Journal of Mathematical Extension

Vol. 15, SI-NTFCA, (2021) (32)1-23

URL: https://doi.org/10.30495/JME.S1.2021.2252
ISSN: 1735-8299

Original Research Paper

Existence And Uniqueness of Solutions of a
Terminal Value Problem For Fractional-Order
Differential Equations

M. Derhab*
University Abou-Bekr Belkaid Tlemcen

M. S. Imakhlaf
University Abou-Bekr Belkaid Tlemcen

Abstract. By using Banach’s and Schauder’s fixed point theorems, we
study the existence and uniqueness of solutions of a terminal value prob-
lem for a class of fractional differential equations involving the modified
fractional Liouville derivative. We also give some examples illustrating
the application of our results.

AMS Subject Classification: 39A60; 34B18; 34B40

Keywords and Phrases: Modified fractional Liouville integral; mod-
ified fractional Liouville derivative; terminal value problem; Banach’s
fixed point theorem, Schauder.

Received: December 2021; Published: March 2022
*Corresponding Author



M. DERHAB AND M. S. IMAKHLAF

1 Introduction

The objective of this article is to give some results about existence and
uniqueness of solutions for the following problem

D% (z) = f(z,u(x)), z € [1,400),
{ lim 2% 'u(z) = a, (1)
r—r+00

2 i —l—oo(:C )a u(t) §
rl—a)de 3 t2(t — x)
ified fractional Liouville derivative of order o with 0 < o < 1, f :
[1,+00) x R — R is continuous and a € R.

Fractional differential equations have great application in many sci-
entific areas, such as viscoelasticity, electrical circuits, electroanalytical
chemistry, biology, control theory, electromagnetic theory, biomedical
problems and so on (see [2], [19], [22], [23], [25] and the references cited
in [2]).

Differential equations have been studied by several authors using the
Leray-Schauder fixed point theorem, the coincidence degree theory of
Mawhin, fixed point theorems, the method of upper and lower solutions,
the method of upper and lower solutions coupled with monotone iterative
technique and numerical methods (see [1], [3], [5], [06], [1 1], [12], [13], [15],

[16], [20], [21], [24], [29] and [31]).
In [18], A. A. Kilbas and N. V. Kniaziuk studied the problem

{ DEU(:I}) :J?(x7u($))7 S [17+OO)7

where D%u (xz) = — dt is the mod-

lim (Jlfau) (x) =a, (2)

T—>+00

-« too U (t) . . . .
where (J17%) (z) = [ (xt)o‘mdt is the modified Liouville
x

fractional Integral of order 1 — a, f : [1,+00) x O — R, with O is an
open subset of R and a € C. By using Banach’s fixed point theorem, A.
A. Kilbas and N. V. Kniaziuk proved the uniqueness of solutions for the
problem (2) if the function f is such that f (z,y) € £ (1;+00) for any
y € O, and globally Lipschitz with respect to the second variable. The
objective of this paper is to prove the existence of a unique solution for
the terminal value problem (1) by using Banach’s fixed point theorem,
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but the method of our proof is different to that used in [18]. Furthermore,
under some assumptions on f, we prove the existence of solutions for
the problem (1) by using Schauder’s fixed-point theorem.

This paper is organized as follows: in Section 2, we give some defini-
tions and preliminary results that will be used in the remainder of this
paper. In Section 3, we state and prove our main results. In Section 4,
we give two examples and, lastly, in Section 5, we give a conclusion.

2 Preliminaries

2.1 Modified Liouville fractional integrals and derivatives
on infinite intervals

Definition 2.1. (//8]). For o > 0, the modified Liouville fractional
Integral of order o of a function g is defined by

400
J%g () = F(la) /(xt)l_aﬁ(tg_(g)ladt, for all x € [1,4+00) .

xT

Property 1. Foralla >0, 8 <1—a and x > 1, we have

“+o00

ozlﬁ - = T 11—«
- T (a) /( 2 12 (t—x)l‘adt

_ F(_6+1) xﬁfa
rp—-—a+1l) '

Notation 1 (See [18, Page 71]). For all ¢ > 0, we note £ (c;+00) the
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following space

“+o00

u(z)|
£(C§ +OO) =3yu: ||u||£(c;+oo) - / ‘ ) dr < o0

c

We have the following results.

Lemma 2.2 (See [18, Lemma 2 page 70]). For all « > 0, § > 0 and
g € £ (1;4+00), we have

JeJP g = Jothyg.

Lemma 2.3 (See [18, Lemma 1 page 70]). If o > 0, then the he modified
Liouville fractional integral is bounded from £ (¢;+00) to £ (¢; +00) and

we have
o 1
}|J_9H£(c;+oo) < aoT (a T 1) HgH£(c;+oo) .

Notation 2. We note C' (1;+00) the following space

C(1;400) = {u € C([1,400),R), lim z* tu(z) = a} .

T—+00
Note that (C (1;400), ||.||,) is a Banach space, where

lullg =" sup |&* tu(x)|.
z€[1,+00)

Remark 2.4. It is not difficult to prove that if u € C (1;+00), then
u € £ (1;+400).

Lemma 2.5. If a > 0, then the modified Liouville fractional integral is
bounded from C (1;+00) to C (1;+00) and we have

')

H‘JggHO S F(Qa) HgHO
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Proof. Let a > 0 and g € C (1;+00), we have

+oo
_ 1 o 9()
a—1 Ja _ l-a
|z Mg (2)| = T (o) /t t2(t—:1;)17adt
+oo
HgH O
< ol —dt
@) 2 (t — )
()
= gl
2°T (2a) 710
a)
<
< Frams lallo:
Which implies that

9”0 > F( ) H Ho

O

Definition 2.6. (//5]). For 0 < o < 1, the modified Liouville fractional
derivative of order a of a function g is defined by

d
D‘lg(x) — _xQdill—a ( )
d to° g t
= r(12a) - f (:Ut)at?(t(—)a:)o‘dt’ forall x € [1,+00).

Property 2 (See [18, Page 71]). Forall0 < a < 1, < 1witha+8 <1
and x > 1, we have

D%2f = Qdd 1'7ogf

_ 24 T=6)  sra-

mdazF(Q—a—ﬂ)er

2 T(A-05) d pgian
re- B—a)dm

F(]‘_/B) xﬁ-{-a

r1-pp-a) '
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Notation 3 (See [18, Page 71]). We note AC [1; +00) the following space

(G
t

+oo
~ t
gEAC[lH—oo)(:)g(x):c—F/ g)dt,
with ¢ € £ (1;400) and ¢ € R.
We have the following result.

Theorem 2.7. ([18, Theorem 1]). Let 0 < aw < 1. If g € £ (1;+00)
and J'7%g € AC[1;4+0), then we have

lim J'™%g (z)

a Mo _ T =40 xl—a‘

Lemma 2.8. Let 0 < o < 1 and assume that g : [1,+00) — R is
continuous.

(i) If lim z® 'g(x) =b with b € R, then lim J'"%g(x) =0l (a).
T—+00

T—+00

.. . 1—a . . . . a—1 .
(i) If zEIfooJ* g(x) = b with b € R and if :EEIEOO:L' g (x) exists,

b
3 a—1 —
then [L’ET g (z) = )
Proof. The proof is similar to that of Lemma 3.2 in [19], so we omit it.

O
Now, we consider the following problem

D%u(x) = h(z,u(x)), z € [1,400), 3)
: a—1 —
:J:Einoox g ($) o bz’
where 0 < o < 1, h : [1,400) x G — R is a function such that h (z,y) €
£ (1;+00) for any y € G with G is an open set in R and by € R.
As a consequence of Lemma 2.8 and Corollary 1 in [18, Page 73], we
obtain the following result.

Theorem 2.9. u € C (1;400) is a solution for the problem (3) if, and
only if, is a solution of the following Volterra equation

u(x) = byt ™ + 1“(104) /(xt)l_ah(t’u(t)dt.

T
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2.2 Compactness criterion in an unbounded interval and
fixed point theorems

Let
G = {u €C(I,R), lim u(z) exists} .

T—r+00

Note that (Cj,|.||) is a Banach space, where

[v]l = sup |v ()]
zel

The following proposition gives the compactness criterion of Cor-
duneanu.

Proposition 2.10. [See [9, Page 62][Let F C C; be a set satisfying the
following conditions:

(i) F is bounded in Cj;

(ii) the functions belonging to F are equicontinuous on any compact
interval of I;

(iii) the functions from F are equiconvergent, i.e., given € > 0, there
corresponds T (¢) > 0 such that ’u () — lim u(x)| < e, for any
T—>+00
x>T(e) and u € F.
Then F is compact in Cj.
From the preceding Proposition, we obtain the following result.

Lemma 2.11. Let X C C(1;+00) be a nonempty set satisfying the
following conditions:

(i) {z* u(z): uwe X} is uniformly bounded;

(ii) {z° tu(z): ue X} is equicontinuous on any compact interval of
[1, +00),

(iii) {z*lu(z): uwe X} is equiconvergent at +oo.

Then X is compact in C (1;+00).
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For the proof of our main results, we use the following fixed point
theorems.

Theorem 2.12. ([/]) (Schauder’s fized point theorem). Let C be a
closed, convex subset of a mormed linear space E. Then every compact,
continuous map F : C'— C has at least one fized point.

Definition 2.13. ([/]). Let (X,d) be a metric space. A map S : X — X
18 a contraction if for all uy, us € X, we have

d(S(u1),S(u2)) < 0d(ui,u2) with 6 < 1. (4)

Theorem 2.14. ([//). (Banach’s fized point theorem). Let (X,d) be a
nonempty complete metric space and let S : X — X be a contraction.
Then S has a unique fized point u € X.

3 Main Results

Definition 3.1. A function u € C (1;+00) is a solution for the problem
(1) if Du € C([1,400), R) and satisfies (1).

The first result of this paper is the following.
Theorem 3.2. Assume that the following hypothesis is satisfied

(H1) There exists L > 0 such that

|f (z,u) — f(z,v)| < L|u—v|, for all x € [1,400) and u, v € R.

Then the problem (1) admits a unique solution.
Proof. We consider the operator T" defined by
T: C(1;400) = C(1;400)
e [t u(t))

1
w— Tu(z) =az'™+ —— [ (zt)t

S22,
L(a) 3 2 (t— )

and we use the following norm

A

|lv]|, =sup e @ ‘:ro‘*lv(x)},
3367
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where A > 0 and v € C' (1; 400).

Since the norms |||, and ||.||, are equivalent, then (C (1;+00), ||.|[,)
is a Banach space.
Now we are going to show that T is a contraction on (C (1; +00), ||.|[,)-

Let uy, us € C (1;400), then for all x € I, one has

A
e !xafl((Tul) (z) — (Tuz) (z))]
A
—— | +oo
e 1o (f (tur () = f (tuz (1))
- T'(a) /t 2 (t—a) “
A
Le © +°Ol luy (t) — uz (t)]
= T (a) /t 2 (t—x)t at
teo (11
Llw —wl, [ Ne7g) 7
= Fl(oé)2 /e ( >t2(t—x)1_o‘dt

1

1
A
400 _
_ M/ew<lv> <1_1>a el
1

v

1
If we put the change of variables w = 1 — —, we obtain
v
: L |
- Uy — Uy
x — 5
xar (CV) 9 ( )

e

|27 (Twr) (2) — (Tu2) (2))| <

where

b _Aw
J:/e z w1 —w)* dw.
0
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Now, we have

J=Ji+ Js,
where
: dw
le/e z (w(l—w)* " duw,
0
and
A
Jg—/e z (w(l—w)* tdw
1
2
We have
3w
1 T a-1
J < 501 e T w* dw
0
A
2z
— x ¢ -y, a—1
2(55)" [
0
400
€T o
< Bl -y, ,a—1
<2z [
0
T\
S ()
o) L)
That is
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On the other hand, we have

IN

1 P
Jo 1/6 r (1—w)* ' dw

IN

That is

11
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Then from (5), (6) and (7), we obtain

A
e [z (Tw) (z) — (Tuz) (2))]

A
< L |juy — ual|, 2<£>af(o¢) e 2w
- T () 2 a22e—1

A
L||U1 —’LL2” T\ 6_2IE
Ll P N EAN,
20-1goT () (A) (@) a2%
A
L||u1 — us| A\ %e 2z
_ bt 7 uRll | a
20=1NT (@) () + 2z o)
< Ll — uall,

1
920-1)aT (a) (F (c) + a)
_ Lu —usf, 1
N 20—1 \a L+ Fla+1))"

Which implies that

L 1
Tu, =T <—(14+ — — .
| Tuq ugl] < o T)a ( + o+ 1)> lur — ||,

1
L =
Now if we choose A > (2a_1 (1 + F(o}+1)>> , we obtain

L) <
20—\ I'(a+1) '

Then by Banach’s fixed point theorem the operator T' admits a unique
fixed point and consequently from Theorem 2.9, it follows that the prob-
lem (1) admits a unique solution.

The proof of our first result is complete. O
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Remark 3.3. The idea of the proof of Theorem 3.2 is similar to that of
Theorem 3.1 in [1/].

Now our next result is based on Schauder’s fixed point theorem.
We put by definition

E=(C(L+00), o)

and

X ={ue C(Li+00): |lully <7},

where r > |al.
We assume the following hypotheses are satisfied.

(H2) |f (z,u)] < ¢ (2) F (2> u|), for all z € [1,400) and u € R
with ¢ € C(1;400) and F' : [0,+00) — [0,+00) is continuous
nondecreasing.

s Pt

lello <7 —lal-
We have the following result.

Theorem 3.4. If the hypotheses (H2) and (H3) are satisfied, then the
problem (1) admits at least one solution.

Proof. We consider the operator T' defined by

T: X — C(l;4)

U (Tu) ({L‘) = qri—@ + F(la) —i_foo(xt)lamdt.

Step 1: TX C X.
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For u € X, we have

+oo
1
‘J)a_l (TU) (-7))‘ = a+m / tl at2 (i_m()tl)oz
+o00o
1| FewrF @t u)
S ‘a’—i_r(a) x/ ta+1 (t_x)lfa dt
FO T ew
r @
S ‘CL|+ (a) x/taJrl (t_x)lfadt
S
< lal+ =0 el
< r
Which implies that
ITufly <,

and consequently, we have TX C X.

Step 2: TX is uniformly bounded in E.
The proof follows from Step 1.

Step 3: The set T'X is equiconvergent at +oo.
Let u € X, we have

“+oo

‘xa—l (Tu) (z) — a‘ = I‘(la) / (1 _ %)a—l f(t’tz(t))dt
I'(a) F (r)
< eray ¢l
Which implies that
lim |2~" (Tw) (z) —a| = 0.

T——+00

Which means that
lim %! (Tu) (z) = a.

T—-+00
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Step 4: The set T X is equicontinuous on any compact interval of
[1,400).
For u e TX and 1 < 21 < 29 < 400, one has

257" (Tw) (22) — 297" (Tw) (1))

+00 400
_ L[ Lu®) [ e fGU)

2
+0o0

< F(la) /((t—m)“‘l—(t—ml)"‘l)wdt
1 e )
e / o r——
+oo
< F(la)/((t—@)a—l—(t—xl)““l)wdt
1 I u )
That is

2571 (Tu) (w2) = 207 (Tw) (21)] < Fi (@1, 22) + P (1, 23),

where

Fy (21,72) = mo— [ (= 22)"" = (¢~ m)a—l)Wdt,

and

F2 ($17$2) — 1/t1—o¢ |f(t7u(t))’ dt

2 (t—ap)
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On the other hand, we have

Fl (xla LE'Q)
1 *+o° o o t, ¢
= T(a) x{ ((t = 22)™ " = (t = 21) 1)Wdt
+o0
Since
T 1 ()]
[ Xt @ ¢ =y LD
e »
= / Xfos,+ool (t) (t = 22)" 7 Wdt < oo,
1
and
I o oet ) =) L)
X[z2,+00] (t) (t - ‘TZ)ail W7
we get
+o0 . .
e / Xaa.roc (£) (£ = 21)* 7" Wdt
. 1 (6w (0)]
= / X[z2,+o0 (t) (t - 1'2)&_1 t;{%dt.

1

Then if we put by definition J3 (¢) = eI (a), we obtain

Ve >0, 303(¢) >0, (Jlz1 — 22| < d3(e) = F1(z1,22)) <e¢).



EXISTENCE AND UNIQUENESS OF SOLUTIONS...

Also, we have

172t1_a el

Fy (x1,22) < F(O‘)xl 2(t— )
< F(;)((L;PHO /(t_xl)al dt
1
-
Then if we put by definition d4 (¢) = Zm, we obtain

Ve >0, 304 (8) > 0, (|:L‘1 — 1‘2‘ < 4 (6) = Fy (IL‘1,ZL‘2)) < 6) . (9)

Then by (8) and (9) and if we put 5 (¢) = min (d3 (¢) , d4 (€)), we obtain
Ve >0, 3 65 (¢) > 0 such that

|21 — za| < 85 (€) = |25 (Tw) (w2) — 2§~ (Tw) (21)] < e.

Step 5: The operator T is continuous.

The proof follows from Lemma 2.5.

In conclusion the operator T satisfies the assumptions of Schauder’s
fixed point theorem and consequently from Theorem 2.9 it follows that
problem (1) admits at least one solution. [

4 Application

To illustrating the application of our results, we give two examples.

4.1 Example 1

We consider the problem

17
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where 0 < a <1, hy : R = R is of class C'! with bounded derivative,
h:[1,400) — R is continuous and a € R. In this example, we have

f(@,u) = hy (u () + b (z).
For uj, ug € R and z € [1,+00), one has

|f (2, ur) = f (2, u2)| |7 (w1 () = P (uz2 (2))]

sup | (v)| . Jur — ugl
vER

S k.|u1—U2|,

IN

where k is a real number.
Then the assumption of Theorem 3.2 is satisfied and therefore we
obtain the existence of a unique solution for the problem (10).

4.2 Example 2

We consider the following problem

Déu(m)—gp(w).F( v >,x€[1,+00),
lim

T—+00 \/5

where ¢ (z) = \/iand F ('“\ﬁ? ) _ (1+ |“\§?’> —awith a €R.

We have
MWHO _ k) (In(1+7)—a)

<

ﬁ
I

Then from Theorem 3.4, we obtain the existence of solutions for the
problem (11).

5 Conclusion

In this paper based on Banach’s and Schauder’s fixed point theorems,
we gave some results concerning the existence and uniqueness of solu-
tions for a class of terminal value problems involving modified Liouville
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fractional derivatives. We note that our result can be applied to termi-
nal value problems for fractional differential equations involving mod-
ified Liouville fractional derivatives with advanced arguments and we
can generalize the results obtained in [27] . Also, we note that termi-
nal value problems for differential equations with advanced arguments
arise, for example in biological cellular growth models and theoretical
physics (see [5] and [26]). On the other hand, it could be interesting to
generalize the results obtained in ([7], [10], [17] and [30]) to study the
qualitative analysis of fractional integro-differential equations involving
modified Liouville fractional derivatives.
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