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1 Introduction

Fractional calculus is an expeditiously outpacing branch of mathematical
analysis that unifies the integer-order derivatives and integrals to ran-
dom order. Many FDEs involve the fractional in- integral and derivative
because the fractional order model can describe several real-world phe-
nomena more realistically. FDEs has many applications in various field
of real-world problems. Recently, it has been noticed that the cardiac
tissues, ultra waves propagation, speech signals and tautochrone prob-
lems are studied in the form of FDEs [241]. Many researchers also stated
that the fractional integrals and derivatives are more convenient for mod-
elling some disorder regions and hereditary properties of several complex
phenomena than the integer order integrals and derivatives[31, 50]. For
more applications of FDEs, the reader can see [14, 30, (].

Many mathematicians define different type fractional derivatives(FD).
This task facilitates the researchers to take the most appropriate FD to
obtain the batter description of results to model various fields’ additional
problem. Leibnitz proposed the fractional order derivative [17, 23].
After that various type of FD are established by the many authors
[34, 41,35, 32,29, 30]. The more generally used derivatives are Riemann-
Liouville and Caputo derivatives. But Riemann-Liouville and Caputo
derivatives have the singular kernels i.e. the kernels used in these deriva-
tives contains the singularities. The singular kernels creates many dif-
ficulties in applying these fractional operators. To overcome this prob-
lem Caputo and Fabrizio innovate the Caputo-Fabrizio(CF) fractional
derivative. A fractional model for hearing loss with optimal control is
established by Mohammadi et al. using the CF derivative[12]. Ali-
gadeh et al. studied the RLC circuit by using the CF derivative [9].
The applications of CF derivative can be see in [18, 15, 16]. This FD
contains the non-singular kernels, but this fractional derivative still con-
serves the non-locality property. However, CF fractional derivative gives
a better description as compared to the other derivatives with the sin-
gular kernels. The associated integral with the CF derivative is in the
term of classical order. To reduce this problem, Atangana and Baleanu
[13] proposed a derivative with generalised Mittag Leffler(ML) function.
This so-called is known as Atangana-Baleanu(AB-derivative) fractional
derivative. The various model of dissipative phenomena are described



by this derivative due to the nonsingular and nonlocal behaviour of the
kernel of AB-derivative. The nonlocality and nonsingularity of the ker-
nel give a more general solution of the memory under the formation of
the various scales. Many researchers provided their contribution in the
evolution of FDEs related to ABC-derivative see [5, 4, 7, 1]. The rubella
disease is analysed by Koca with FDEs involving AB-derivative [37].
Alka- htani and Atangana established a model by using ML function for
a mixture of groundwater and chemical waste with decay objects [10]. A
general model with ML & the exponential laws was proposed by Atan-
gana and Gomez-Aguilar[11]. Koca and Atangana established the results
for the elastic heat conduction equation with ML kernels [?]. Analytical
solutions for the fractional diffusion equation with fractional derivative
help are discussed by Morales-Delgado et al.[13]. Abdel- jawad [2, 3] pro-
posed the fractional difference operators in both senses ABR and ABC
derivatives with generalised ML kernels and established the fractional
integrals of general order with the help of the infinite binomial theorem.
Khan et al. [33] demonstrated the HU stability and existence of FDEs
involving AB-derivative with the p-Laplacian operator. Algahtani et al.
[12]. derived the EU of the solutions for non-linear F-contractions in-
volving AB-derivative in the structure of b-metric spaces. Chua’s circuit
model is proposed by Alkahtani [11]. with the help of the new derivative.
The HU stability and existence are analysed by Devi et al. for general
FDEs via the fixed point technique [2%]. Prakasha et al. [15] analysed
the hepatitis E virus model by using AB-derivative. AB-derivative is
used by Ullah et al.[51] to establish the fractional HBV model. For more
about the FDEs reader can see [20, 25, 21, 39, 27, 22,19, 19, 20, 48, 17].
Recently, Ravichandran et al. [16] derived the HU and existence stabil-
ity for a integro FDEs by using explored AB-fractional derivative. Lo-
geswari and Ravichandarn established the EU results for netural integro-
differential equations via AB-fractional derivative [10]. Abdo et al. [3]
analysed the fractional boundary problem involving AB-derivative with
non-linear integral conditions. Motivated by the afore-mentioned work,
in this manuscript, we discuss the EU results for integro fractional differ-
ential equations involving ABC-fractional derivatives with the non-local
initial condition:
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anc gy u<%>+w*<x7u<%>>} =f(z,uw),flu(%),fzu(%)), e [0,1],
fo ds.
1)

where gnxc D” be the left Caputo AB-derivative of fractional order w, 0 <
w<1, % Tel0,1]. * A:]0, 1]><R—>]Randf [0,1] xR?® — R are
continuous functions and Iiu(sx) = [ g(s¢,¢,u(c))ds and Ihu(sx) =
Jo (e s,u(e)ds.

This manuscript is outlined as: in the 2"¢ section, we serve some def-
initions, theorems, and lemmas necessary for problem evolution. We
discuss the existence of solution in the 3" section. In tne next sec-
tion uniquenees is established. An example discussed numerically in the
4t part to illustrate the derived results. The last section includes the
conclusion of the solved problem.

2 Basic Results and Preliminaries

Here, we contemplate some definition, lemmas and actual results.

Definition 2.1. [36] For w > 0, Riemann-Liouville (R-L) fractional
integral of order w € R is defined as

Definition 2.2. [36] For 0 < w < 1, the R-L fractional derivative and
Caputo fractional derivative are defined as

Du(t) = I‘(ll—w);f[t</gt(t - &)‘“u(?c)tf?c>,

1

D u(x) = o) /0%(t — x)7“w () dx,

respectively.



Definition 2.3. [13] Let 0 < w < 1 and u € C'a,bl,u’ € L'[a,b],
where 0 < a < b, the Caputo AB-fractional derivative and the R-L AB-
fractional derivative of order w are defined by

ABC D (50) = B(w) /0% u' (x)E,, [ — w(t—?()“’] dx,

Cl—w 1—w

and

ABR D (32) = Bw) 4 (/O%u(;c)Ew [ - w(t_?c)w] tf?c>7

T l—wdt 1-w
respectively, where E,, is called the Mittag-Leffler function and given by
) ok
E,(u) = Z Tho 1)’
k=0
and B(w) is a normalizing positive function satisfying B(0) = B(1) = 1.

Definition 2.4. [13] Let 0 < w < 1 and u € Ct[a,b], where 0 < a < b,
the associated AB-fractional integral is

(1-w)
B(w)

B(w)

B 1 (5) = u(s) + I“u(),
where I¥ is the R-L fractional integral defined in (2.1).
The following results are based on the fized point technique for equ. (1).

The following assumptions are needed for establish the EU results.
Let & = C ([0, 1],R) be the Banach space of continuous functions u :

[0,1] — R, with the norm |ju]| = sup |u(s)|.
2€[0,1]

e (R;) Suppose that f € ([0, 1] x R3,R) 3 positive constants £;
and L, such that

[F(5¢, w1, 01, 31) —F (3¢, u2, 02, 32)| < Li([|la—2ll+m—pl+[z1—2])

foralluy, v1,31,u2,09,32 € 9,2 € [0,1] and L, = Hl[%}i]”f(%,o,o,(])H.
»e|0,
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(R2) Let 5 € [0,1] and ¥* € ([0,1] x R,R), there exist positive
constants p; and pg such that

[ (32, u1) = 9" (32, u2] < g (fJur — wa2))),

for all uy,us € 9 and po = max ||¢* (5, 0)]|.
»€[0,1]

(Rs) 1If »,¢ € [0,1] then g € ([0,1] x [0,1] x R,R), 3 positive
constants A1 and A9 such that
|g(%7§7u1) _ﬂ(%a gqu‘ < /\1(”111 - uQ)H)’

for all uj,up € 9 and Ay = max1]||g(%,g,0)\|.

7§ b}
(R4) There exist positive constants M; and M, for ¢ € ([0, 1] x
[0,1] x R,R), such that
’@(%’gvul) - @(%a §,U2| < Ml(Hul - u2)||)’

for all »,¢ € [0,1],u,u2 € 9 and My = max |[|p(3,5,0)].
»#,6€[0,1]

(Rs) Let he ([0, 1] x R,R), 3 positive constants Aj and AL such
that

|A(5e,m1) — A5, u2)] < AG([Jur — u2)]]),
for all uj,us € 9 and AL = m[a0>§]||ﬁ(%, 0)|l-
»€|0,

(Rs) For any positive 7, we take By = {u € 9 : |ju| <7} C 7,

where 7 > L, where

(1-2)
?:urHM+(%ij)+nw;wQLﬂLwh+Tmm
and
Q=u2+wa+<gi$)+rwiﬂm>Lﬁl+Ay+Tﬂ@L

then B; is bounded, closed and convex subset in C([0,1],R).



Lemma 2.5. If (R3) and (R4) are satisfied, then the estimate
[HuG)l < se(Aflull + A2),

and

[F2u(0) || < T (M ||u]| + M),
are hold true for any » € [0,1] and u € 9.

Proposition 2.6[0, 1] If 0 < w < 1, then
(5217 (7 D" )u) (50) = u(5) — w(0) Euy(As) — ——11(0) By o1 (A5
= u(s) — u(0).
(2)

Theorem 2.6. (Krasnoselkii’s fized point theorem)[75] Let S is a nonempty,
closed, bounded and convex subset of a Banach space E. Let Ay, As be
the operators from ) to E such that:

(i) A1x + Aay € Q whenever x,y € €

(ii) Ay is continuous and compact;

(iii) Ag is a contraction map.

Then there exists z € Q such that z = A1z + Ay z.

3 Main Results

First, we observe the existence of the problem (1) by using the fixed
point technique.

Theorem 3.1. Let 0 < w < 1 and there ezists f € ([0,1] x R* R)
with £*(0,u(0), 0, fOT 0(0,6,u(s)d)) = ¥*(0,u(0)) = 0. A function u €
C[0,1] be a solution of the integral equation
(o) = 4" (5 u()) - / A5, (s
+ 0P I5 (e, u(50), u(32), Iou(2)

3)

iff u(s¢) is a solution of the ABC-problem (1).
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Proof. Let u(s) satisfy (1). Applying the AB-fractional integarl of
(1),

we get

(22 1°( 25 D) u(t) — 4" (e, u(9))]) = ?ﬁf“f(z,uw Tu(:2). 12u<%>).
By using Proposition (2.6), we obtain

w(52) 5 (32, u(52))— (u(0) —* (0, u(0))) = ?@f’f(%,uw Iu(2). 1211(%)>-

Since u(0 fo §))ds, then (3) is satisfied.
Now, con51der u(s ) satlsﬁes the (3), then by

T
f*(O,u(O),O,/O ©(0,¢,u(s)d<)) = ¢*(0,u(0)) = 0,
it is visible that u(0 fo ))ds.
Applying AB-derwatlve in R- L sense of (3) and by using
( ’oquﬂ)w( ’%Iw)u)(%) = u(s), we get
(PPRD"u) (5 </ A(s, u( ))Jc) (TPRD™1) (5¢) + ( PRD”) ¥ (52, u(5¢))
+ (PRp” 2B )f(%,u(%),llu(%),lgu(%)>.
Thus,

(57%D") (u(0) — " (36, u(52))) = </01 ﬁ(g,u(c))d<) Ew(%%W)
+ f(%au(%), Liu(x), Ing(%)).

Hence, the equation (1) can be obtained by the Theorem (1) in [13].
Now, let us define the operator F on B; as follows

Fu(sx) = / (s, 2(¢)) d o+ B IF(5e, u(32), [iu(s), Tou(2)).

It is obeserved that u(s) is the solution of (1) iff the operator F has a
fixed point.



Theorem 3.2. Assume that R; — Rs are satisfied and

= L1[[| (2, v(5¢), ro(52), Tov(30)) || + 32(M| (3¢, v(30), 1o (), v () )]])
+ T (M| (52, v(5¢), Lv(52), Lo ()]

q(re2 — 51)

If A = p1 + N <1, then problem (1) has a solution.

Proof. Let us define the operators F; and % on ‘B7 such that

F =%+ %,

1
Fru(s) = ¥* (5e,u(x)) +/0 h(s,x(s))ds,

Fou(se) = §PIF(s¢, u(s), Liu(s2), Lu()).

The following three steps are required to apply the Theorem (2.6).

L |[|[Fu+ o3| < 7 where 7€ B,
For any u,3 € B,

1
I+ 7l = sup }{\ G + [ Bl u(e)ds

+ (B(w))f(%,ﬁ(%)vllﬁ(%)’123(%))

gy o3 1302 )

o
Sup{‘dfk%u ]+‘/ﬁ§3

»€[0,1

e ) 1rs(0) o)

n B‘("w) 0[““(%,11(%),-’13(%)7-725(%))‘}

_l’_
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< sup {\w*w, u(o0)) — 6" (52, 1(0)) + ¥ (52, u(0))|

1)) ds — Ao u(0)) + Als,u(0))|d<
+ s, D) )

— §(5,3(0), 113(0), 125(0)) + F(5¢,3(0), 113(0), 125(0)) |
+ By LG 300, 113000, Ty ()

~ (56,3(0), L13(0), Io3(0)) + (52,3(0), Z13(0), 123(0))\}
< sl + 2 + 96 ] + 26

o z;;) <L1[Hur Ol + Ae) + T(M 3] + MZ”)
1

T BT (@) <Lz (1131l + s« [[u]l + X2) + T (M ||3]] + %)})

+(]B_WL2+< )
ot

< (1 +26) lu] + [<(

+

() B (w))Ll 1+M+T %]]HZ’H

B(
+ {u2+9\[2+ <(}B(w)) + F(W)B(w)>£»z[1+m+fr Mz}]
= Pllul| + Q
<PF4+ Q< T

2. % is the contraction on Bs.

For each u, 3 € B, by using R, and X;.
{ *( / A(s,u(s
—/ h(s,5(s))ds
0

[Fiu(s) — F13(x)|| = sup

»€[0,1]

}
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< sup {\w*<z,u<%>>—¢*<%,a<x>>|

- (s u(e)) - ﬁ(sz(@‘))ldc}

< =5l + AGfu — 5l
< Affu =3,

= [[Fau(30) — F13()|| < Allu—3ll, where A = 1 + AG.
As A <1 . Thus % is a contraction operator.

. We prove that ¥5 is completely continuous operator.
For completeness of 75, firstly we prove that %> is continuous.
With lim |ju, —u|| =0 for any u,,u € B, n=1,2,....
n—oo
Then lim u,(3) =u(x) Ve [0,1].
n—oo
Therefore

n—o0

i (50 (), i (), ot ) ) = F(0(). o) F) )

Now, for s € [0, 1]

| Forn (3¢) — Fou(s)| = %selfl()r?l]{' (;zwo;) (Fo¢, up (32), Liun (3¢), Toun (52))

— f(se,u(5¢), Liu(se), Igu(%)))

* m OIW (f%, un(%)v Ilun(%)’ I2u”(%))

— §(5¢,u(52), Liu(e), Iou(5))) ‘ }
(% )

X sup ||[fre, w,(5¢), Tiup (32), Iouy, (5))
»€[0,1]

— §05,u(), [u(s), Lou(>)) ||

Thus || Fau,(2) — Fou(t)|| — 0 as n — oo.
Hence %5 is continuous.
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Now, we prove that %, is compact.

1720 = sup {] O oeuo) o), Fau)

2€[0,1]
+ ﬁ 0§ (5e, u(50), Liu(), Igu(%))’}
(1-w) 1
< (‘5 * e >>%i“§n”f(” (o), hou(oa), Tzu(oe))

SCH?* Bl >1< >>

X (Ll[HuH + (Arf|ull + X2) + T (M ||u|| + M)] + L2>

(1—-w) 1
= ( Bw) B<w>r<w>)
X {L1[1+A1 + T M]|ul| + L[l + X+ T Mz]]

< [(?—ul—f?\ﬁ)rJr(Q—uz—f?\é)] < o0,

which shows that ¥ is bounded on B;.
Next we prove that 75 is equicontinuous.
For any 0 < 501 < 25 < 2 < 1, we have

(1-w)

B(w)
Bb(uw) 0l¥§(322, u(322), [1u(322), Iou(322))
(1-w)
B(w)

w

B(w) *
(1-w)
= B
— §(se1,u(501), Liu(se1), Iou(se))||

f(%g, u(%g), Ilu(%z), IQIL(%Q))

| Fau(se2) — Fou(s1)| = sup {

#€[0,1]

_l’_

f(se1,u(501), L1u(s1), Tou(s21))

“§(se1,u(s01), Lu(se1), Iou(s))

|

[F(522, u(522), L1u(3e2), Iou(3e2))
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B(w)
— f(e1,u(ea), Liu(a), Iou(sa))||

< G (2allGas6) st 2o
o055, 3(69) T30, s ()

T G500, 1562 Bt

+ 01 |If (522, u(22), [1u(s522), Tou(522))

+ s <L1[||(%,5(%), 113(), ()|

+ (A1) (52, 3(5¢), T13(52), I23(2))||)

T (). ) o)) ) P22

(1-w) v ez — a1)”
S Bl e ) ppyae )T R

(1-v) , (o= m)"
< o5 + By Joo

|| Fau(se2) — Fou(se1)|| —> 0 as sr5 — 311 Consequently, F is
equicontinuous operator on Br. Therefore by the Arzela-Ascoli
theorem ¥5 is relatively compact on Br. Hence by the Theorem
(2.6) F has at least one fixed point. Thus u is that fixed point of
F . Consequently, u is solution of equ. (1).

4 Uniqueness Result
Theorem 4.1. Assume that R; — Rs are satisfied. If
T
F10.40).0. [ p(0.6.4()4) = 7(0.u(0)) = 0
and

a1+ A+ <(}Bzw°;) + F<w)lB(w)>L1(1+A1+fr M) <1

. Then problem (1) has unique solution on [0, 1].
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Proof. For any u € B;.
I7ul = sup {

1
6 (e u(59)) + / Ao u(s)

#€[0,1] 0
(1-w)
T BW)

"B

f(se,u(s), I1u(se), Iau(s))

0l“F(5e,u(5), 1u(3c), Iau(x)) ’ }

< sup {Izb*(%,u(%))\ ¥ ] / Ao o) s

#€[0,1]

(1-w)
B(w)

B(w)

+

17056, u(), [iu(s), Iou())]

N oI“’If(%,u(%),Ilu(%),Izu(%))l}

+ [ [A(s,u(<))ds — A(s,u(0)) + A(s,u(0))|ds

0
(;Zw‘*)» f (52, u(5¢), I1u(¢), Iou())
= (%, u(0), 1u(0). Fou(0)) + (2, (0), [1u(0), L2u(0))

By o1 u(o0), Twu(oe), ()

5. 0(0), F(0). £2u(0) + 5 (0), T(0). au(0)
< g l|ul 4 p2 + NG| + A6

(;zwo;) (Lzﬂlu\ + sl (A fJull + A2) + T (M ||u]] + %)])

+

—+

+

+ s (ol + O+ 20) + 726 ] + 9] ) L

5o S (BZa) LZ) o
< [u+ N+ <( _ww) + F(w)lB(w)>L[1 +A+T M]] [lul]

(1—-w) 1
+P+N+<Bw>+uwmm)
—Quf+Q

SQr+Qsr,

L[1+/\+TM]}
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which shows that ¥ is bounded on Br. Now to prove uniqueness

{ (22,11 (5¢ /ﬁ§u1

[ Fui(s) — Fua(s)|| = sup

»€0,1]

+ (1Bzw)>f(%7u1(%),11ul(%),12111(%))

; B(ij) 0§56, w1 (), T (), Lowa ()
% u2 / ﬁ §,U2

_u— )

Bo) f(3¢, ua(50), L1ug(5¢), Ioua(5¢))

w

"~ BW) oI“f(5¢, ug(%),fluQ(%),IQuQ(%))’}

< palur — vzl + AG[Jur — uz|

+<E@?(LMmum—uxmu+%Mﬂm@ﬂ—uﬂ@W

T (M, || (30) — uz(50) )]
+éﬁ$(@mm<>-uﬂ@‘ s () — w24 )
+ T (9 |lur () — uz (¢ cﬁ

SL“+M+<%@?+NMMM>

X Ll(l + XM +T 9\/[1):| ||Ll1 —UQ”.

Since
1— 1
M+%+C )

B@) ' T(wBw)

>L1(1+)\1+‘T M) <1

Consequently, # is a contraction mapping. Therefore by the Banach
contraction principle, the operator ¥ has a unique fixed point. Hence
equ. (1) has a unique solution.
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5 Example

This section of the article produce examples related to EU of solutions
of the discussed problem.

Example 4.1. Let us analyse the given below FDEs:

{ aBC gy [u(%) + 1/1*(%7“(%))} = f(%,u(%),flu(%),IQU(%)); » € [0,1],
= Jo Ailsu(6)ds,

1
where w = 2 T =

(4)
Za

0 (o5, u()) = U,

f@aw%xAiﬂzxm«»daﬁTwwmm@»dQ
1

:%2+20<510 /0%<%2+<2> (c >¢<+110/T<%2sm<) u(g)dc),

9(o0,5u(6)) = 25 (2 +52uls),
(0, 5,u(c)) = 153" sin)u(s),
Al ) = ggs?u().
Now, .
9 G u(5) = 9 (460 < o lu =
905,51 — g, < o (Ju— ),

f(%, u(s), Lu(s), IQU(%)) — f(%, u(se), Liuy (), Iouy (%)) ‘

< 1 2 +1—COST HU_U)H
=20\ 75 10 e



thus assumptions (%;), (R2), (R;3) and (Ry) are hold true. Hence,
A = p1 + A; = 0.021111 < 1. Consequently, the Theorem (3.2) implies
that equ.(4) has a solution.

1—
In addition, pu + N + <(B(w°;) + F(w)B(w))Ll(l + A1+ M) =

0.024441 < 1, hence using the Theorem (4.1) the equ. (4) has a unique.
Example 4.2. Let us consider the following FDEs:

17

{ A5C gy [u(%) + ¢*(%7u(%))} = f(%,u(%),hu(%),fzu(%)>, » € 0,1],

fo <)ds,
. (5)
where w= 3 T =0.25,

9 (e u(0) = 5o u().

(0. [ gtesouions, [ ' s ute))

FH1/1 (7 |u(s)|
=5 (40/0 (1+%2>7|1+u(§)ltfg

1 4 n+s

+@ (e” cos(u(s))ds |,

1 us)
904, 5,u(<)) = 55 (14 5 )\1+u(<)y
Pl 1)) = o5 (¢ cos(uls)) s,

1/, 1
Alsu9) = 55 (< + 5 )uts)
Now,
T
97 o6, u)) — 7 ()| < s =]
9065w = g5 w1] < 5 (Il = w)l),
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2
(&
|80(%7 §,U) - 30(%7§5u1| < @(Hu_ ul)”)>

f(%,u(%),[lu( ) Igu ) ( Ilul( ) Igul(%))‘

% <20 +e(e” — 1)) [Ju —u1)],

thus assumptions (R;), (Rz),(R;3) and (R4) are hold true. Hence,
A = g + A =~ 0.04808 < 1. Consequently, the Theorem (3.2) implies

that equ.(5) has a solution.

o (1-w) 1
In addit Li(14+ A M) ~
n addition, M+M+<B(w) +F(Q&B() 1(14 M1+ 3 M)

0.655852 < 1, hence using the Theorem (4.1) the equ. (5) has a unique.

6 Conclusion

In this paper, we examined the EU of solutions for integro FDEs in-
volving ABC-derivative and non-local initial condition. Recently, AB-
derivative gained much attention due to the non-singular property of
the kernels. Although EU results for different types of FDEs in terms
of ABC derivative have been investigated with non-local conditions, but
this type of problem is not studied yet. The existence of solution is
investigated for proposed equations by using Krasnoselskii’s fixed point
theorem. The uniqueness of the result is derived with the help of the
Banach contraction mapping principle.
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