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1 Introduction

It is well known that investigation of qualitative properties of singular
delay systems is a very attractive topic, but a difficult field of study.
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Up to now, in the relevant literature, numerous interesting results on
stability of various singular systems have been obtained by using lin-
ear matrix inequalities (LMIs), the Lyapunov method, the Lyapunov-
Krasovskii method (LKM) and so on (see, for example [5, 6, 12-14, 26-30]
and references therein). Indeed, singular systems can be frequently ap-
peared in many practical engineering systems such as electrical circuit
networks, power systems, aerospace engineering, and network control
and so on. It should be noted that the books of Dai [6] and Xu and Lam
[26] are important reference sources, which include various qualitative
results about singular systems. By these information, we would like to
say that stability of delay singular systems deserves to the investigations.

As for the next step, we would like to summarize some works related
to qualitative behaviors of singular systems.

Cong and Sheng [5] considered a class of singular systems with time-
varying delay. By using the LKM and perturbation approach, the au-
thors obtained some sufficient criteria to exponential stability.

Liu [12] took into consideration a linear singular system of first or-
der with constant delay. By help of the LKM and the matrix integral
inequalities, the author presented exponential stability criteria for the
considered system.

Liu [13] considered the following linear singular system with time-
varying delay:
Eix(t) = Az(t) + Bx(t — h(t)).

By using the LKF, integral inequalities and delay decomposition ap-
proach, Liu [13] established some sufficient conditions to the asymptotic
stability of this singular system.

In [14], Liu et al. derived asymptotic stability criteria for a lin-
ear singular time delay system by using the LKF, the LMI and the
Wirtinger-based integral inequality.

Some similar results were also obtained on qualitative behaviors of
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solutions of certain singular system with delay by Xu et al. [27] and
Tung and Yigit [28,29).

Furthermore, in recent years, very nice and interesting qualitative re-
sults have been obtained on various fractional and non-fractional models
2,4, 8,10,11, 15].

The motivation this work comes, in particular, from the results of
Liu [13] and those sources in the references of this paper [1, 3, 5-7, 9,
12, 14, 16-30]. Here, we consider the following singular system with a
constant and two time-varying delays:

Ei(t) =Ax(t) + Bpa(t — h(t)) + Bqz(t — d(t))
+D t x(s)ds,t >0, (1)

t—1

x(t) =¢(t),t € [-7,0], 7 = max{h,d} > 0,

where z(t) € R™ is the state vector, ¢(t) is a continuous initial function
defined on [—-7,0]. A € R"*" is a negative definite real constant matrix
and E, By, By, D € R™*"™ are real constant matrices such that the matrix
E € R™* ™ is singular, and it is assumed that rankE = r < n,n > 1. The
time varying delays h(t) and d(t) are continuous differentiable functions
and satisfying

where 7, h, hy,d and dj, are positive constants.

It is worth to mention that when we compare the singular system
(1) with that of Liu [13], which is given the above, the singular system
(1) includes, extends and improve that of Liu [13]. Next, the results of
this paper include and extend the results of [13], and they have contri-
butions to the topic and the related literature. These are the novelty
and contributions of this paper.
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The remainder of this paper is organized as follows: Some basic
definitions and lemmas are given in Section 2. In Section 3, the main
results of this paper are given; two new theorems are proved on the
asymptotic stability of singular system (1). In Section 4, two illustrative
examples are presented. Section 5 includes a conclusion.

2 Preliminaries

In this section, we give some definitions and lemmas, which are needed
in the proofs of the main results.

Definition 2.1. ([13]) The pair (E, A) is said to be regular if
det(sE—A) # 0. The pair (F, A) is said to be impulse-free if deg(det(sE—
A)) = rank(E).

Definition 2.2. ([26]) System (1) is said to be regular and impulse-
free if the pair (E, A) is regular and impulse-free. System (1) is said to
be admissible if it is regular, impulse-free and stable.

Lemma 2.1. ([13]) For any positive semi-definite matrices

X1 X1z Xig
X=| X{, Xon Xo3 | >0
leé Xg:; X33

the following integral inequality holds:

_ /t () Xmi(ds < [ [at(0) T b)) () )

—h(t) t—h(t)

X1 X2 Xas x(t)
X X1TQ X22 X23 CC(t — h(t)) ds.
XL XL o0 i(s)

Lemma 2.2 (Schur Complement). ([26]) Given any real matrices
Py, P, and P3 with P = P{ and P3 > 0. Then, we have

P+ PPy Pl <0
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if and only if

P P
[PzT —P3]<0

or equivalently

-P; Py
P P

| <o

Lemma 2.3. ([30]) For any constant positive symmetric matrix
M € R™ ", scalar r > 0 and vector function g : [0,7] — R", if the below
integrations are well defined, then

T TTS s)as ' SST ' s)asi.
Ag(WﬂMZ%%M]MAMM]

3 Main Results

Throughout this paper, we assume that the following conditions are sat-
isfied.

(A1) Let «, h, hy, d, 5 and dj, be positive constants such that
0<h(t)<ah,0<a<1,0<d(t) <pd,0<pB<1,
0 < h(t) < h,h(t) < hy, 0 < d(t) < d,d(t) < dy.

(A2) There exist a singular matrix E with rankE = r < n, positive
definite symmetric matrices H, P, R;, Q;, (i = 1,2,...,6), any matrix S
with appropriate dimension and positive semi definite matrices

X1 X2 X3 Yi1 Y2 Yis
X=| X, Xoo Xo3 | >0,Y=|Y}5 Yoo Yo3 | >0,
X{y X33 Xs Vih Yy Ya
[ Z11 Zia Zis K1 Ko Ki3
Z=\| 2l Zyn Zy | >0,K=| Kl, Ky Koy | >0,
| ZL 7L, Zss KL, KL Ks;
[ Ty T2 Ths Wi Wi Wis
T=|TL To T | >0,W=| Wk Wy Wy | >0,
| T TL T WL Wk Was
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such that the following LMIs hold:

PTE=ETP >0, (2)
[ My Mz 0O 0 My O 0 Mg Mg ]
* Moy Moy 0 0 0 0 0 My
* * M33 M34 0 0 0 0 0
* * * Mya 0 0 0 0 0
M = * * * * Mss  Msg 0 0 Mg <0,
* * * * x* Mg Mgr O 0
* * * * * * M 0 0
* * * * * * x  Mgg Mgy
| * * * * * * *  Mogg |

ET(Ry — X33)E > 0, ET(Ry — Y33)E > 0,
ET(Ry + (1 — hg)Rs — Z33)E > 0, ET(Ry — Ts3)E > 0,
ET(Rs — K33)E > 0, ET(Ry + (1 — dy)Rg — W33)E > 0, (4)

where U € R™*("=7) is any matrix satisfying ETU = 0 and

My =ATP + PA+ ATUST + SUTA+7H + Q1 + Q3 + Q4 + Qs

+ ET(ahZy1 + Z13 + ZL)E + ET(BdWyy + Wiz + W) E,
My =PBy, + SUT By, + ET (ahZ15 — Z13 + Z5)E,
M5 =PBy + SUT By + ET(dWyy — W3 + Wh)E, Mig = PD,
Mg =AT[ahRy + (1 — a)hRy + ahR3 + BdRy + (1 — B)dRs + BdRg],
Moy = — (1 — hi)Q3 + ET (ah X1y + X13 + Xi5 + ahZoy — Zos — Z1)E,
Moz =ET (ahX 15 — X153+ X5)FE,
Moy =Bl [ahRy + (1 — &)hRy + ahRs + BdRy + (1 — B)dRs + SdRg),
M3z =Q — Q1 + ET (aeh X2y — Xo3 — X35 + (1 — a)hY11 + Vi + Yi3) B,
My =ET((1 — a)hYis — Yis + Yo5)E,
My =~ Qa2+ ET((1 — a)hYss — Yas — Y3h) E,
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Mss = — (1 — dp.)Qs + ET(BdTy1 + Tiz + Tl + BdWay — Woz — WL E

Mse =ET(B8dTyy — Ths + Th)E,

Msg =BT [ahRy 4+ (1 — a)hRy + ahR3 + BdR4 + (1 — B)dRs + BdRs),

Mg =Q5 — Qu + ET(BdTa — Toz — Tas + (1 — B)dK11 + Kiy + K13)E,

Mg, =ET((1 — B)dK 3 — K13+ KL)E,

M =— Qs+ ET((1 — B)dKy — Koz — KL)E, Mgg = —7 ' H,

Mgy =DT[ahR; + (1 — a)hRy + ahRs + BdRy + (1 — B)dRs + BdRg),

Mgy = — [@hRy + (1 — a)hRy + ahRs + BdRy + (1 — 8)dRs + BdRg).
Theorem 3.1. If conditions (A1) and (A2) hold, then system (1) is

asymptotically stable.
proof. we define an LKF by

V(tvx) = Z‘/i(ta :II), (5)

where

Vi(t,z) =27 (t)PEx(t),
t—ah

Va(t, x) :/t_ th(s)len(s)ds+/t_h 27 (5)Qox(s)ds
t 2T (5)Qzx(s)ds t 2T (5)Qux(s)ds
L F Qs+ [ 2T 6)Qu(s)d
t—Bd ¢
T(8)Qpx(s)ds
v, e [T 6)Qu(ed
T
53(t, ) /ah/+9 a)E* Ry Ed(o)dadd
ah/ @)ET RyEi(a)dadf
n

t
/ &' (a)ET R3Ex(a)dadd

t
/ &7 () ET RyEi(a)dadd

7
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Bd
/ / o)ET RsEi(a)dadf
t+6
/ / o)ET RgEi(a)dads,
t+6

A(t, x) // a)dadb.
—7 Jt+60

It is clear that the LKF (5) is positive definite. Calculating the derivative
of the LKF V(t,z) along the solutions of the system (1), we obtain

V(t?‘/E) = Z‘/;(ta IL‘), (6)

where

Vi(t,z) =aT () AT Px(t) + 2T (t) PAx(t) + 2T (t — h(t)) BF Px(t)
+ 2T (t — d(t))BY Px(t) + 2 (t)PBpra(t — h(t))

+ 2T (t)PByz(t — d(t)) + ( /t t z(s)ds)T DT Px(t)

+ 27 (t)PD t x(s)ds, (7)

t—7

Va(t,z) = 2T (1)[Q1 + Q3 + Qu + Q¢)x(t)

— 2" (t = h(t))(1 — h(t))Qaz(t — h(t))
+ 2T (t — ah)[Qo — Q1z(t — ah) — zT (t — h)Qox(t — h)
T( d(t))(1 — d(1))Qex(t — d(1))
2" (t — Bd)[Qs — Qul(t — Bd) — & (t — d)Qsz(t — d)
( Q1 + Q3 4 Q4 + Qs]x(1)
a(t = h(t))(1 — h)Qsx(t — h(t))
2T (t — ah)[Q2 — Qiz(t — ah) — 2T (t — h)Qaz(t — h)
)

(t—
(
T( —d(t))(1 — di)Qex(t — d(t))
2 (t = Bd)[Q5 — Qalx(t — Bd) — 2 (t — d)Q5z(t — d), (8)
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0 t
Vi(t,z) = / TOETRBH 00—~ [ 3T )ET R Bi(s)ds

—ah t—ah
+ / iT (t)ET RyEd(t)d — &7 (s)ET RyFi(s)ds
—h t—h

0 t
+ / i’ (t)ET RyEi(t)do — / iT(s)ET R3Ei(s)ds
t—h(t)

0 t
+ / &' (t)E" RyEi(t)do — / @7 (s)ET RyFi(s)ds
t—3d

d
—pd t—pBd
+ / &' (t)E" Rs Bi:(t)d6 — i (s)ET Ry Ei(s)ds
—d t—d

0 t
+ / & (t)ET RgEi(t)do — @7 (s)ET RgFi(s)ds.
—d(t) t—d(t)

Using the Newton-Leibnitz formula ([6]), we find

Vs(t,z) =T (t)ET [ahRy + (1 — a)hRy + h(t) R3] Ei(t)
— / t i1 (s)ET R Fi(s)ds — / o &7 (s)ET RyFi(s)ds
t—ah t—h
— (1= A(t)) / i (s)ET R3Fi(s)ds
t—h(t)
+ 2T (t)ET[BdRy + (1 — B)dRs + d(t)Re| E4(t)
— / t @7 (s)ET RyFi(s)ds — / o iT(s)ET RsEi(s)ds
t—pd t—d
~ (- d(t) / i (5)ET Ry Bir(s)ds
t—d(t)
<iT(t)ET[ahR;y + (1 — a)hRy + ahR3]Fi(t)
_ / ()BT Ry Bi(s)ds / T T () ET Ry B (s)ds
t—ah t—h

—(1— hk)/t &7 (s)ET R3Fi(s)ds
t—h(t)
+ T (t)ET[BdRy + (1 — B)dRs + BdRg|E(t)

9
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t t—pBd
- / T (s)ET RyFi(s)ds — / @7 (s)ET RsEi(s)ds

t—pd t—d
S (- dy) /t_d(t) i () ET Rg Bi(s)ds. ()

As for the next step, if the upper bounds for the integral terms of
(9) are arranged, then

t t—ah
— / i1 (s)ETR\Ei(s)ds — / i1 (s)ET RyEi(s)ds
t—ah t—h
t
—(1—hy) / iT(s)ET R3Ei(s)ds
t—h(t)
t t—pBd
— / @7 (s)ET RyEi(s)ds — / &7 (s)ET RsEi(s)ds
t—pBd t—d

t
—(1 dk)/ @7 (s)ET RgEi(s)ds
t—d(t)

t—h(t) t—ah
= - / &7 (s)ET Ry Ei(s)ds — / iT(s)ET RyEi(s)ds
t t—h
t
- / T (s)ET[Ry + (1 — hi)R3|Ei(s)ds
t—h(t)
t—d(t) t—Bd
- / &' (s)E" RyEi(s)ds — / @7 (s)ET RsFEi(s)ds
t t—d
t
- / T (s)ET[Ry + (1 — di,) Rg|Ei(s)ds
t—d(
t—h(t)
- - / j}T(S)ET(Rl — X33)Ei’($)d$
t

t—ah
— /t i"(s)ET (Ry — Ys3)Ei(s)ds

t
- / j;T(S)ET[Rl + (1 — hg)Rs — Z33]Ed?(s)ds
t—h(t)
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t—d(t)
— / iT(s)ET(Ry — Ts3)Fi(s)ds
t—Bd

t—pd
T (s)ET(Rs — K33)Ei(s)ds

t—ah
/ i (s)ET X33 Fi(s)ds —/ i (s)ETYs3Ei(s)ds
t t—h
¢ t—d(t)
— / i1 (s)ET Z33 Ei(s)ds — / il (s)ETT33Ei(s)ds
t—h(t) t—Bd
t—Bd t
/ il (s)ET K33 Fi(s)ds — / T (s)ETWs3Ei(s)ds.  (10)
t—d(t)
Using Lemma 2.1, some terms included in (10) satisfy the following
inequalities:

t—h(t) t—h(t)
- / () Xmi()ds < [ [T (- h(0) oT(t-ah) i) ]

—ah t—ah
z(t — h(t)) ]
ds

X1 X2 Xig
XlTQ X22 X23 x(t — Oéh)
a(s)

XL, XL 0
<zT(t — h(t))[ahX11 + Xi5 + Xaglz(t — h(t))
+2T(t — h(t))[ahX12 — X13 + X L]

xx(t — ah) + 2 (t — ah)[ah XL, — X1
+Xoslz(t — h(t)) + 2 (t — ah)[ahXas

—Xo3 — XL]a(t — ah), (11)

X

t—ah
— / iT(s)Yggx'(s)ds S:cT(t —ah)[(1 — a)hY11 + Yfg + Yislz(t — ah)
t—h

427 (t — ah)[(1 — a)hYia — Yiz + Yoh|a(t — h)
+2T(t — h)[(1 — a)hY5 — V7§ + Yas]z(t — ah)

(
427t — h)[(1 — @)hYag — Yoz — Yohlz(t — h),
(12)
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— /tt - a'UT(s)Zgg:t(s)ds SxT(t) [h(t)Z11 + Zi% + Z13]x(t)

t—d(t)
_ / T
t—Bd

t—Bd
_ / T
t—d

t
- / i1 (s)Wasd(s)ds
t—d(t)

(5)K33i(s)ds <zl (t — Bd)[(1

+a () [h(t) Z1a — Z13 + Zag)x(t — h(t))
+a (t — h()[h(t) 2y — Zi3 + Zagla(t)
+al (t — h(t)[h(t) Zo2 — Zaz — Zag)a(t — h(t))
<z’ (t)[ahZn + Z{3 + Zis]x(t)
+a' (t)[ahZiy — Z1s + Zagx(t — h(t))
+a (t — h(t)[ahZly — Zis + Zosa(t)
+al (t — h(t))[ohZ — Zaz — Zag)a(t — h(t)),
(13)
(8)Ts32:(s)ds <a(t — d(t))[BdTi1 + T + Tiz)x(t — d(t))
42T (t — d(t))[BdTi2 — Thz + Tos)z(t — Bd)
+a' (t — Bd)[BdT]y — T + Tos)a(t — d(t))
+2T (t — Bd)[BdTyy — Toz — Th]x(t — Bd),
(14)
— B)dK1 + Kis + Ki3)
xa(t — Bd) + 2" (t — Bd)[(1 - B)dK12
— K3+ Kygla(t — d) + 2" (t — d)[(1 - B)dK T,
—K{3 + Kogla(t — Bd) + 2" (t — d)[(1 — B)dKa
— K3 — Kjsla(t — d), (15)
<aT () [d(t)Wry + Wik + Wis]a(t)
+xT (#)[d(t)Wia — Wiz + Waglz(t — d(t))
ol (t— d(t))[d(t) Wiy — W5 + Wasla(t)
+aT(t — d(t))[d(t)Wag — Waz — Waslz(t — d(t))
<z (t)[BdWr1 + W5 + Wigla(t)
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+ 2L (1) [BdW1g — Wiz + W]z (t — d(t))
+ 2T (t — d(t))[BdWE — W + Wasz(t)
+ 2T (t — d(t))[BdWag — Was — Wasla(t — d(t)), (16)

Similarly, we can arrange some terms of (9) as the following, respec-

—~

tively:
&7 (t)ET[ahR1+(1 — a)hRy + ahR3]Ei(t) = [zT (t)AT
+ 2T (t — h(t)BE + 27 (t — d(t)B]
+ ( / t z(s)ds)T DT)[ahRy + (1 — a)hRy + ahR3)

X [Aa;(;) + Bpa(t — h(t)) + Bgx(t — d(t))
+D t x(s)ds]
=27 (t)AT[ahRy + (1 — a)hRy + ahR3] Ax(t)
+ 2T (t)AT[ahRy + (1 — a)hRy + ahR3]|Bya(t — h(t))
+ 2T (t)AT[ahRy + (1 — a)hRy + ahR3]Byx(t — d(t))

t
+ 2T (1) AT[ah Ry + (1 — a)hRs + ahRs]D / 2(s)ds
t—7

+ 27 (t — n(t)) Bl [ahRy + (1 — a)hRy + ahRs| Ax(t)

+ 2T (t — h(t)) Bl [ahRy 4+ (1 — a)hRy 4+ ahR3]Bpx(t — h(t))
+ 2T (t — h(t)) Bl [ahRy 4+ (1 — a)hRy 4+ ahR3]Bax(t — d(t))
+ a2l (t — h(t)) B [ahRy + (1 — a)hRy + ahR3]D t x(s)ds

+ 2T (t — d(t))BY [ahRy + (1 — a)hRy + ahRg]A:U(t;

+ 2T(t — d(t))BY [ahRy + (1 — @)hRy 4+ ahR3|Bra(t — h(t))
+ 2T(t — d(t))BY [ahRy + (1 — @)hRy 4+ ahR3|Byx(t — d(t))
+ 27(t — d(t))BY [ahRy + (1 — @)hRy 4+ ahR3|D t x(s)ds

t—T

+ ( / t z(s)ds)T DT [ahRy 4 (1 — a)hRy 4+ ahR3] Ax(t)

t—1
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+ (/: z(s)ds)" DT [ahRy + (1 — a)hRy + ah R3] Bra(t — h(t))

+ (/: z(s)ds)T DT [ahRy + (1 — a)hRy + ahR3|Bax(t — d(t))

+ (/t z(s)ds)T DT[ahRy + (1 — a)hRy + ah R3] D t x(s)ds, (17)

t—7 t—7

@7 (t)ET[BdRy+(1 — B)dRs5 + BdRg|Ex(t) = [xT (t)AT
+ 2T (t — h(t)BE + 2T (t — d(t)BY
+ ( / t z(s)ds)T DT)[BdRy + (1 — B)dR5 + BdRg)

X [A:LT(;) + Bpra(t — h(t)) + Bax(t — d(t))
+D t x(s)ds]

t—T

=27 (t)AT[BdRy + (1 — B)dRs + BdRg) Ax(t)
+a" () AT[BdRy + (1 — B)dRs + SdR|Bya(t — h(t))
+a" () AT[8dRy + (1 — B)dRs + SdR| By (t — d(t))

t
+ 2T () AT[BdRy + (1 — B)dRs + BdRsD / 2(s)ds
t—1

+ 2T (t — h(t))BL[BdR4 + (1 — B)dRs + BdRg) Ax(t)

+ 2T (t — h(t)) Bl [BdRs + (1 — B)dRs + BdRg)Brx(t — h(t))
+ 2T (t — h(t)) Bl [BdRs + (1 — B)dRs + BdRg|Byx(t — d(t))
+ 27 (t — h(t))BL[BdR4y + (1 — B)dRs + BdRg| D t z(s)ds

+ 27 (t — d(t))BY [BdRy + (1 — B)dR5 + ﬂdRG]A:c(t;

+ 27 (t — d(t))BY [BdRy + (1 — B)dRs + BdRg]Bpa(t — h(t))
+ 27 (t — d(t))BY [BdRy + (1 — B)dRs + BdRg) By (t — d(t))
+ 27 (t — d(t))B] [BdR4 + (1 — B)dRs + BdRg| D t z(s)ds

t—1
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+ (/ti .%'(S)ds)TDT[IBdR4 + (1 — ﬁ)dR5 4 BdRG]Ax(t)
+ (/tt x(s)ds)" DT [BdRy + (1 — B)dRs + BdRe]Bya(t — h(t))

+ (/ti 2(s)ds)" DT [BdRs + (1 — B)dRs + BdRg|Bax(t — d(t))

t

+ (/tt x(s)ds)T DT[BdRy + (1 — B)dRs + BdRg| D 2(5)ds.

t—1

Differentiating Vj (¢, ) and using Lemma 2.3, we get

Vit 2) < raT () Ha(t) — 7~ /t_ 2(s)ds)TH{( /t_ 2(5)ds).

As the next step, since ETU = 0, we see that

0 =2&T (t)ETUST x(t),
T( NATUST + SUT Alx(t) + 27 (t — h(t)) BFUST x(t)

! (t = d(t)BgUS a(t) + «* (t)SU" Bpa(t — h(t))
! (t)SUT Baz(t — d(t)).
On gathering the estimates (6)-(20), we have
' t—h(t)
V(t,x) <eT(t)Ze(t) — o @7 (s)ET(Ry — X33)Fi(s)ds

t—ah
_/t_h i"(s)ET (Ry — Ys3)Ed(s)ds

t
- / T ($)ET[Ry + (1 — h) Ry — Zsg] B (s)ds
t—h(t)

t—d(t)
_ / T ()BT (Ry — Ty) Ei(s)ds
t_

d
t—Bd
_ / T ()BT (Rs — Ka)Ei(s)ds
t—d

t
- / $T(3)ET[R4 + (1 — d)Rs — Was|Ex(s)ds,
t—d(t)

(18)

(19)

(20)

15
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where

')y =[ 2T@t) 2Tt —nt) 2T(t—ah) 2T(t—h) 27(t-d(t)
2Tt —pd) 2Tt —d) (f, x(s)ds)T ]

and
[E11 E2 0 0 Z15 0 0 Eis ]
¥ Hog Eaz 0 s 0 0 Zog
* * 533 Eg4 0 0 0 0
- * * * = 0 0 0 0
- * * * * 555 556 0 558
* * * * * =g =Z¢7 O
* * * * * x*  Zero 0
| * * * * * *  Zgg |
with

21 =ATP+ PA+ ATUST + SUTA+7H 4+ Q1 + Q3 + Q4 + Q¢

+ ET(ahZyy + ZL5 + Z13)E + ET(BdWyy + Wi + Wi3)E

+ AT[ahRy + (1 — &)hRy + ahR3 + BdRy + (1 — B)dRs + BdRg) A,
E12 =PBy, + SUTBy, + ET(ahZys — Z13 + Z5)E

+ AT[ahR; + (1 — &)hRy + ahR3 + BdRy + (1 — B)dRs + BdRg] By,
Z15 =PBy + SUT By + ET(BdW1y — Wiz + WEL)E

+ AT[ahRy + (1 — a)hRy + ahR3 + BdRy + (1 — B)dRs + BdRg) By,
Z18 =PD + AT[ahR; + (1 — a)hRy + ahR3]D

+ AT[BdRy + (1 — B)dRs + BdRg)D,
Boo = — (1 — ht)Q3 + ET (ahX11 4+ X153 + Xis + ahZoy — Zog — Z)E

+ Bl lahR; + (1 — a)hRy + ahR3 + BdRs + (1 — B)dRs + 3dRg| By,
Zo3 =ET (ahX12 — X13 + X5)E,
Zo5 =B] [ahR; + (1 — a)hRy + ahRs + BdRy + (1 — B)dRs + BdRs) By,
Zos =B] [ahRy + (1 — a)hRy + ahRs + BdRy + (1 — B)dRs + BdRg) D,
H33 =Q2 — Q1 + ET (ah X9y — Xo3 — XLy + (1 — a)hY1y + Vi3 + Y5)E,
Z34 =E"((1 — a)hY1s — Yi3 + Ya) E,
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Ea=— Q2+ ET((1 - a)hYa — Yoz — Yi4)E,
Es5 = — (1 — di)Q6 + ET (BdT11 + Tig + Ti3 + BdWag — Wag — Wo3)E

+ BYlahR; + (1 — a)hRy + ahRs + BdRy + (1 — B)dRs + BdRg) Ba,
Zs56 =ET (BdT19 — Ti3 + T E,
Z58 =B [ahR; + (1 — a)hRy + ahRs + BdRy + (1 — B)dRs + BdRg) D,
Ze6 =Q5 — Qu + ET(BdTy — Tog — T+ (1 — B)dK 11 + K13+ Ki3)E,
Zer =ET((1 — B)dK12 — K13+ KL)E,
Err=— Qs+ E"((1 - B)dKss — Ka3 — K33)E,
Zgs =D [ahRy 4+ (1 — a)hRy + ahR3 + BdRy + (1 — B)dRs + 3dRg|D

— 7 1H.

Since Z < 0, then V(t,z) < 0. Hence, we conclude that system (1) is
asymptotically stable.

Now, we give the below conditions for the next theorem.
B. Assumptions
(A3) Let a, h,hi,d, and dj be positive constants such that the
following inequalities hold:
ah < h(t) < h,Bd < d(t) < d,0 < h(t) < h, h(t) < h,
0<a<1,0<dt)<ddt) <d,0<p<1.

(A4) There exist a singular matrix E with rankE = r < n, positive
definite symmetric matrices H, P, R;, Q;, (i = 1,2,...,6), any matrix S
with appropriate dimension and positive semi definite matrices

X1 X2 X3 Yiin Y2 Y3

X=| X, Xoo Xo3 | >0,Y=|Y}, Yoo Yo3 | >0,
X{y X33 Xas Yih Y Ya
Zn Zi2 Zi3 K1 K2 Kis

Z=\|2Zly Zy Zys | >0,K=| K, Ky Ky | >0,
Zg Z2T3 Z33 Klj;; Kg;), K33
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T11 T12 T13 Wll W12
T = Tlg TQQ T23 > 0, W = er‘g W22
TL TL Ty Wiy Wi

such that the following LMIs hold:

PTE=E"P >0,

My My Mz 0 Myis M 0
* M22 M23 M24 0 0 0
*x * Mgg 0 0 0 0
* * x My 0 0 0
M = * * * * M55 M56 0
* * * * x  Meg 0
* * * * * x My
* * * * * * *
* * * * * * *

ET[Ry + (1 — hi)R3 — X33]E > 0,
ET[Ry + (1 — hy)R3 — Y33]FE > 0,

MIS

O O OO oo

.
oo

ET(Ry — Z33)E > 0, ET(R5 — W33)E > 0,

ET[Ry+ (1 — dy)Re — T3] E > 0,
ET[Rs + (1 — dy)Re — K33]E >0,

where U € R™("=") is any matrix satisfying ETU =

My =ATP + PA+ A"US" + SUTA+7H 4+ Q1+ Q3 + Q4 + Qs
+ ET(ahX11 + X13 + X15)E + ET(BdTyy + Tis + TH)E,

0 and

My =PBy, + SUTBy, M3 = ET(ahX12 — X13 + X5)E,
M5 =PBy+ SUTBy, M = ET(BdTy2 — T3 + Ts)E, Mg = PD,
Mg =AT[ahR; + (1 — &)hRy + ahRs + BdRy + (1 — B)dRs + SdRg),

Mg

(21)

<0,

- (22)

(23)
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Moy =— (1 —hp)Q3 + ET((1 — a)hZ1y + Z13 + ZL)E

+ET((1 — a)hYay — Yoz — Yi3)E,
Moz =E"((1 — a)hY{h — Y5 + Ya3) E,
Moy =ET((1 — a)hZig — Zi3 + Z5)E,
Mog =B [ahR; + (1 — a)hRy + ahRs + BdRy + (1 — B)dRs + BdRy),
M3z =Qy — Q1 + ET(ahXoy — Xo3 — X&s + (1 — @)RY1, + Y5 + Yi3)E,
Msq =ET((1 — a)hY1y — Yi3 + YL)E,
My =— Qo+ ET((1 — a)hZog — Zaz — Z1)E,
Mss =— (1 —dp)Qs + ET((1 — B)dWy + Wiz + WE)E

+ ET((1 — B)dK2 — Koz — K33)E,
Mss =ET((1 — B)dK]y — K5 + Kx3)E,
Ms9 =BY[ahR; + (1 — a)hRy + ahRs + BdRy + (1 — B)dRs + BdRy),
Mes =Qs — Qu + ET(BdTag — Tog — T + (1 — B)dK11 + Kis + K13)E,
M =— Qs+ ET((1 — B)dWay — Woz — W) E, Mgg = —7 ' H,
Mgy =DT[ahR; + (1 — a)hRy 4+ ahR3 + BdR4 + (1 — B)dRs + BdRg],
Mgy = — [ahRy + (1 — a)hRy + ahR3 + BdR4 + (1 — B)dRs + BdRg).

Theorem 3.2. If assumptions (A3) and (A4) are satisfied, then
system (1) is asymptotically stable.

proof. By following the way as in the proof of Theorem 3.1, one
can easily complete the proof of this theorem. Therefore, we ignore the
details of the proof.

4 Numerical Applications

Example 4.1. As a particular case of singular system (1), we consider
the following singular system with mixed delays:

s([ 1l n)-T ha)[a0]
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n [ —0.4085 0 x1(t — 0.25sin%t)
| —0.2045 —0.5095 | | 22t — 0.25sin’t)
L[ 03025 —0.1035 ] [ an(t — 0.35sin’t)
0 —0.6035 x2(t — 0.35sin%t)
L[ 125 2135 [} 055 w1(s)ds
0 =035 || [l g aa(s)ds |’

where

E:[l 0]’14:[—6.885 0 ]’Bh:[—0.4085 0 }7

0 0 9295 —4.125 ~0.2045 —0.5095
~0.3025 —0.1035 ~1.25 —2.135

Bd_{ 0 —0.6035}’1)_[ 0 —0.35 ]

and

0 < h(t) = 0.25sin(t) < 0.25 = h,a = 0.3, wh = 0.075, 7 = 0.35,
h(t) = 0.25sin2t < 0.25 = hy, 0 <d(t) = 0.35sin’(t) < 0.35 = d,
B =0.4,3d=0.14,d(t) =0.35s5in2t < 0.35 = dj,.

Let
[ 9.65 0 41 1.85 2.25 2.063
P=1"0 o985 Q1= [ 1.85 4.2 ]’QZ_ [ 2.063 3.25 ]
[ 312 2.85 ] 8.65 1.15 4.2 3.063
s = | 285 3.25 = { 1.15 8.95 } Q1= [ 3.063 5.5 ] ’
0 [ 41 385 ] Qo = 3.2 3.063 | , _ [ L725 0625
7|38 42 "% 3063 35 | | 0625 0.706 |
[ 0.825 0.724 ] 0.245 0.234 0
a2 = | 0724 0.725 | Ra = [ 0.234 0.255 ] U= [ 2.45 ] ’
Ra— [ 1.695 0.595 | R | 2655 00157 o [ —125
Y710595 0685 |77 T 1 0.015 0106 |77 | ~1.35 |
R [ 0205 0.025 ]
0710025 0103 |
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By some elementary calculations, in this example, for the corresponding
special matrix M of (3), the eigenvalues of this constant matrix sat-
isfy Apaz(M) < —0.0149. Then, the singular system of Example 4.1 is
asymptotically stable.

time{sec) B 105

Figure 1: Trajectories of the solution (x1(t),z2(t)) of system of Exam-
ple 4.1, when 7 = 0.35.

Example 4.2. As a special case of system (1), we consider the
following singular system with mixed delays

df[1 0 x1(t) [ —5.885 0 x1(t)
dt\ | 0 0 || zaft) Tl -1.95 —4.125 | | xa(t)
+ [ —0.1085 x1(t — 0.25sin%t)
| —0.2045 —0. 5095 xo(t — 0.25sin%t)
N [ —0.1025 —0.1035 | [ 21(t — 0.35sin?t)
I 0 —0.6035 x2(t — 0.35sin%t)
N [ —1.25 —0.135 | | [ o35 21(5)ds
0 0.35 [ o5s w2(s)ds |

where
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E:[1 0]’14:[—5.885 0 ]’Bh:[—o.lo&a 0 }

0 0 ~1.95 —4.125 —0.2045  —0.5095
—0.1025 —0.1035 ~1.25 —0.135

Bd_{ 0 —0.6035}’1)_[ 0 0.35 ]

and

0 < h(t) = 0.25sin%(t) < 0.25 = h,a = 0.3, wh = 0.075, 7 = 0.35,
h(t) = 0.25sin2t < 0.25 = hy,, 0 <d(t) = 0.35sin?(t) < 0.35 = d,
B=0.4,8d=0.14,d(t) =0.35sin2t < 0.35 = dj.

Let

10 0 51 1.85 2.25 2.063
P__ 0 10.5}’621_[1.85 4.2 ]’Qz_[zoe‘?, 3.25 ]
Q| 5412 1463 o [ 465 2151 o [ 3673 3063
71463 8725 |7 T | —215 595 |7¢' T | 3.063 5.853 |’
05 — [ 41 1.85 Qs | 82 10637 o 17255 0.625
718 32 |"°T | 1.063 12505 |77 T | 0.625 0.706 |
[ 1.265 0.724 ] 0.245 0.234 0
R2=1 0724 0725 |17 [ 0.234 0.255 ] U= [ 2.45 ] ’
[ 1.695 0.595 | 2.655 0.015 —-1.25
Ba=1 0595 0685 |1~ [ 0.015 0.106 ] 5= [ ~1.35 } ’
R _ [ 0205 0.025 ]
070025 0103 |

Next, in the light of the above information, by some elementary calcula-
tions, for the corresponding special matrix M of (22), all eigenvalues of
the matrix M satisfy A\pa (M) < —0.1482. Consequently, it is clear that
all conditions of Theorem 3.2 are satisfied. Thus, the singular system of
Example 4.2 is asymptotically stable.
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time{sec)

Figure 2: Trajectories of the solution of (x(t),z2(t)) of Example 4.2,
when 7 = 0.35.

5 Conclusion

In this paper, we consider a kind of delay singular systems. We estab-
lish new sufficient criteria for the asymptotic stability of the considered
singular system with multiple delays. By using the delay decomposition
and the LKF approaches, two new theorems including new asymptotic
stability criteria are proved in terms of LMIs. Finally, two numerical ex-
amples are given with their simulations to demonstrate the applicability
of the proposed results. The results of this paper include and generalize
some recent and related results in the literature. As for suitable future
studies, fractional forms of singular system (1) can be considered and
their qualitative behaviors can be investigated.
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