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Abstract. In this work, we discuss the existence of solutions of infinite
systems for a boundary value problem of Caputo fractional differential
inclusions involving convex-compact multivalued maps. Our results are
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1 Introduction

In this paper, we study the existence of solutions of the infinite system of
Caputo fractional differential inclusions with initial conditions involving
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convex-compact multivalued maps (IBVP for short)
i+k .
‘Drui(t) € Gilt, (Y lu;()")%),  teJ=[0,0]

=i (1)
ui(0) =0, wi(p) =awi(¢), i=1,2,...
1<k<2, aC" ' <pil

where G; : J x C(J,R) — P(R), i = 1,2,..., are convex-compact L'-
Carathéodory multivalued maps, a > 0, 0 < ( < 1 and k£ € N is an
arbitrary fixed number.

The fractional calculus, an essential part of mathematics analysis,
is as old as the classical calculus. The main ideas of fractional calcu-
lus can be traced back to the seventeenth century when the integral
calculus and classical differential theories were introduced and devel-
oped by Newton and Leibniz [12]. For more works on this topic; see
[3, 10, 20, 21, 25, 27, 33]. Fractional differential equations (FDEs) ap-
pear naturally in extensive volume of scientific problems in the fields
of physics, engineering, chemistry, control, porous media, and so on.
To concentrate on several applications, we refer to the recent results;
see, for example works of Caponetto et al. [11], Metzler et al. [20],
and Shaw et al. [35]. Boundary value problems (BVPs) of fractional
differential inclusions equipped with some types of conditions like inte-
gral boundary conditions, classical, nonlocal, multipoint, and fractional
have been studied by a number of scholars. For example, in [1] solv-
ability of a class of the fractional inclusion problems have been derived
via the generalized ¢—Riemann-Liouville and ¢—Caputo maps with the
help of analytical techniques on a — ¥ —contractive maps and multifunc-
tions. In [0] it has been discussed several existence results for a Caputo
conformable differential inclusion with initial conditions by employing
some analytical procedures on a — ®p—contractive maps possessing the
approximate endpoint property. In [7] the solvability of fractional hy-
brid multi-term integro-differential inclusions with initial conditions has
been investigated with the help of Dhage’s fixed point theorem. In [1(]
non-hybrid types of these inclusions are studied by using the approx-
imate endpoint property. In [13] by applying a new class of specific
functions on the spaces with properties (C,) and (B), it has been de-
rived the existence results for some fractional multi-term BVPs possess-
ing integral conditions. In [I4] with the help of some kinds of Dhage’s
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fixed point theorem, the existence of solutions for a category of FDEs
of hybrid type has been discussed. In [15] some existence theorems for
three-point ¢-FDEs and their corresponding inclusions have been inves-
tigated with the help of o — 1p—contractions and multifunctions. In
[17] by applying the set-valued version of Ménch fixed point theorem to-
gether with the method of measure of noncompactness, the solvability of
the neutral fractional differential inclusions of Katugampola fractional
derivative has been discussed. In [28] a sequential hybrid inclusion BVP
with three-point integro-derivative boundary conditions has been stud-
ied using analytical methods based on the fixed points of the product
operators, a — Yp—contractive mappings, and endpoints.

Fixed point theory for multivalued mappings is a substantial subject
of multivalued analysis and finds many applications to control theory,
differential and integral inclusions, and optimization. Several common
fixed point theorems for single-valued maps such as those of Schauder
and Banach have been extended to multivalued maps in Banach spaces;
see [5, 18, 19].

There are many infinite systems of differential equations arising from

the real world problems, for instance in the field of artificial intelligence,
stochastic process, decomposition of polymers and so many other things.
In the recent times, fixed point theory has been applied to obtain some
existence results; see [30, 31], and so on. Motivated by the above papers,
in this work, we discuss the solvability of infinite systems for BVPs of
Caputo fractional differential inclusions involving convex-compact mul-
tivalued maps. Our results are based on an appropriate fixed point
theorem for condensing maps attributed to Martelli [24].
Now, we organize this paper as follows. In Section 2, we provide some
auxiliary facts that will be needed further on. In Section 3, we study
the existence of solutions of IBVP (1). Eventually, an example is given
to indicate effectiveness of the obtained results.

2 Preliminaries

Here, we preliminarily collect some auxiliary facts which will be needed
later.

Definition 2.1. [22, 52] Assume that Ry = [0,00). The Caputo frac-
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tional derivative of order k for a continuously differentiable function
g: Ry — R is defined as

1 ARIC)
CDK/ —
g(t) T(n— ) /0 (f— o)t dv, k>0,

when T is the gamma function and n = [k] + 1.

Definition 2.2. [7/] The Riemann-Liouville fractional integral of order
a for a continuous function f on |a,b] is defined by

Jof(z) = F(la) /m(x et a >0, a<a<b.

Proposition 2.3. [29] Let g € C([0, p],R) be a given function, 1 < k <
2,a>0 and 0< ( <1. Then the unique solution of

“Du(t) = g(t), u(0) = 0, u(p) = a u(¢), a¢** < p",
18

uty = [ fe—vyt - S 8

- (pn—l _ at'n—l)r(ﬁ) /tp(t(p - U))Nilg(v)dv

a
+ (pn—l _ a(n—l

Let A be a Banach space and P(A) = 2. We denote

¢
05 L =0 .

P, (A) ={C C A, C is nonempty and possessing a property [}.

Further, we write

P (A) = {C C A, C is nonempty and closed},

P,(A) = {C cC A, C is nonempty and compact},

P.,(A) = {C cC A,C is nonempty and convex},

Py(A) = {C C A,C is nonempty and bounded},
Ppew(A) = {C C A, C is nonempty, compact and convex}.

A correspondence G : A — P;(A) is said to be a multivalued map on A.
A point z € A is called a fixed point of G if z € G(z). The multivalued
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map G is closed (convex) valued if G(z) is closed (convex) for each z € A.
The multivalued map G is bounded if G(A) = U G(z) is bounded for

z€A
any A € Pyy(A), more precisely sup { sup{[ly|| : y € G(2)}} < oc.
z€A

Let C1,Cy € P(A). The Hausdorff-Pompeiu metric Hy on FP;(A) is
defined by

Hy(Ch,Cs) = max{ sup D(a,Cs), sup D(b,C1)},
aceCq beCy

where D(a,Cy) = inf{||a — b|| : b € C2}. The metric space (Py(A), Hq)
is complete; see [9].
In the sequel, we mean by 9y, the family of bounded subsets of the
metric space (Y, d).
Definition 2.4. [8] Suppose that (Y,d) is a metric space. Also, suppose

that P € My . The Kuratowski measure of noncompactness of P which
is denoted by x(P) is defined by

X(P):inf{6>0:77c UKi,KiCY,dmm(Ki)<s (i=1,...,n); nEN},

1=1

where diam(K;) = sup{d(s,v) : ¢,v € K;}.

Definition 2.5. [2] Suppose that A is a separable Banach space, () #
ZCA, and G: Z — P/(A) is a multivalued map. We have

(1) G is upper semi-continuous on Z if for any z € Z, 0 # G(z) C Z
is closed, and if for each open subset U of Z containing G(z), an open
neighborhood V' of z exists such that G(V') C U.

(2) If for each B € Pyy(Z), G(B) is relatively compact, then G is com-
pletely continuous.

(3) G is a condensing map if it is upper semi-continuous, and for each

B C Z with x(B) # 0, we have

X(G(B)) < x(B).

A completely continuous multivalued map is a condensing map; see
[2]. If G : A — P(A) is a multivalued operator, then graph of the
operator G is defined by the set of (z,y) € Ax A in which y € G(z). The
completely continuous map G : A — P.,(A) is upper semi-continuous
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if and only if it possesses a closed graph i.e., z, — z and w, — w,
wy, € G(z,) imply w € G(2); see [2].

Let K = [a,b], and G : K x R — P,,(R). The multivalued operator
Sg : C(K,R) — P(L'(K,R)) is defined by

Sc(z) ={f € L"(K,R): f(v) € G(v,2(v)) for a.e. v € K}

for any z € C(K,R). The operator Sg is said to be the Niemytzki
operator associated with G.

A multivalued mapping G : [0, p] x R — P, (R) is called measurable if
for any real number z, the function

s d(z,G(s)) =inf{|z —z|: z € G(s)}
is measurable.

Definition 2.6. [/] A mapping G : [0, p] x R — 2% is Carathéodory if
(1) s — G(s,z) is measurable for any real number z;

(11) z — G(s, z) is upper semi-continuous for almost all 0 < s < p.
Besides, G is L'- Carathéodory if

(iii) For any 1 >0, hy € L([0,p],Ry) emists such that

1G(s, 2)|| = sup{|lyl| : y € G(s,2)} < ()
for any |z| <1 and for a.e. s €10, p).
Now we are in position to state some important lemmata.

Lemma 2.7. [23] Let K = [a,b]. Also, let A be a finite dimensional
separable Banach space. If G : K x A — P(A) is compact and convez,
then Sg(z) # 0 for each z € A.

Lemma 2.8. [23] Assume that K = [a,b], G : K x R = Py »(R) is
L'-Carathéodory, and Sq(z) # 0, then for each continuous linear map
A LYK, A) — C(K,A), the compact conver multifunction AoSq :
C(K,A) — P(C(K,A)) possesses a closed graph.

Lemma 2.9. [2/] Assume that G : A — P(A) is a compact con-
vex condensing multivalued map and the set Q = {z € A : nz €
G(2) for some n > 1} is bounded. Then G has a fixed point.
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We end this section by dealing with the solution of IBVP (1).

Definition 2.10. Let € [1,2] and let u; € C([0, p],R) (i € N) so that

its derivative of order K, exists on the interval [0, p|. Then u(t) = (u;(t))

is a solution of the system (1) if for each natural number i, functions
i+k

gi € LY([0,p],R) exist such that g;(t Z\uj % a.e. on
[0, p] and

wy = [ oo - e,

! ’ *gi(v)dv
T (pr T = alr NI (k) /t (t(p—v))"" gi(v)d

a < k=1 d
+ (p,{,l — ac,ﬂfl)l—w(h‘/) /0 (t(c - U)) gl(v) v.

3 Main Results

In this section, we first make some sufficient conditions to discuss the
solvability of IBVP (1). Eventually, we demonstrate an example to
present the effectiveness of the obtained result.

Here, we consider some assumptions.

(Hy) Assume that I = [0,1], G; : I x R = Py (R), (i = 1,2,...) is
an L!'-Carathéodory multivalued map, and the set Sg,(2) # 0, where
z € C(I,R).

(Hs) For each positive number r, functions m;, € L([0, p], R) exist
such that for any ¢ = 1,2,...

i+k
1
Sup [[marllr < oo and [|Gi(t ZI%\ ) < mir(t)

itk
for almost all t € I, z = (z;) € R*, with (Z ‘Z]‘Q)% <r and
j=i
Y my(t)dt
wi = hminf(m) <00, i=1,2,.... 2)

T—00 T

regarding to (1), we define

1 (a+ 4)p*"—2 -1
T VE+1 ((pm—l _ a("“_l)F(m)) : (3)

7
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Theorem 3.1. Suppose that the assumptions (Hy) and (Ha2) are satis-
fied, and
w=supw; < T, (4)
i€N
where w; and Y are respectively given by (2) and (3). Then IBVP (1)
has at least one solution on |0, p].

Proof. Let us convert this problem into a fixed point problem. Define
the multivalued map ¥ : (C(I,R))*® — P((C(I,R))*>) as follows:

For y = (y;) € (C(I,R))>*, ¥(y) is the set of (u;) € (C(I,R))>® such
that

P O () ety T P 1
ui(t) = /0 [(t ) pr—1l — a(”*l] I'(k) d (pr—t —a¢+—HI'(k) 8

: rk—1 a < Kk—1
[ o=y o+ e | o) ),
i+k )
where g; € SGi((Z lyj|%)2). We show that the hypotheses of Lemma
j=i
2.9 hold. The proof is presented in five steps:

Step 1: We show that W is convex. For, assume that y (yi) €
(C(I,R))®°. It is proved that ¥(y) is convex. Suppose that (u]) € U(y)
(v =1,2). Thus we have

B A 1)) et L P :
(t)—/0 (= = e T T e

u

s

a

p ¢
k—1 k=1
J o0y v+ ot [ = o) g ),
itk )
when g € SGi((Z ly;j|*)2), i € N. Let 0 < v < 1. For each t € I and
j=i

1 € N we have

vug (t) + (1 = v)ui(t)

L e (00 gl 0) (- )
A e e e o

v

B 1
(pnfl _ a’CN71
a

< k—1 1 2
e |, (€0 el + (1= g ),

75 | o= @)+ (1 = gt )




SYSTEM OF CAPUTO FRACTIONAL DIFFERENTIAL ...

i+k
Now since G; is convex, then the set SGi((Z ]yj]2)%) is convex. Thus
j=i
i+k .
vgl + (1 —v)g? € Sa, (O lyjl*)?). Tt follows that (vul + (1 - v)u?) €
j=i

(y).

Step 2: ¥ is bounded on bounded sets of (C(I,R))*°. For this, let
r be an arbitrary positive number and

i+k
B, ={y = (y:) € (C(I,R))™ : supsup(>_ |y;(£)[*)* < r}.
€N tel =i
Clearly, B, is a bounded closed convex set in (C(I,R))*>. We are going
to show that ¥(B,) C B,. If it is false, then a real number r > 0,
a sequence y" = (y;) € B,, and a sequence h, = (h;,) € ¥(y") exist

i+k
with sup sup(z |hj,r(t)\2)% > r. Therefore n € {0,1,...,k}, ip € N and
ieN tel ‘T
Jj=i
to € I exist so that |hiynr(to)| > \/ﬁ We get

hi0+n,r(t0) = /0 [(t - U)n_l - S;(fli_vczz“::l ] g;)gf:)m v

M pree el I OO OO
a ¢ o1
e |, (€0 s ()
to+n+k
where gig+n,r € S, ., (( Z \yﬂz)%) Applying assumption (Hsz), we
J=to+n

deduce that

Teg1 < hig4nr(to)]

< [l oyr o LAy gt g,

! ’ "Ly v)dv
R et ) MR Y

a
(p/-cfl _ G/CK“71

¢
+ 75 L €= g )

9
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P 2k—2
< k—1 P mi0+7],7‘(v)
— /0 [p + pnfl _ aCHfl} F(K/) dU
1 s 2k—2
+(pn—1 —al*NI(k) J, P Mg, (V)dv
a s 2k —2
+ (p"—1 —al" NI (k P Mig4n,r(V)dv
a+4 2k—2
(pF—1 — aCr—1) m10+’7 r(
io+n+k )
when gig4nr € Sai 4 (( Z |y§]2)§). If we divide both sides by r and
J=to+n

take the lower limit as » — oo, then we obtain

1 (a+ 4)p*" 2 -1 _ ... fop Mg 4n,r (V)dv
= <liminf(=——————) <supw; = w.
\/m((p’“l — a(mfl)r(,.c)) = 5o ( T )< ieII\I)

It contradicts (4). Thus, for any real number r > 0, ¥(B,) C B,.

Step 3: The multivalued operator ¥ maps bounded sets of (C(I,R))>

into equicontinuous sets. For, suppose that » > 0 is an arbitrary

fixed number, h = (h;) € ¥(y), and y € B,. Then there exists g; €
i+k

((Z |yj|2)%) such that for any ¢ € I, we have
=i
o [t et o =) ) !
it = [l = =~ e
P 1 a < 1
J o=y s+ ot [ = o) ),

Let t,v € [0, p] be such that ¢t < v, we can write
i (h(v)) = mi(h(t))|

mi,(T)

(v(p = 7)™ ]

< / [(v—7)"" T T a1 T(w) dr
e =) o= ) (),
) I = L
-l-(pn T GCK 0y !/ - miyr(T)dT—/t (v(p—7)"" "my . (T)dr
et (€ = A i 9
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where ;(h(t)) = hi(t) for each i € N. Now if v tends to ¢, then the
right side of (5) converges to zero. Therefore, ¥ is equicontinuous. In
view of Steps 2 and 3 and the Arzeld-Ascoli Theorem, we infer that ¥
is completely continuous.

Step 4: ¥ possesses a closed graph. For, suppose that (y,) = ((yn")>_;) €
(C(I,R))> converges to y as n — oo and take h,, = (h]")5°_; in which
hyn, € ¥(yn) (or (Rp)o0_; € U((yn')o°_ 1)) converges to h = (h™). It is

m-+k

shown that h € U(y). For any g;;" € SGm((Z ‘yn,jyz)%), we have
j=m
_ m 0o _ ¢ _ k=1 (t(p — v))ﬁ—l g?ﬁ(”)
mlt) = O = [ fe—ort = ST s,

e | oo )

a

S
T, (€= o) e ),

Now, we define the continuous linear operator A : L'(I,R) — C(I,R)
by

+

L B

p."@—l _ aCK—l

1

g | o= e

(Tt —age
a ¢ r—1
+(pﬂ_1 7@4—,{_1)1—\(”) A (t(C—U)) g(U)dU
m+k

We have h)' € AoSGm((Z \ynJIQ)%) Thus, it follows by Lemma
j=m

2.8, AoSg has a closed graph. Besides, for each natural numbers m
m+k

and n, h € AoSa,, (D 1y,
Jj=m
m+k L
there exists g™ € SGm((Z lynj|%)2) such that h™(t) = A(g™)(t) or
j=m
equivalently (A™)%5_, = (A(g™)35, € U(y) = W((yn)5,). Hence
h = (h"™)°_, € U(y) and therefore ¥ is upper semi-continuous.

2)%) and h]' — h™ as n — oo. Then

Step 5: We prove that for each arbitrary number 7, the set
Q={y=(yi) € Br: Ay € U(y) for some A > 1},
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is bounded. For this aim, let y € 2. Then

= ot [yt e =) giv)
w) = 37 e = D] g
At , Kol
e . o= ) )
\a ‘ "~Lg(v)dv
+(p,,€,1 —a(”*l)F(H)/O (t(Civ)) gl( )d ’
i+k .
where g¢; € SG«L((Z ly;|*)2). Regarding to (Ha), we get
j=i

[yl = sup sup |y;(t)|
i€N te€[0,1]

-1 [ o1, (plp = v)" "ty mir(v)
S R e YO R

)\71 : Kk—1

T, e~ o) (@)
A la

(pmfl _ a(nfl

sup il

ien (VE+1AT

This shows that € is bounded. Hence, all the conditions of Lemma 2.9

hold. Thus, ¥ possesses a fixed point (u;) in B, which is a solution of

(1). O

Ezample 3.2. Consider IBVP

+

+

S
)F(H)/O (p(¢ —v))" "mir(v)dv

<

i+1 i41

sin((Y - Jus ()[*)2) + cos(Dlus (0°)*)
DSuy(t) € [, ( = — +t3+2)e*t], ieEN,0<t<1
(6)
with the boundary value conditions
wil0) =0, will) =wi(3) (€N,

Putk‘zl,mz%,(z%,a:pzl, and for any ¢ € N consider the
multivalued mapping G; : [0,1] x R — P(R) defined by

it1 it1
i1 sin((> s (1)1%)2) + cos(D_Jui (1)[*) %)

Gilt, (P lus ()} = [, (— — +42)e ],
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where t € [0,1] and (u;) € (C([0,1],R))*°. Thus, (6) is a special case of
system (1). Note that

141 141 10

1Gatt. (3 hus (O]) )] = sup{|y|,y € it (3 |u]~<t>\2>%>} <3

If for each i € N and r > 0 take m;,(t) = % (¢t € [0,1]), then the
hypotheses of Theorem 3.1 are true. Therefore IBVP (6) has a solution.

4 Conclusion

Martelli [24] constructed a fixed point theorem for condensing maps.
Also, a Caputo fractional differential equation was studied by Mursaleen
et al. [29]. Now, in this work, we discuss the existence of solutions of

infinite systems for a boundary value problem of Caputo fractional dif-
ferential inclusions involving convex-compact multivalued maps. As a
future and next project, one can investigate the solvability of this infinite
system for multivalued case with the help of other fixed point theorems
for condensing maps.
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