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Abstract. This paper was aimed at studying some novel methods of
constructing new c-K-g-frames in a Hilbert space H. Some necessary
and sufficient conditions were given for some bounded operators on H
under which new c-K-g-frames were obtained from the existing ones.
Also, the sum of c-K-g-frames were discussed, some of their characteri-
zations were identified, and some bounded operators offered to construct
new c-K-g-frames from the old ones.
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1 Introduction

A frame for a Hilbert space H is a sequence of elements in H which
provides a linear combination for each element in H, but the elements
are not necessarily linear independent. Indeed, a frame can be thought
of as a basis to which one has added more elements.
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K-frames in Hilbert spaces were introduced by Gavruta to investigate
atomic decomposition systems, stating some properties of them [5, 11,
12]. After that, K-g-frames have been introduced in [13] and some new
results and characterizations of K-g-frames have been studied in [10, 14,
18]. Furthermore, the notion of continuous K-g-frames is presented in
[3] and some properties of them have been studied in [4, 15].
Throughout this paper, (Ω, µ) is a measure space with positive measure
µ, H, H1, H2 and Hω are separable Hilbert spaces and B(H,Hω) is
the set of all bounded linear operators from H into Hω, ω ∈ Ω. Also,
B(H) is the set of all bounded linear operators on H. We will use the
symbols R(U) and N(U) for the range and null space of an operator
U ∈ B(H1, H2), respectively.

Definition 1.1. ([8]) The operator U ∈ B(H) is called a bounded below
operator if there exists a positive number α such that

α∥f∥ ≤ ∥U(f)∥, f ∈ H.

A bounded operator U : H −→ H is called self-adjoint if U = U∗.
For a self-adjoint operator U , the inner product ⟨Uf, f⟩ is real for each
f ∈ H ([6]). Also, the partial order U ≤ V for the self-adjoint operators
U and V is defined by

U ≤ V ⇔ ⟨Uf, f⟩ ≤ ⟨V f, f⟩, f ∈ H.

Lemma 1.2. ([6]) Let U ∈ B(H1, H2). Then the following holds:

1. R(U) is closed in H2 if and only if R(U∗) is closed in H1.

2. (U∗)† = (U †)∗.

3. The orthogonal projection of H2 onto R(U) is given by UU †.

4. The orthogonal projection of H1 onto R(U †) is given by U †U .

5. N(U †) = R⊥(U) and R(U †) = N⊥(U).

6. U is surjective if and only if there exists a constant δ > 0
such that ∥U∗f∥ ≥ δ∥f∥, ∀f ∈ H1.
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Lemma 1.3. ([7]) Let L1 ∈ B(H1, H) and L2 ∈ B(H2, H). Then the
following assertions are equivalent:

(i) R(L1) ⊆ R(L2).

(ii) L1L
∗
1 ≤ λL2L

∗
2 for some λ > 0.

(iii) There exists an operator U ∈ B(H1, H2) such that L1 = L2U .

Moreover, if (i), (ii) and (iii) are valid, then there exists a unique op-
erator U such that

1. ∥U∥2 = inf
{
µ : L1L

∗
1 ≤ µL2L

∗
2

}
,

2. N(L1) = N(U),

3. R(U) ⊆ R(L2)∗.

Definition 1.4. ([1]) Let φ ∈ Πω∈ΩHω. We call that φ is strongly
measurable if φ as a mapping of Ω to ⊕ω∈ΩHω is measurable, where

Πω∈ΩHω =
{
f : Ω −→ ∪ω∈ΩHω ; f(ω) ∈ Hω

}
.

Definition 1.5. Choose the set(
⊕ω∈Ω Hω, µ

)
L2 =

{
F ∈ Πω∈ΩHω| F is strongly measurable,∫
Ω
∥F (ω)∥2dµ(ω) < ∞

}
,

with inner product given by

⟨F,G⟩ =
∫
Ω
⟨F (ω), G(ω)⟩dµ(ω).

It can be proved that
(
⊕ω∈Ω Hω, µ

)
L2

is a Hilbert space ([1]). We will

show the norm of F ∈
(
⊕ω∈Ω Hω, µ

)
L2

by ∥F∥2.

Now, the definition of continuous g-frames is reviewed.

Definition 1.6. The family of operators Λ = {Λω ∈ B(H,Hω) : ω ∈ Ω}
is called a continuous generalized frame, or simply a cg-frame, for H
with respect to {Hω}ω∈Ω if:



4 E. ALIZADEH AND M. RAHMANI

(i) for each f ∈ H, {Λωf}ω∈Ω is strongly measurable,

(ii) there are two positive constants A and B such that

A∥f∥2 ≤
∫
Ω
∥Λωf∥2dµ(ω) ≤ B∥f∥2, f ∈ H. (1)

A and B are called the lower and upper cg-frame bounds, respectively.
If A,B can be chosen such that A = B, then Λ = {Λω}ω∈Ω is called a
tight cg-frame and if A = B = 1, it is called a Parseval cg-frame. A
family Λ = {Λω}ω∈Ω is called cg-Bessel family if the second inequality
in (1) holds.

Theorem 1.7. ([1]) Let Λ = {Λω}ω∈Ω be a cg-Bessel family for H with

respect to {Hω}ω∈Ω with bound B. Then the mapping TΛ of
(
⊕ω∈Ω

Hω, µ
)
L2

to H weakly defined by

⟨TΛF, g⟩ =
∫
Ω
⟨Λ∗

ωF (ω), g⟩dµ(ω), F ∈
(
⊕ω∈Ω Hω, µ

)
L2
, g ∈ H,

is linear and bounded with ∥TΛ∥ ≤
√
B. Furthermore for each g ∈ H

and ω ∈ Ω,

T ∗
Λ(g)(ω) = Λωg.

The operator TΛ is called the synthesis operator of {Λω}ω∈Ω and its
adjoint T ∗

Λ is called the analysis operator of Λ = {Λω}ω∈Ω.
The continuous K-g-frames have been introduced in [3] as following:

Definition 1.8. Let K ∈ B(H). A family Λ = {Λω ∈ B(H,Hω) : ω ∈
Ω} is called a continuous K-g-frame, or c-K-g-frame, for H with respect
to {Hω}ω∈Ω if:

(i) {Λωf}ω∈Ω is strongly measurable for each f ∈ H,

(ii) there exist constants 0 < A ≤ B < ∞ such that

A∥K∗f∥2 ≤
∫
Ω
∥Λωf∥2 dµ(ω) ≤ B∥f∥2, f ∈ H. (2)
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The constants A, B are called lower and upper c-K-g-frame bounds,
respectively. If A = B, then Λ = {Λω}ω∈Ω is called a tight c-K-g-frame
and if A = B = 1, it is called a Parseval c-K-g-frame. The family
Λ = {Λω}ω∈Ω is called a c-g-Bessel family if the right hand inequality in
(2) holds. In this case, B is called the Bessel constant.

Now, assume that Λ = {Λω}ω∈Ω is a c-K-g-frame for H with respect
to {Hω}ω∈Ω with frame bounds A, B. The c-K-g-frame operator SΛ :
H −→ H is weakly defined by

⟨SΛf, g⟩ =
∫
Ω
⟨f,Λ∗

ωΛωg⟩ dµ(ω), f, g ∈ H.

Therefore
AKK∗ ≤ SΛ ≤ BI.

Lemma 1.9. ([3]) Let Λ = {Λω}ω∈Ω be a cg-Bessel family for H with
respect to {Hω}ω∈Ω. Then Λ = {Λω}ω∈Ω is a c-K-g-frame for H with
respect to {Hω}ω∈Ω if and only if there exists a constant A > 0 such that
SΛ ≥ AKK∗, where SΛ is the frame operator of Λ = {Λω}ω∈Ω.

Duals of c-K-g-frames have been indicated in [4] as following:

Definition 1.10. Let Λ = {Λω}ω∈Ω be a c-K-g-frame forH with respect
to {Hω}ω∈Ω. A cg-Bessel family Γ = {Γω}ω∈Ω for H is called a dual
c-K-g-Bessel family of Λ if for each f, h ∈ H,

⟨Kf, h⟩ =
∫
Ω
⟨Λ∗

ωΓωf, h⟩ dµ(ω).

2 Constructing new c-K-g-frames

In this section, we construct new c-K-g-frames by using of linear bounded
operators.

The following theorem, for a given c-K-g-frame Λ = {Λω}ω∈Ω of
H, provides a new c-K-g-frame for H by applying a linear bounded
operator.

Theorem 2.1. Let K ∈ B(H), Λ = {Λω}ω∈Ω is a c-K-g-frame for H
with respect to {Hω}ω∈Ω, with bounds A and B and U ∈ B(H) be a
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closed range operator such that UK = KU . If R(K∗) ∩ N(U∗) = {0},
Then {ΛωU

∗}ω∈Ω is a c-K-g-frame for H with respect to {Hω}ω∈Ω with
the lower bound A∥U †||−2 and the upper bound B∥U∥2.

Proof. It is easy to check that {ΛωU
∗}ω∈Ω is a cg-Bessel family with

upper bound B∥U∥2. Since UK = KU , we have K∗U∗ = U∗K∗. U has
closed range and R(K∗)∩N(U∗) = {0}, by Lemma 1.2, for each f ∈ H,
we have

∥K∗f∥2 = ∥UU †K∗f∥2 = ∥(U †)∗U∗K∗f∥2 = ∥(U †)∗K∗U∗f∥2

≤ ∥U †∥2∥K∗U∗f∥2.

Then for each f ∈ H, we have∫
Ω
∥ΛωU

∗f∥2dµ(ω) ≥ A∥K∗U∗f∥2 ≥ A∥U †∥−2∥K∗f∥2.

This proves the theorem. □

Corollary 2.2. Suppose that K ∈ B(H) is with dense range, U ∈ B(H)
has closed range and UK = KU . If {ΛωU}ω∈Ω and {ΛωU

∗}ω∈Ω are both
c-K-g-frames for H with respect to {Hω}ω∈Ω, then Λ = {Λω}ω∈Ω is a
c-K-g-frame for H with respect to {Hω}ω∈Ω.

Proof. Since R(K) = H, so N(K∗)⊥ = H and N(K∗) = {0}. For each
f ∈ H, we have

A∥K∗f∥2 ≤
∫
Ω
∥ΛωU

∗f∥2dµ(ω),

so N(U∗) ⊆ N(K∗), which implies

H = N(K∗)⊥ ⊆ N(U∗)⊥ = R(U).

So U is surjective. Also, For each f ∈ H, we have

A∥K∗f∥2 ≤
∫
Ω
∥ΛωUf∥2dµ(ω),

so N(U) ⊆ N(K∗) = {0}. That is, U is one to one. Therefore U is
invertible. Since UK = KU,U−1K = KU−1, R(K∗)∩N((U−1)∗) = {0},
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and {Λω}ω∈Ω = {(ΛωU
∗)(U−1)∗}ω∈Ω, so by Theorem 2.1, {Λω}ω∈Ω is a

c-K-g-frame for H with respect to {Hω}ω∈Ω. □
For a given tight c-K-g-frame Λ = {Λω}ω∈Ω of H, we can obtain

another c-K-g-frame forH. The following theorem presents us necessary
and sufficient conditions on {ΛωU

∗}ω∈Ω to be a c-K-g-frame for H.

Theorem 2.3. Let K,U ∈ B(H) and Λ = {Λω}ω∈Ω be a D-tight c-K-
g-frame for H with respect to {Hω}ω∈Ω. If K∗ is bounded below and
UK = KU , then {ΛωU

∗}ω∈Ω is a c-K-g-frame for H with respect to
{Hω}ω∈Ω if and only if U is surjective.

Proof. If U is surjective, then Theorem 2.1 implies the first part of
proof. For the other implication, we prove that U is surjective. Assume
that {ΛωU

∗}ω∈Ω is a c-K-g-frame for H with respect to {Hω}ω∈Ω with
bounds A and B. Then, for all f ∈ H, we have:

A∥K∗f∥2 ≤
∫
Ω
∥ΛωU

∗f∥2dµ(ω) ≤ B∥f∥2. (3)

Also for each g ∈ H, we have

D∥K∗g∥2 =
∫
Ω
∥Λωg∥2dµ(ω).

By U∗K∗ = K∗U∗, we obtain

D∥U∗K∗f∥2 = D∥K∗U∗f∥2 =
∫
Ω
∥ΛωU

∗f∥2dµ(ω), f ∈ H. (4)

So by (3) and (4), we have

∥U∗K∗f∥2 = D−1

∫
Ω
∥ΛωU

∗f∥2dµ(ω) ≥ D−1A∥K∗f∥2, f ∈ H. (5)

Sine K∗ is bounded below, so there exist α > 0 such that ∥K∗f∥ ≥
α∥f∥, for each f ∈ H. Thus, from (2.3), we conclude that for each
f ∈ H,

∥U∗K∗f∥ ≥ α∥f∥.

Therefore U∗K∗ is bounded below, thus by Lemma 1.2, KU is surjective
and KU = UK implies that U is surjective. □
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Suppose that operators T,U ∈ B(H) and T ∗ preserves a c-K-g-frame
for R(T ). In the following theorem, we state some conditions on K, U
and T such that U∗ can also preserve the same c-K-g-frame for R(U).

Theorem 2.4. Let Λ = {Λω}ω∈Ω be a c-K-g-frame for H with respect
to {Hω}ω∈Ω. Suppose that T,U ∈ B(H) are closed ranged, and N(T ) =
N(U) with KUT † = UT †K and R(K∗) ∩N(U∗) = {0}. If {ΛωT

∗}ω∈Ω
is a c-K-g-frame for R(T) with respect to {Hω}ω∈Ω, then {ΛωU

∗}ω∈Ω
is a c-K-g-frame for R(U) with respect to {Hω}ω∈Ω.

Proof. We only need to show that {ΛωU
∗}ω∈Ω has the lower frame

condition. We define

L : R(T ) −→ R(U),

by Lf = UT †f, f ∈ R(T ). By the assumptions, KL = LK.
Since N(T ) = N(U), we have R(T †) = R(U †). Hence by Lemma (1.2),
N(L) = N(UT †) = N(TT †) = (R(T ))⊥, which implies

N(L) = N(UT †) ∩R(T ) = (R(T ))⊥ ∩R(T ) = {0}.

So, L is invertible on R(T ). By Lemma 1.2, T †T = PR(T †) = PR(U†) =

U †U. Therefore

LT = UT †T = UU †U = U (6)

Now, let C, D be the frame bounds of {ΛωT
∗}ω∈Ω, then for each f ∈

R(U), from (6), we have∫
Ω
∥ΛωU

∗f∥2dµ(ω) =
∫
Ω
∥ΛωT

∗L∗f∥2dµ(ω) ≥ C∥K∗L∗f∥2

= C∥L∗K∗f∥2 ≥ C∥L−1∥−2∥K∗f∥2.

Furthermore for each f ∈ R(U),∫
Ω
∥ΛωU

∗f∥2dµ(ω) =
∫
Ω
∥ΛωT

∗L∗f∥2dµ(ω) ≤ B∥L∗f∥2 = B∥L∥2∥f∥2.

So {ΛωU
∗}ω∈Ω is a c-K-g-frame for R(U). □
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Theorem 2.5. Let K ∈ B(H) and Λ = {Λω}ω∈Ω be a c-g-Bessel family
for H with respect to {Hω}ω∈Ω. Suppose that TΛ is the synthesis operator
of Λ. Then, the following conditions are equivalent:

(i) R(K) = R(TΛ).

(ii) There exist two constants C,D > 0, such that for each f ∈ H,

C∥K∗f∥2 ≤
∫
Ω
∥Λωf∥2dµ(ω) ≤ D∥K∗f∥2. (7)

(iii) Λ = {Λω}ω∈Ω is a c-K-g-frame for H with respect to {Hω}ω∈Ω
and there exists a c-g-Bessel family {Γω}ω∈Ω for H with respect to
{Hω}ω∈Ω such that Λω = ΓωK

∗ for each ω ∈ Ω.

Proof. (i) ⇒ (ii) By Lemma 1.3, there exist C,D > 0, such that
CKK∗ ≤ TΛT

∗
Λ ≤ DKK∗. Thus, for each f ∈ H,

C∥K∗f∥2 ≤ ∥T ∗
Λf∥2 =

∫
Ω
∥Λωf∥2dµ(ω) ≤ D∥K∗f∥2

(ii) ⇒ (iii) It suffices to show the second part of the result. The right-
hand inequity in (7) is equivalent to TΛT

∗
Λ ≤ DKK∗. By Lemma 1.3,

there exists an operator Q ∈ B
(
(⊕ω∈ΩHω, µ)L2 , H

)
such that TΛ = KQ

and T ∗
Λ = Q∗K∗. We define for each g ∈ H and for almost all ω ∈ Ω,

Γωg = (Q∗g)(ω).

Therefore we have

{Λω(g)}ω∈Ω = {(Q∗(K∗g)(ω)}ω∈Ω = {Γω(K
∗g)}ω∈Ω,

which implies that Λω = ΓωK
∗ for almost all ω ∈ Ω. So for each g ∈ H,∫

Ω
∥Γωg∥2dµ(ω) =

∫
Ω
∥(Q∗g)(ω)∥2dµ(ω) = ∥(Q∗g)∥22 ≤ ∥Q∥22∥g∥2.

Hence, {Γω}ω∈Ω is a c-g-Bessel family for H.

(iii) ⇒ (i) For each f ∈ H, we have

CΛ∥K∗f∥2 ≤
∫
Ω
∥Λωf∥2dµ(ω =

∫
Ω
∥ΓωK

∗f∥2dµ(ω) ≤ DΓ∥K∗f∥2.
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Thus, CΛKK∗ ≤ TΛT
∗
Λ ≤ DΓKK∗, by Lemma (1.3), R(K) = R(TΛ).

□
The following theorem is applied to construct c-K-g-frames by given

some linear bounded operators and some c-K-g-frames.

Theorem 2.6. Suppose that K1,K2 ∈ B(H) and Λ = {Λω}ω∈Ω is a
c-K1-g-frame for H with respect to {Hω}ω∈Ω.

(i) If Λ = {Λω}ω∈Ω is also a c-K2-g-frame for H with respect to
{Hω}ω∈Ω, then it is a c-(K1 + K2)-g-frame for H with respect
to {Hω}ω∈Ω.

(ii) If, in addition, Λ = {Λω}ω∈Ω is A-tight c-K1-g-frame, then it
is a c-K2-g-frame for H with respect to {Hω}ω∈Ω if and only if
R(K2) ⊆ R(K1).

Proof. (i) Since Λ = {Λω}ω∈Ω is a c-K1-g-frame and also c-K2-g-frame
for H with respect to {Hω}ω∈Ω, so for each f ∈ H, we have

A1∥K∗
1f∥2 ≤

∫
Ω
∥Λωf∥2dµ(ω) (8)

and

A2∥K∗
2f∥2 ≤

∫
Ω
∥Λωf∥2dµ(ω) (9)

By (8) and (9), we have

(
A1

2
∥K∗

1f∥2 +
A1

2
∥K∗

2f∥2) ≤
∫
Ω
∥Λωf∥2dµ(ω) (10)

Now, by taking λ = min{A1
2 , A2

2 } in (10) , we obtain

λ∥(K1 +K2)
∗f∥2 ≤ (A1∥K∗

1f∥2 +A2∥K∗
2f∥2) ≤ 2

∫
Ω
∥Λωf∥2dµ(ω),

that is Λ = {Λω}ω∈Ω is a c-(K1 + K2)-g-frame for H with respect to
{Hω}ω∈Ω. (ii) By the assumptions, Λ = {Λω}ω∈Ω is A-tight c-K1-g-
frame and c-K2-g-frame, there exists a D > 0, such that for each f ∈ H,
we have

A∥K∗
1f∥2 =

∫
Ω
∥Λωf∥2dµ(ω) ≥ D∥K∗

2f∥2.
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Hence, K2K
∗
2 ≤ A

D
K1K

∗
1 and by Lemma 1.3, R(K2) ⊆ R(K1).

For the opposite implication, by Lemma 1.3, there exists γ > 0, such
that K2K

∗
2 ≤ γK1K

∗
1 . Hence for each f ∈ H, we have

∥K∗
2f∥2 ≤ γ∥K∗

1f∥2 =
γ

A

∫
Ω
∥Λωf∥2dµ(ω),

therefore

A

γ
∥K∗

2f∥2 ≤
∫
Ω
∥Λωf∥2dµ(ω) = A∥K∗

1f∥2 ≤ A∥K∥2∥f∥2.

So Λ = {Λω}ω∈Ω is a c-K2-g-frame for H with respect to {Hω}ω∈Ω. □

3 Sum of c-K-g-frames

In this section, we suppose that Λ and Γ are arbitrary c-K-g-frames and
we study the sum of these frames.

Theorem 3.1. Suppose that K1,K2 ∈ B(H) are closed range operators,
Λ = {Λω}ω∈Ω and Γ = {Γω}ω∈Ω are c-K1-g-frame and c-g-Bessel family
for H with respect to {Hω}ω∈Ω, respectively.

(i) If K1 ≥ 0 and Γ = {Γω}ω∈Ω is a c-K1-g-dual for Λ = {Λω}ω∈Ω,
then the family {Λω+Γω}ω∈Ω is a c-K1-g-frame for H with respect
to {Hω}ω∈Ω.

(ii) If Γ = {Γω}ω∈Ω is c-K2-g-frame for H with respect to {Hω}ω∈Ω
and TΛT

∗
Γ = 0, then {Λω + Γω}ω∈Ω is a c-(K1 +K2)-g-frame for

H with respect to {Hω}ω∈Ω.

Proof. (i) Since Γ = {Γω}ω∈Ω is a c-K1-g-dual of {Λω}ω∈Ω, for each
f ∈ H, we have

⟨K∗
1f, h⟩ = ⟨f,K1h⟩ = ⟨K1h, f⟩ =

∫
Ω

〈
Λ∗
ωΓωh, f⟩ dµ(ω)

=

∫
Ω

〈
Γ∗
ωΛωf, h⟩ dµ(ω).
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We denote by SΛ+Γ, the c-g-frame operator of {Λω + Γω}ω∈Ω. So for
each f, h ∈ H,

⟨SΛ+Γf, h⟩ =
∫
Ω

〈
f, (Λω + Γω)

∗(Λω + Γω)h⟩ dµ(ω)

=

∫
Ω

〈
(Λω + Γω)

∗(Λω + Γω)f, h⟩ dµ(ω)

=

∫
Ω

〈
Λ∗
ωΛωf, h⟩ dµ(ω) +

∫
Ω

〈
Γ∗
ωΓωf, h⟩ dµ(ω)

+

∫
Ω

〈
Λ∗
ωΓωf, h⟩ dµ(ω) +

∫
Ω

〈
Γ∗
ωΛωf, h⟩ dµ(ω)

= ⟨SΛf, h⟩+ ⟨SΓf, h⟩+ ⟨K1f, h⟩+ ⟨K∗
1f, h⟩,

therefore

⟨SΛ+Γf, f⟩ =
∫
Ω
∥(Λω + Γω)f∥2 dµ(ω) ≥ ⟨SΛf, f⟩

=

∫
Ω
∥Λωf∥2 dµ(ω) ≥ CΛ∥K∗

1f∥2.

This shows that {Λω + Γω}ω∈Ω has the lower frame condition.
Now, we show {Λω +Γω}ω∈Ω is a c-g-Bessel family. For each f ∈ H, we
have∫

Ω
∥(Λω + Γω)f∥2 dµ(ω) ≤ 2

∫
Ω
∥Λωf∥2 dµ(ω) + 2

∫
Ω
∥Γωf∥2 dµ(ω)

≤ 2B1∥f∥2 + 2B2∥f∥2 = 2(B1 +B2)∥f∥2.

(ii) We only need to show that {Λω+Γω}ω∈Ω has the lower frame condi-
tion. Since TΛT

∗
Γ = 0, for each f ∈ H, we have

∫
Ω

〈
Λ∗
ωΓωf, f⟩ dµ(ω) = 0

and∫
Ω
∥(Λω + Γω)f∥2 dµ(ω) =

∫
Ω
∥Λωf∥2 dµ(ω) +

∫
Ω
∥Γωf∥2 dµ(ω)

≥ A1∥K∗
1f∥2 +A2∥K∗

2f∥2 ≥ λ∥(K1 +K2)f∥2,

where λ = min{A1, A2}. This is the desired conclusion. □
The following theorem is the continuous version of Theorem 2.1 in

[10].
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Theorem 3.2. Suppose that K1 ∈ B(H1), K2 ∈ B(H2) and Λ =
{Λω}ω∈Ω is a c-K1-g-frame and Γ = {Γω}ω∈Ω is a c-g-Bessel family
for H1. Assume that U1, U2 ∈ B(H1, H2) and U1TΛT

∗
ΓU

∗
2 +U2TΓT

∗
ΛU

∗
1 +

U2SΓU
∗
2 ≥ 0. If U1 has closed range with U1K1 = K2U1 and R(K∗

2 ) ∩
N(U∗

1 ) = {0}, then {ΛωU
∗
1 + ΓωU

∗
2 }ω∈Ω is a c-K2-g-frame for H2 with

respect to {Hω}ω∈Ω.

Proof. Let Λ = {Λω}ω∈Ω, Γ = {Γω}ω∈Ω be a c-K1-g-frame and c-g-
Bessel family for H1 with bounds A1, B1 and B2, respectively. Similar
analysis to the proof of Theorem 3.1, we show that {ΛωU

∗
1 +ΓωU

∗
2 }ω∈Ω

is c-g-Bessel family for H2 with bound 2B1∥U1∥2 + 2B2∥U2∥2. Now, for
each g ∈ H2, we have∫

Ω
∥(ΛωU

∗
1 + ΓωU

∗
2 )g∥2 dµ(ω) =

∫
Ω
∥ΛωU

∗
1 g∥2 dµ(ω) + ⟨U2TΓT

∗
ΛU

∗
1 g, g⟩

+ ⟨U1TΛT
∗
ΓU

∗
2 g, g⟩+ ⟨U2TΓT

∗
ΓU

∗
2 g, g⟩

=

∫
Ω
∥ΛωU

∗
1 g∥2 dµ(ω) + ⟨(U1TΛT

∗
ΓU

∗
2

+ U2TΓT
∗
ΛU

∗
1 + U2SΓU

∗
2 )g, g⟩

By the assumptions, for each g ∈ H we obtain∫
Ω
∥(ΛωU

∗
1 + ΓωU

∗
2 )g∥2 dµ(ω) ≥

∫
Ω
∥ΛωU

∗
1 g∥2 dµ(ω) ≥ A1∥K∗

1U
∗
1 g∥2

= A1∥U∗
1K

∗
2g∥2 ≥ A1∥U †

1∥
−2∥K∗

2g∥2.

Therefore, for each g ∈ H2, we have

A1∥U †
1∥

−2∥K∗
2g∥2 ≤

∫
Ω
∥(ΛωU

∗
1 + ΓωU

∗
2 )g∥2 dµ(ω)

≤ (2B1∥U1∥2 + 2B2∥U2∥2)∥g∥2.

□

Corollary 3.3. Suppose that K1 ∈ B(H1), K2 ∈ B(H2) and Λ =
{Λω}ω∈Ω is a c-K1-g-frame for H1 with respect to {Hω}ω∈Ω. If U ∈
B(H1, H2) has closed range, UK1 = K2U and R(K∗

2 ) ∩ N(U∗) = {0},
then {ΛωU

∗}ω∈Ω is a c-K2-g-frame for H2 with respect to {Hω}ω∈Ω.
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Corollary 3.4. Let K,U ∈ B(H). Suppose that Λ = {Λω}ω∈Ω is a
c-K-g-frame for H with respect to {Hω}ω∈Ω. If U is positive operator
such that , USΛ = SΛU , then {Λω + ΛωU}ω∈Ω is a c-K-g-frame for H
with respect to {Hω}ω∈Ω.
Proof. Since TΛT

∗
ΛU

∗ + UTΛT
∗
Λ + UTΛT

∗
ΛU

∗ = SΛU + USΛ + USΛU
∗,

by Theorem 3.2, we need only to show that SΛU + USΛ + USΛU
∗ ≥ 0.

By Theorem 4.33 in [8], there exists a unique positive operator V such
that U = V 2. In addition, since USΛ = SΛU , implies that V SΛ = SΛV.
For each f ∈ H, we have

⟨(SΛU + USΛ + USΛU
∗)f, f⟩ = ⟨SΛUf, f⟩+ ⟨USΛf, f⟩+ ⟨USΛU

∗f, f⟩
= 2⟨USΛf, f⟩+ ⟨UTΛT

∗
ΛU

∗f, f⟩
= 2⟨V 2SΛf, f⟩+ ∥T ∗

ΛU
∗f∥2

= 2⟨V SΛV f, f⟩+ ∥T ∗
ΛU

∗f∥2

= 2∥T ∗
ΛV f∥2 + ∥T ∗

ΛU
∗f∥2 ≥ 0.

□

Theorem 3.5. Let K1 ∈ B(H1) be closed range, Λ = {Λω}ω∈Ω and Γ =
{Γω}ω∈Ω be c-K1-g-frames for H1 with respect to {Hω}ω∈Ω. Suppose that
K2 ∈ B(H2), U1, U2 ∈ B(H1, H2) and U1TΛT

∗
ΓU

∗
2 + U2TΓT

∗
ΛU

∗
1 ≥ 0. If

one the following conditions holds, then for each α1, α2 > 0, {α1ΛωU
∗
1 +

α2ΓωU
∗
2 }ω∈Ω is a c-K2-g-frame for H2 with respect to {Hω}ω∈Ω.

(i) P = α1U1 + α2U2, R(P ∗) ⊆ R(K1), R(K2) ⊆ R(P ).

(ii) Q = α1U1 − α2U2, R(Q∗) ⊆ R(K1), R(K2) ⊆ R(Q).

Proof. Let A1, B1 and A2, B2 be frame bounds of Λ and Γ, respectively.
Similar to proof of Theorem 3.2, α1, α2 > 0, {α1ΛωU

∗
1 + α2ΓωU

∗
2 }ω∈Ω

is a c-g-Bessel family for H2 with respect to {Hω}ω∈Ω, with bound
2α1B1∥U1∥2 + 2α2B2∥U2∥2 and for each g ∈ H, we have∫
Ω
∥(α1ΛωU

∗
1 + α2ΓωU

∗
2 )g∥2 dµ(ω) = α2

1

∫
Ω
∥ΛωU

∗
1 g∥2 dµ(ω)

+ 2α1α2⟨(U2TΓT
∗
ΛU

∗
1 + U1TΛT

∗
ΓU

∗
2 )g

, g⟩+ α2
2

∫
Ω
∥ΓωU

∗
2 g∥2 dµ(ω)

≥ α2
1A1∥K∗

1U
∗
1 g∥2 + α2

2A2∥K∗
1U

∗
2 g∥2.
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Without loss of generality, suppose that condition (ii) holds. Set

λ = min{A1, A2},

by the parallelogram law, for each g ∈ H2, we have

α2
1A1∥K∗

1U
∗
1 g∥2 + α2

2A2∥K∗
1U

∗
2 g∥2 ≥ λ(∥α1K

∗
1U

∗
1 g∥2 + ∥α2K

∗
1U

∗
2 g∥2)

=
λ

2

(
∥K∗

1 (α1U1 + α2U2)
∗g∥2

+ ∥K∗
1 (α1U1 − α2U2)

∗g∥2
)

≥ λ

2
∥K∗

1Q
∗g∥2 ≥ λ

2
∥K†

1∥
−2∥Q∗g∥2.

Since R(K2) ⊆ R(Q), so by the Lemma 1.3, there exists α > 0 such that
K2K

∗
2 ≤ αQQ∗. It follows that for each g ∈ H2, α

−1∥K∗
2g∥2 ≤ ∥Q∗g∥2.

Therefore, for each g ∈ H2, we have

λ

2
α−1∥K†

1∥
−2∥K∗

2g∥2 ≤
∫
Ω
∥(α1ΛωU

∗
1 + α2ΓωU

∗
2 )g∥2 dµ(ω)

≤ (2α2
1B1∥U1∥2 + 2α2

2B2∥U2∥2)∥g∥2.

□
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