i
i i | oo .
i ] | i
. ; . : I gl !
L Lot oy I . A I A | A
05 ol it i il - Lot !
ol [ i P! P! b !
S | [ | ! ! i i
ot T it i i! P L ;
VAT AR il i i il i !; i
L AN ! A L i ] L i! I A_I i\!‘ i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4: The absolute errors of u; and uy for & = 1 in Example 5.3.

Figure 5: The solution behavior of Example 5.3 for oi; = 0.5+0.1j; j =
0,1,2,3.
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. Exact HLBPM (P =2, Q = 4) Method of [51] (M = 3, k = 4)
Uy [ Cuy Cusy Cuy Cuy

0.2 0.008 04 156E-17  5.55E-17 419E-05 1.16E-06

04  0.064 0.8 416E-17  2.22E-16 8.52E-05 9.21E-06

06 0216 1.2 1.39E-16  4.44E-16 1.39E-04 3.03E-05

08 0512 1.6 L11E-16  2.22E-16 2.02E-04 6.69E-05

1.0 1.000 2.0 0.00E+00  2.22E-16 2.76E-04 1.14E-04

Table 4: Numerical results for Example 5.3 for o = 1.

system of FDEs as

6 Ditua (t) = tu (t),
6 Dua(t) = 2t ui(t),
SDuz(t) = 3t up (t)ua(t),

subject to the initial conditions u1(0) = 1, u2(0) = 1, uz(0) = 1. The
exact solutions of this system for o = 1 are given by u; (t) = ezt uy (t) =
e’ ug(t) = ezt

We apply the HLBPM (for P = 2, Q = 8) for solving this system and
report the obtained absolute errors for & = 1 in Table 5. The tabulated
results show that the approximate solutions are in a desired agreement
with the exact solutions. Also, to show the solution behavior for some
fractional orders, the reader is referred to Figures 6a, 6b and 6c.

(25)

Exact HLBPM Absolute error
uyl u usz uy u us Cuy Cugy Cuygz
0.1 1.005013 1.010050 1.015113 1.005013 1.010050 1.015113 2.63e-10 5.56e-09 3.61e-08
0.2 1.020201 1.040811 1.061837 1.020201 1.040811 1.061837 8.33e-11  1.98¢-09  1.40e-08
0.3 1.046028 1.094174 1.144537 1.046028 1.094174 1.144537 5.75e-12  4.12e-10 4.17e-09
0.4 1.083287 1.173511 1.271249 1.083287 1.173511 1.271249 1.80e-10  3.44e-09  2.05e-08
0.5 1.133148 1.284025 1.454991 1.133148 1.284025 1.454991 4.47e-10  9.04e-09  5.66e-08
0.6 1.197217 1.433329 1.716007 1.197217 1.433329 1.716006 1.29e-09  6.20e-08 7.71e-07
0.7 1.277621 1.632316 2.085482 1.277621 1.632316 2.085482 5.97e-10  3.07e-08 4.01e-07
0.8 1.377128 1.896481 2.611696 1.377128 1.896481 2.611696 2.90e-10 1.67e-08 2.35e-07
0.9 1.499303 2.247908  3.370294 1.499302 2.247908 3.370294 4.28¢-10  1.73e-08  1.82e-07
1.0 1.648721 2.718282 4.481689 1.648721 2.718282 4.481689 6.25e-11  4.91e-09  8.02e-08

Table 5: Numerical results of Example 5.4 for o = 1.
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Figure 6: The solution behavior of Example 5.4 for o;; = 0.4+0.2j; j =
0,1,2,3.



AN EFFICIENT NUMERICAL METHOD FOR SOLVING ...

Conclusion

In the present work, the hybrid Legendre Block-pulse method (HLBPM)
has been successfully used for solving both linear and non-linear systems
of fractional ordinary differential equations. By using this method, sys-
tems of FDEs were reduced to linear or non-linear systems of algebraic
equations which can be solved by a proper method such as Newton’s
method. Also, an upper bound of the error was obtained for the pro-
posed method. Finally, some numerical examples were simulated to
show the effectiveness of the method. It can be found from these exam-
ples that the obtained numerical solutions by the HLBPM are in high
agreement with the exact solutions. Also, for the fractional orders «
when o — 1, the obtained numerical solutions converge to the solu-
tion of systems for o = 1, which indicate that the presented method is
practicable.

Acknowledgements

The authors are grateful to the editor and the anonymous referees for the
valuable comments and suggestions, which have significantly improved
this paper.

References

[1] T. Abdeljawad, R. Amin, K. Shah, Q. Al-Mdallal, F. Jarad, Ef-
ficient sustainable algorithm for numerical solutions of systems of
fractional order differential equations by Haar wavelet collocation
method, Alex. Eng. J., 59 (2020) 2391-2400.

[2] O. Abdulaziz, I. Hashim, S. Momani, Solving systems of fractional
differential equations by homotopy perturbation method, Phys.
Lett. A., 372 (2008) 451-459.

[3] M. L. Abell, J. P. Braselton, Introductory Differential Equations,
Academic Press, London, fifth edition, 2018.

[4] N. Ahmadi, A. R. Vahidi, T. Allahviranloo, An efficient approach
based on radial basis functions for solving stochastic fractional dif-
ferential equations, Mathematical Sciences, 11 (2017) 113-118.

21



22

[5]

[11]

[12]

[13]

[14]

M. R. DOOSTDAR et al.

M. Alquran, Analytical solution of time-fractional two-component
evolutionary system of order 2 by residual power series method, J.
Appl. Anal. Comput., 5 (2015) 589-599.

B. Asady, M. Tavassoli Kajani, A. Hadi Vencheh, A. Heydari, Solv-
ing second kind integral equations with hybrid Fourier and block-
pulse functions, Appl. Math. Comput., 160 (2005) 517-522.

D. Baleanu, K. Diethelm, E. Scalas, J. J. Trojillo, Fractional Calcu-
lus Models and Numerical Methods, World Scientific, Berlin, 2012.

D. Baleanu, B. Shiri, H. Srivastava, M. Al Qurashi, A Chebyshev
spectral method based on operational matrix for fractional differ-
ential equations involving non-singular Mittag-Leffler kernel, Adv.
Differ. Eq., 2018 (2018) 1-23.

A. S. Bataineh, A. K. Alomari, M. Noorani, I. Hashim, R. Nazar,
Series solutions of systems of nonlinear fractional differential equa-
tions, Acta Applicandae Mathematicae, 105 (2009) 189-198.

M. Braun, Differential Equations and Their Applications: An In-
troduction to Applied Mathematics, Springer Science and Business
Media, New York, fourth edition, 1992.

C. Canuto, M. Y. Hussaini, A. Quarteroni, T. A. Zang, Spectral
Methods in Fluid Dynamics, Springer Verlag, Berlin Heidelberg,
1988.

W. C. Chen, Nonlinear dynamics and chaos in a fractional-order
financial system, Chaos Solitons Fract., 36 (2008) 1305-1314.

R. V. Culshaw, S. Ruan, A delay-differential equation model of HIV
infection of CD4" T cells, Math. Biosci., 165 (2000) 27-39.

S. A. David, C. Fischer, J. A. Tenreiro Machado, Fractional elec-
tronic circuit simulation of a nonlinear macroeconomic model, AEU
Int. J. Electron. Commun., 84 (2018) 210-220.

B. Dubey, B. Das, J. Hussain, A predator-prey interaction model
with self and cross diffusion, Ecol. Model., 141 (2001) 67-76.



[16]

[17]

18]

[19]

[21]

[22]

[24]

[25]

AN EFFICIENT NUMERICAL METHOD FOR SOLVING ...

V. S. Ertiirk, S. Momani, Solving systems of fractional differential
equations using differential transform method, J. Comput. Appl.
Math., 215 (2008) 142-151.

R. J. Field, R. M. Noyes, Oscillations in chemical systems. iv. limit
cycle behavior in a model of a real chemical reaction, J. Chem.
Phys., 60 (1974) 1877-1884.

A. Freihet, S. Hasan, M. Al-Smadi, M. Gaith, S. Momani, Con-
struction of fractional power series solutions to fractional stiff sys-
tem using residual functions algorithm, Adv. Differ. Eq., 95 (2019).

J. H. He, Approximate analytical solution for seepage flow with frac-
tional derivatives in porous media, Comput. Methods Appl. Mech.
Engrg., 167 (1998) 57-68.

E. Hesameddini, M. Shahbazi, Hybrid Bernstein block-pulse func-
tions for solving system of fractional integro-differential equations,
Int. J. Comput. Math., 95 (2018) 2287-2307.

R. Hilfer, Applications of Fractional Calculus in Physics, World
Scientific, Singapore, 2000.

S. M. Hoseini, H. R. Marzban, M. Razzaghi, Solution of
Volterra population model via block-pulse functions and Lagrange-
interpolating polynomials, Math. Meth. Appl. Sci., 32 (2009) 127
134.

C. H. Hsiao, Hybrid function method for solving Fredholm and
Volterra integral equations of the second kind, J. Comput. Appl.
Math., 230 (2009) 59-68.

H. Jafari, V. Daftardar-Gejji, Solving a system of nonlinear frac-
tional differential equations using Adomian decomposition, J. Com-
put. Appl. Math., 196 (2006) 644—651.

H. Jafari, M. A. Firoozjaee, S. J. Johnston, An effective approach
to solve a system fractional differential equations, Alex. Eng. J., 59
(2020) 3213-3219.

23



24

[26]

[27]

[28]

[29]

M. R. DOOSTDAR et al.

M. Kavyanpoor, S. Shokrollahi, Challenge on solutions of fractional
Van Der Pol oscillator by using the differential transform method,
Chaos Solitons Fract., 98 (2017) 44-45.

M. M. Khader, N. H. Sweilam, A. M. S. Mahdy, Two computa-
tional algorithms for the numerical solution for system of fractional
differential equations, Arab J. Math. Sci., 21 (2015) 39-52.

N. Khan, M. Jamli, A. Ara, N. U. Khan, On efficient method for sys-
tem of fractional equations, Adv. Differ. Equ., 2011 (2011) 303472.
https://doi.org/10.1155/2011/303472.

A. A. Kilbas, H. H. Srivastava, J. J. Trojillo, Theory and Appli-
cations of Fractional Differential Fquations, Elsevier, New York,
2006.

A. Kilicman, Z. A. Al Zhour, Kronecker operational matrices for
fractional calculus and some applications, Appl. Math. Comput.,
187 (2007) 250-265.

E. Kreyszig, Introductory Functional Analysis with Applications,
Wiley, New York, 1989.

A. J. Lotka, Elements of Physical Biology, William and Wilkins,
Baltimore, 1925, Reissued as Elements of Mathematical Biology,
Dover, New York, 1956.

R. L. Magin, Fractional calculus in bioengineering, Crit. Rev.
Biomed. Eng., 32 (2004) 1-104.

K. Maleknejad, B. Basirat, E. Hashemizadeh, Hybrid Legen-
dre polynomials and block-pulse functions approach for nonlinear
Volterra Fredholm integro-differential equations, Comput. Math.
Appl., 61 (2011) 2821-2828.

K. Maleknejad, L. Torkzadeh, Hybrid functions approach for the
fractional Riccati differential equation, Filomat, 30:9 (2016) 2453—
2463.



AN EFFICIENT NUMERICAL METHOD FOR SOLVING ...

[36] S. Mashayekhi, M. Razzaghi, Numerical solution of nonlinear frac-
tional integro-differential equations by hybrid functions, EFng. Anal.
Bound. Elem., 56 (2015) 81-89.

[37] K. S. Miller, B. Ross, An Introduction to the Fractional Calculus
and Fractional Differential Equations, Wiley-Interscience, US, 1993.

[38] F. Mirzaee, A. A. Hoseini, A computational method based on hy-
brid of block-pulse functions and Taylor series for solving two-
dimensional nonlinear integral equations, Alex. Eng. J., 53 (2014)
185-190.

[39] S. Momani, K. Al-Khaled, Numerical solutions for systems of frac-
tional differential equations by the decomposition method, Appl.
Math. Comput., 162 (2005) 1351-1365.

[40] Z. Odabit, S. Momani, Application of variation iteration method to
nonlinear differential equations of fractional order, Int. J. Nonlinear
Sci. Numer., 1 (2006) 15-27.

[41] K. B. Oldham, J. Spanier, The Fractional Calculus -Theory and
Applications of Differentiation and Integration to Arbitrary Order,
Academic Press, London, 1974.

[42] M. D. Ortigueira, Fractional Calculus for Scientists and Engineers,
Springer, Netherlands, 2011.

[43] 1. Podlubny, Fractional Differential Equations, Academic Press,
New York, 1999.

[44] M. Rahman, Integral Equations and Their Applications, WIT Press,
Southampton, 2007.

[45] A. Rani, M. Saeed, Q. Ul-Hassan, M. Ashraf, M. Khan, K. Ayub,
Solving system of differential equations of fractional order by ho-
motopy analysis method, J. Sci. Arts., 3 (2017) 457-468.

[46] Y. Rossikhin, M. Shitikova, Applications of fractional calculus to
dynamic problems of linear and nonlinear hereditary mechanics of
solids, Appl. Mech. Rev., 50 (1997) 15-67.

25



26

[47]

[48]

M. R. DOOSTDAR et al.

P. K. Sahu, S. Saha Ray, Hybrid Legendre block-pulse func-
tions for the numerical solutions of system of nonlinear Fredholm-

Hammerstein integral equations, Appl. Math. Comput., 270 (2015)
871-878.

H. G. Sun, Y. Zhang, W. Baleanu, W. Chen, Y. Q. Chen, A new
collection of real world applications of fractional calculus in sci-

ence and engineering, Commun. Nonlinear Sci. Numer. Simul., 64
(2018) 213-231.

A. R. Vahidi, E. Babolian, Z. Azimzadeh, An improvement to the
homotopy perturbation method for solving nonlinear duffings equa-
tions, Bull. Malaysian Math. Sci. Soc., 41 (2018) 1105-1117.

X. T. Wang, Y. M. Li, Numerical solutions of integro differential
systems by hybrid of general block-pulse functions and the second
Chebyshev polynomials, Appl. Math. Comput., 209 (2009) 266-272.

J. Wang, T. Z. Xu, Y. Q. Wei, J. Q. Xie, Numerical solu-
tions for systems of fractional order differential equations with
Bernoulli wavelets, International Journal of Computer Mathemat-
ics, 96 (2019) 317-336.

Mohammad Reza Doostdar
Department of Mathematics

Ph.D. in Mathematics

Zarandieh Branch, Islamic Azad University
Zarandieh, Iran

E-mail: mrdoostdar@yahoo.com

Tayebe Damercheli

Department of Mathematics

Assistant Professor of Mathematics

Yadegar-e-Imam Khomeini (RAH) Shahre Rey Branch, Islamic Azad Univer-

sity

Tehran, Iran
E-mail: tdamercheli@gmail.com



AN EFFICIENT NUMERICAL METHOD FOR SOLVING ...

Alireza Vahidi

Department of Mathematics

Associate Professor of Mathematics

Yadegar-e-Imam Khomeini (RAH) Shahre Rey Branch, Islamic Azad Univer-
sity

Tehran, Iran

E-mail: alrevahidi@yahoo.com

Esmail Babolian

Faculty of Mathematical Sciences and Computer
Full Professor of Mathematics

Kharazmi University

50 Taleghani Avenue, Tehran, 1561836314, Iran
E-mail: babolian@khu.ac.ir

Zahra Azimzadeh

Department of Mathematics

Assistant Professor of Mathematics

Yadegar-e-Imam Khomeini (RAH) Shahre Rey Branch, Islamic Azad Univer-
sity

Tehran, Iran

E-mail: z.azimzadeh@yahoo.com

27



	1 Introduction
	2 Preliminaries and Definitions
	2.1 Fractional calculus
	2.2 Hybrid functions
	2.3 Operational matrices

	3 Method Implementation
	4 Error Analysis
	5 Numerical Examples
	References

