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1 Introduction

Stochastic differential equations (SDEs) are very important in modeling
and analysis of many phenomena because of their significant uncertainty.
During the recent decades, SDEs have been received the attention of

many researchers in various fields such as engineering [12, 9], finance
[23] and population dynamics [28, 24]. A stochastic model for pricing of
financial instruments is considered in [I]. The authors in [5] described

a stochastic model for the spread of Coronavirus. Also, delay SDEs are
often used to model the phenomena where the future state of a system
depends not only on the present condition but also on its past situations.
For example, the authors in [1/] proposed a nonlinear Ait-Sahalia model
of the spot interest rate with delayed volatility function.

Fractional differential equations are the generalization of ordinary
differential equations to arbitrary orders and are appropriate tools for
the explanation of hereditary properties of various materials and pro-
cesses [3, 17, 21, 4]. The implication of fractional order derivatives and
integrals was applied to accurately investigate the dynamical behaviors
of a linear triatomic molecule in [7]. Mohammadi et al. presented a
Caputo fractional-order SIRD mathematical model for the transmission
of COVID-19 between humans [18]. Also, Baleanu et al. described the
existence of a unique solution of a fractional model for human liver in-
volving Caputo-Fabrizio derivative in [0]. In [20], a nonlinear quantum
boundary value problem was proposed in the sense of quantum Caputo
derivative, with fractional g-integro difference conditions. Doan et al.
considered a SDEs with fractional derivative in the Caputo sense in [13]
and described the existence and uniqueness of solution. Aryani et al.
described a system of fractional stochastic integro-differential equations
in [2]. A nonlinear stochastic differential equation of fractional order
involving a constant delay is considered in [3]. Moreover, Chaudhary
et al. described the existence and uniqueness of the mild solution of
stochastic fractional neutral integro-differential equation with nonlocal
conditions in [11].

In this article, we consider a step-by-step numerical technique based
on the Jacobi collocation method for the time-fractional stochastic delay
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differential equation (TFSDDE) with fBm in the form:
oDfy(t) = F(t,y(t), y(t — 1)) + Gt,y(1), y(t — 2))B" (1), (1)
on the domain t € Q := (0, Tyax] With the following initial condition
y(t) = p(t), on [-7,0], 7T€RT, (2)

where 71 and 79 are non-negative constants, 7 = max{r1, 72}, ©(t) is
a continuous stochastic process on ¢ € [—7,0] and y(¢) is an unknown
stochastic process defined on a probability space (2, F,P). Moreover
0D¢[-] denotes the Caputo fractional derivative of order av € (0,1) and
BY(t) is a standard fBm in which BY(t) := % (BH(t)). Throughout the
article, we assume that the following conditions are presented:
Assumption 1. The fBm with Hurst parameter H € (0,1) is a con-
tinuous and centered Gaussian process BY = {BH(t) : ¢t € Q} on the
probability space (€, F,P) with the covariance

E (B (5)B"(1)) = 5 (™ + 2 — ft —s), sreq.

It is known that, when the Hurst index H = %, the fBm is exactly the
standard Brownian motion without memory, while for H # %, it is a
Gaussian process with memory (is not a semi-martingale) [16, 27]. The
fBm is called a long memory process if H > %, while it’s called a short
memory process if H < %

Assumption 2. The measurable functions F, H : QxRxC([—7,0];R) —
R satisfy the following Lipschitz conditions:

|F(t7$7i) - F(t7Z72)| < 0F|x - Z| +NF|£% - 5|)
‘G(t,.’l},{i‘) - G(t,Z,g)‘ < GG’IE - Z| +NG‘j - 2’7

where 0, 0, ur, pg € RT, for x,%,2,7 € R, t € Q and C([-7,0];R) is
the family of continuous functions from [—7, 0] to R.

The main objectives of the present paper are to construct a conver-
gence spectral scheme for TFSDDE with fBm. In order to approximate
the numerical solution of (1)-(2), first, we convert the TFSDDE into
a non-delay equation using a step-by-step scheme. Then, by applying
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the collocation method based on JPs in each step, the non-delay equa-
tion is reduced to a nonlinear system of algebraic equations. Also, the
convergence analysis of the presented scheme is evaluated.

This paper is structured as follows: In Section 2, the necessary defi-
nitions and fundamental properties of the JPs have been introduced. In
Section 3, the step-by-step collocation method is proposed, and Section
4 contains a discussion of error analysis of this numerical method. The
numerical algorithm is implemented for two test examples in Section 5.
Finally, the conclusion is presented in Section 6.

2 Basic Definitions

In this section, we consider some fundamental definitions and necessary
properties that are applied throughout the paper.

Definition 2.1. The Caputo fractional derivative of order v > 0 s
defined as [25]

t
Drult) = F(Tnla)/ ymMQOE-Om T, m-l<a<m,
oDiy(t) = dtimy(t)’ a=m,

where t > a, m € N and I'(-) shows the Gamma function.

Definition 2.2. The Riemann-Liouville (RL) fractional integral of or-
der a € (0,1) is defined as [25]

Lt y©Q)
Jiy(t) = / dc¢, t>a.
WO TG ), o
Definition 2.3. ([19]) The family of JPs {377 (£)}22,, with n,y > —1
satisfy the following formula

IV (@) = (@it — )30 — @IV (@), i=12,.

7

ont € [-1,1], such that

P el 1) G+DO2=nY) (Gt +D)n+i)
T T onr ) T T 2 Do 0 O (i+Dve




NUMERICAL SOLUTION FOR A CLASS OF TIME ...

in which v; =i +n+~v+1, ¢ :=2i+n+7 and

9 _
J(()nn)(t) _1, Jgnn)(t) _ 77""2}"" P . v

Remark 2.4. ([20]) The JPs Jgnm (t),7=0,1,2,..., are orthogonal over
t € [-1,1] according to the weight function

w(t;n,y) = (1 —8)"(1+1)7.
The orthogonality condition of JPs is satisfied as follows
1
[ w3t @ e = 05,
-1

in which
N 2T (4 + P+ v+ 1)
o (G+DLE+D0w)

and 0;; 1s the Kronecker function.

Definition 2.5. The shifted JPs JZ(-U’V) (t;a,b) on |a,b] are defined by

2
J/Env’Y)(t;a7b) _ Jgﬂﬁ)(bi(t —b)+ 1)7 1=0,1,2,....

The explicit form of the shifted JPs satisfies the following formula [10]

7 1 k
I (ta,0) = S ALY (b_a(t —b)+ 1) : (3)
k=0
where
A _ GOy + ) T+ k+n+y+1)
ki (i—kNKTk+y+1)T(i+n+y+1)°
Also
309 (@za,b) = T LATIHY) 5 g gy - LEFATD

ATA+7) TNCES
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Remark 2.6. The shifted JPs Jn) (t;a,b), 1 =0,1,2,..., are orthogo-

i
nal on [a,b] according to the weight function

bw(tsn,y) = (b—t)"(t — a)",
such that

bh— a)n+7+1 (n

b
bt 1) (4 g TP (1 _ s,
/a QW(t, mn, ’Y)JZ (t, a, b)J] (t, a, b)dt = W}\Z 520 .

Let YT := (a,b) C R, the Sobolev space H" | _ (1), M € Z* is defined
(.
by

Hf@,,w)(T) = {g : g is measurable and ||g|,; (v < oo},

in which

M
k
912 oo = D Ng™ M52 lgllfa
=0 w(mY) w(n,

— [ butsin) lgGs)P d.
T

v)

A function g € HY, | (T) can be written as expansion

w (M)
o0
9() = & 3" (t;a,0), (4)
i=0
where the coefficients g;, © = 0,1, 2, ..., are given by
L[ (n.7)
gi = 17(77’7)/ g(S) aw(33777'}’) Jz'm’y (8;@, b) d87
A Ja
a’ '
such that Z/\Z(n’w = %)\Enﬁ)‘ Using first n + 1 terms of (4), we
can approximate g(t) on the interval [a, b] as follows
n
9(t) = gu(t) = > g 1" (t0,0) £ GT LN (1), (5)
i=0
where
G:= [gOagla o 7gn]T7
and

T
Lo (@) = (307 (150,0), 377 (), 3PV (Ga,b)] . (6)
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Theorem 2.7. Let YU (t) be the shifted JPs vector defined in (6),
then

oDf (BW(1)) = EA M, 73 a51),

where

T
LAy ast) = B0 (i), hol" (i), o b (@st)]

and

~.

k-1 j (ny) j—r —(j+1
b 50 (01 1) — ZZJ: A (=b)Y TR (b — a) "D t
ar ’ p F(r—a+2)(k—j7—11(G—1)!

=135=0r=0

r—o+1

Proof. From Definition 2.1 and the relation (3), for i = 0, we get
b0 (ast) == oDf (I (ta,8)) = ZA’”) DY (1) = 0.

Fori=1,...,n

56" (a5 1) = oD (J " (t;0,0))

_ZA (b+1>k. (7)

o t—b B k t L (C—D kol
0Dt(l)—c1+1)k_(b—a)].“(l—a)/o(t_o (b—a+1) d

=2t [ (-0 —bac

J
k— J j—r s t
=3 (@) [Z(‘”?J! / <t—<>“<rd<], (8)

— (g —r)!
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where X;’,l;(oz) = F(1—a)j!(k—l;‘!—1)!(b—a)j+1' Let ¢ = At, A € [0,1]. Thus

t 1
/(t—C)aCTdcz/ (t — M)~ *(At)"td\
0 0

=" M8 (r + 1,1 - a)
_pan T+ DI - )
Mr—a+2) ’

where B(x,y) is the Beta function. Hence, from (8)

4 T T —a)
: —a+1
Dl Zx [z W T

r=0

(9)
Therefore, from Egs. (7) and (9), we obtain
i k-1 777)( b)jirk'(b— )f(j+1)

J
by
a®i
:1]:0;FT—06+2)(]€—]—1) I(j —r)!

tr—a—i—l

O

3 Numerical Scheme

In this section, we describe a step collocation scheme based on Jacobi
polynomials to solve problem (1)-(2). For this reason, let M = [Tmax],
then, we find the numerical solution of the considered problem by Jacobi
collocation scheme in each subinterval [(j — 1)7,j7], j = 2,...,M. In first
step, we want to solve the intended problem on the interval [0, 7]. Thus,
we have a non-delay problem as follows

oDPy(t) = F(t,y(t), ot — 1) + G(t,y(t), ot —m)B (1), (10)
y(0) = ¢(0). (11)
To obtain the numerical solution of (10)-(11) by applying Jacobi collo-

cation scheme, we suppose

n

y(t) = yh(t) = S = 30 (10,7) £ XT ey, (12)
=0
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where X = [x[l),x%, ...,X}L]T. According to Theorem 2.7, Egs. (10) and
(12)

RI(1) £ XT 5A(, % ast) — B XT 500 0), ot — )
= Gt XT §UI(1), ot — 7)) B () = 0. (13)
Also, from the initial condition (11) and the relation (12)
o7 £ X7 gu7(0) - (0) = 0. (14)

Let 1t[()n’7) =0, 1t£l77’7) = 7 and {1t§n’7) :4=1,...,n — 1} be the roots
of ngn_q)(t;o,T). Then, by evaluating (13) at m nodal points 1t§"’7),
i =1,...,n, and the relation (14), we get

{(1t(”"” - m@f)) R} (t) (fé"’”) —0, i=1,..n,
o7 =0,

7 1

(15)

in which
BH <1t§m)> _pH <1t§Z’17))

ltl(jm) - ltzﬁz,lv)

A (1t§n,7)) _

Hence, (15) gives a system of n 4+ 1 nonlinear algebraic equations. This
system can be solved by applying a root-finding technique such as the
Newton’s iterative method, for the unknown coefficients x}, i = 0,1, ..., n.

Generally, to obtain an approximate solution of the problem (1)-(2)
on the interval [(j — 1), j7], j = 2,...,M, we need to solve the following
equation

oDy () = F(t, 7 (), 47 (t — 1)) + G(t, ¢ (), (t — 7)) B (1),
(16)
¥ (0) =y (7), (17)

where 3/(t) := y((j — 1)7 +t). To obtain the numerical solution of
(16)-(17) by applying Jacobi collocation scheme, we suppose

PO = i) = xd 300 (- Vrgr) 2 XT, JTe0(0), (18)
=0
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o T
where X; = [xf),x{, ...,xil] . According to Theorem 2.7, Egs. (16) and
(18)
R}(t) £ XJ

j:A(n”y; a;t) = F(t, XT g D),y (- )

7 G-1) JG-Dr
— G(t, X ;v (), 55 (¢ = 7)) B (1) ~ 0, (19)
Let t(n 7= (G—171, )= = j7 and {; t(n 7 =1,..,n—1} are the
roots of Jnrml) (t;(j —1)7,47). Then, from (19)
(67 =t Ry (567) =0, i=lin (20)
with
H( +7) H ( 407)
e (,t(nﬁ)) _ (Jt’ ) B ( i1 )
I N (,7) (n,7)
! — .t
J% J7i—1
Also, from (17) and (18)
op £ X JTe) (6 i (66) ~ 0. (21)

Hence, in each step j = 2,...,M, (20) and (21) give a system of n + 1
nonlinear algebraic equations as follows:

{gti; MR () <0 i,
j_ )

which can be solved by applying the Newton’s iterative technique, for
the unknown coefficients x/, i = 0,1, ...,n
After applying the described approach, we obtain

yn(t),  te0,7],

2(1), T, 27|,
v =iy = {0 e (23)

Yy (t), t € [(M—1)7, Tmax)-
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4 Convergence Analysis

Lemma 4.1. ([15]) Let g € HY, (), < € [0,M] and gy, be the approz-
imate of g obtained by (5). Then, there exists a positive constant ¥ such

that
c—M

19 = galywinn < W+t =10 =1} 7 gy,

where ¥ is independent of g, M, 1, v and the associated semi-norm is

defined by

_ (m)
|g|M,w<77v’Y) =g HLZ(WHWHI) :

Remark 4.2. ([22]) Let g € L?(2), then

t 2 t
E‘/o g(v)dBH(v)‘ StQHl/O lg|*dw.

Theorem 4.3. Suppose that y’(t) € H(, . (Q;) is the exact solution
of (1)-(2) in the subinterval Q; = [(j — 1)7,j7] € Q, j = 1,..., 4, yh (1)
is the numerical solution of (1)-(2) obtained by the proposed scheme in
each step, and R;L(t) be the residual error function. Then

N 5 ,2H— i i
sup BRG] < (s + 00 {10 o 1677 o
J

where
S—M
007 = {m+n+y7-Dn-1)}
and s € [0,M]. Also, [i; and Bj, 7 =1,..., M, are positive constants.

Proof. According to the assumptions, by applying Definition 2.2, the
numerical solution y;,(t) is satisfied in the following equation

Yh(t) = @(0) + ol [F(t, (1), ' (¢ — 1))
ol |Gt w0, w3 (¢ = )BT (0] + Ry (1),
thus, from Eq. (16), we have

R7(1) = —e,(t) + Y5 (1) + “Yi (1), (24)
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in which e%(t) =y (t) - y%(t),

Y (1) = )/(t—s)“ HF(s o/ (), 577 (s = )

Ma
F(s, yh(s) w4 (s — 7)) ds, (25)
and
Y0 = s [ =9 [0 60— )
~ Gls, Y (), yh (s = m2)) | aB (). (26)
By applying Lemma 4.1
sup E[e] ()" < 056071y’ (27)

s—M

where 6,(:7’7) = {(n +n+v—1)(n— 1)} and 9;, j = 1,...,M, are
some positive constants defined based on Lemma 4.2. Using the Cauchy-
Schwartz inequality and Eq. (25), we get

Rl <F /\t s F (s, (), 7 (5 = )
F( ( ) yn (8—7'1 ‘ds)

o /| s[20Dgs / [F(s,47(5),57 (s — )

(s, v () v (S—Tl))‘ ds

e / [F(s,07(5). 7 (s = 7)) — Fls,wh ()98 (s — )| s
(28)

r
—F(

where ¢ is a positive constant depended on « and Ty,.x. Now, from the
relation (28) and Assumption 2

i < [ sl +urlel - s (@)
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Taking mathematical expectation on both sides of Eq. (29), applying
Minkowski’s inequality and using Lemma 4.1, we obtain

C2 t . .
E["Y)(0) gcQ/ (Elel,(s)[? + Ele), (s — 7)) ds
0

t
gcQ/ {supE|eJ( £)[2 + sup Elel (¢ — )]2}ds
0 tEQj teQ j

< coTumax{ sup Ele),(t)|* + sup Elef ! (t — 1) [*}
tEQj teq j

< r 0(77 ’Y){|yj’M w(ﬁ ) + |y |M w(n ’Y)} (30)

where rj = coTmax&j, C2 = cic3, c3 = max{fp, ur } and & = mjax{ﬁj,ﬁj_l}.

Moreover, from Eq. (26) and Assumption 2

Yi0[ < s ([ 1o G 60 6 =)

(s W (5), w7 s — )| aB(5))

Vi

t ‘ N )
= W(/O (6clen.(s)] + naler, 1(8—72)\)dBH(s)) , (31)

where vq is a positive constant depended on « and Tp,,x. Taking mathe-
matical expectation on both sides of Eq. (31) and applying Remark 4.2,
result

2 t , ,
B[O (1) < vt [ (Bled(s)? + Blef (s - ) ds
0

t
< vthHl/ ( sup Ele/ (t)]* + sup Ele/ ' (t — )| )ds
0 tGQj te) j

< v Tt sup Bl () + sup Ble ' (¢ — m)[),
e, teq;

(32)

2
where vy = % and v = max{fg, ug}. So, from Lemma 4.1

. 2 ~
E[SY50)| < B 00 I + 0 e o (33)
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in which B]- = VoTmax{;. Thus, the relations (24), (27), (30) and (33)
result

EIR2(1)[? < (s + B8 00 {1y i + 199

where fi; = ¥; 4+ rj. Therefore, we obtain

sup E|R()” < (4 + Bt IO I, s + 107 i -
J

O

5 Illustrative Test Examples

In this section, we implement the presented step collocation method

to solve (1)-(2). Also, we calculate the numerical solution over P dis-

cretized fractional Brownian paths and the average of the obtained so-

lutions on these paths will be considered as the final numerical solution.
In the following examples, we consider the Ls,-norm:

n oo:E t) — ynlt
leullo =B | _max_[y(t) = (1)

and the convergence order is defined as:

CO — logﬂ ||en1 ||OO

2 |len, [loo

The codes are written in Matlab software and the computations are
performed on a machine using a 1.70 GHz processor.

Example 5.1. Consider the TFSDDE
oDFy(t) = ty(t)y* (¢ — 1) + e*Wy(t — 72) B (1) + £ (1),

with the initial condition y(t) = 0, ¢t € [—7,0]. The exact solution is
y(t) =13 —t.
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Algorithm 1: The process of the proposed scheme for TFS-
DDE with fBm (1) and the initial condition (2).
Imput: Tpay, 71,2 €ERT, n€ZT, a€(0,1),n,7 > —1, the
functions F, G, ¢ and BY(¢); Let 7 = max{7y, 72}
Step 1: Compute the shifted JPs J Z(Tm) (t;a,b) from Definition
2.5.
Step 2: Compute the vector of shifted JPs 2W () (), from (6).
Step 3: Compute the vector 2 A(n,v; a;t), from Theorem 2.7.

Step 4: Compute the collocation points 1t§n’7) for i =0,...,n.
Step 5: Solve the nonlinear system (15) and obtain the
unknown vectors X; by using Step 2, Step 3 and Step 4.
Step 6: Let yl(t) = XT U™ (1), on the interval [0, ].
Step 7: Start temporal loop for j = 2,...,M, where M = [ﬁ]

ue
Step 7.1: Compute the collocation points jtym) fori=0,...,n.

Step 7.2: Solve the nonlinear system (22) and obtain the
unknown vectors X; by applying Step 2, Step 3 and Step

7.1.
Step 7.4: Let yn(t) = X7 (jflgTT\I/(”W) (t), on the interval
[(G =D, j7].

Step 8: Post-processing the results.
Output: The approximate solution is: y(t) ~ y,(t) from (23).

Figure 1 shows the exact and numerical solutions of y(t) with P = 1,
when 71 = 0.5, » =1, n =5 and n = v = 0. Figure 2 displays the
absolute error of y(t) with o = 0.45, when H =1/2, 71 = 0.25, 7 = 0.5,
P =80,n =9 and n = v = 0.5. Table 1 shows the values of errors,
CO and CPU-time for n = v = —0.5, 4 = 0.5, » = 1, P = 70 and
n = {6,9,12}. Finally, Figure 3 displays the logarithm of absolute error
of y(t) with @ = 0.75, when H =3/4, 71 = 7o = 0.5, P = 100, n = 8 and
n=v=0,n=~y=0.5.

Example 5.2. Consider the TFSDDE

oDey(t) =~ + LD ey ) + £10),
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8
i
7r i
i
6 7
5 Exact solution (red line) 4
Numerical Solution (dashed line) EH
H=1/4, 2/4, 3/4 ;
—_ ar X
L=
> 3l
2L
1F
0
-1 L
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

t (time)

Figure 1: The exact and numerical solution of y(t) in one trajectory
of fBm for Example 5.1 with o = 0.55.

7 Absolute Error in 0<t<T,

5 x10 max
47«10 Absolute Error in Octer
3L 2

1
2l

0

0 02 0.4 06 08 1
1 /
0 1 {
0 0.2 0.4 0.6 0.8 1

Figure 2: The absolute error of y(¢) for Example 5.1 with H = 1/2.

where ¢ is a positive constant, with the initial condition y(t) = 0, ¢ €
[—7,0]. The exact solution is y(t) = sin(nt).

Figure 4 indicates the behaviour of the numerical solution of y(t)
with e = {0.01,0.1,0.5,0.8} and Figure 5 shows the absolute error of
y(t) with ¢ = 0.01, when o = 0.5, 7 = 0.5, P =70, n = v = —0.5
and n = 7. Table 2 shows the values of errors, CO and CPU-time for
n=~v=0,7=1¢=0.02 H=0.7, P =100 and n = {6,9,12}. Also,
Figure 6 demonstrates the logarithm of absolute error for y(¢), when
a=0.75,717=0.25¢=0.3,1n=05v=-05 P =30 and n =4.
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Table 1: The Ly,-norm error, CO and CPU-time for Example 5.1.

a =025 a=0.75
n T Jlenll- CO Tenll- CO  CPU-time (s)
6  3.2490e — 03 — 2.2501e — 03 — 34.21
9 2.1328¢—07 23.7536  1.3628c — 07 23.9521 107.35
12 5.1405e — 11 28.9578 3.2280e — 11 29.0182 181.14

Logarithm of absolute error

Figure 3: The logarithm of absolute error of y(t) for different values of
n for Example 5.1 with a = 0.75 and H = 3/4.

o

o
o

. . oY
Y 255 26 265 27
- ¢

Exact and Numerical solution
o
o o
T

Exact solution (red line) i

Numerical solution (dashed line)

¢=0.01,0.1,0.5,0.8
|

I I I |
0 0.5 1 15 2 25 3
t (time)

Figure 4: The exact and numerical solution of y(¢) with H = 0.45 and
a = 0.5 in Example 5.2.
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Figure 5: The absolute error of y(¢) in Example 5.2 with H = 0.5 and
e =0.01.

Table 2: The Ly,-norm error, CO and CPU-time for Example 5.2.

a=0.25 a=0.75
n llen]l. CO llenll . CO  CPU-time (s)
6 3.6213e — 02 - 4.5601e — 03 - 46.27
9 4.3741e — 05 16.5708 9.4418e — 06 15.2416 128.12
12 6.1015e — 09 30.8587 8.2280e — 10  32.4940 195.64

6 Conclusion

A numerical scheme based on the JPs was investigated to solve a class
of time-fractional stochastic delay differential equation with fractional
Brownian motion. First, we converted the TFSDDE into a non-delay
equation by a step-by-step scheme. Then, a collocation method based
on the JPs was applied to find the numerical solution of the resulted
problem in each step. Convergence analysis of the presented approach
was evaluated. Finally, two test examples were implemented to highlight
the efficiency and accuracy of the proposed algorithm. The obtained
outputs confirm that this numerical scheme is a useful tool for solving
such nonlinear stochastic delay equations. For future research works, it
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Figure 6: The logarithm of absolute error of y(¢) for Example 5.2 with
a=0.75and € = 0.3.

may be possible to apply this algorithm for solving the TFSDDESs with
variable-order fractional Brownian motion. Also, using this technique
for similar models with distributed order fractional derivative could be
the subject of some future researches.

References

[1] Z. Ahmadi, S.Mohammad Hosseini, A. Foroush Bastani, A lattice-
based approach to option and bond valuation under mean-reverting

regime-switching diffusion processes, Journal of Computational and
Applied Mathematics, 363 (2020) 156-170.

[2] E. Aryani, A. Babaei, A. Valinejad, An Accurate Approach Based
on Operational Matrices of Modified Hat Functions for Solving
a System of Fractional Stochastic Integro-Differential Equations,
Journal of Mathematical Extension, 15 (2021).

[3] A. Babaei, S. Banihashemi, C. Cattani, An efficient numerical ap-
proach to solve a class of variable-order fractional integro-partial
differential equations, Numerical Methods for Partial Differential
Equations, 37 (2020) 674-689.

19



20

[4]

[10]

[11]

S. BANIHASHEMI, H. JAFARI AND A. BABAEI

A. Babaei, H. Jafari, S. Banihashemi, A numerical scheme to solve
a class of two-dimensional nonlinear time-fractional diffusion equa-
tions of distributed order, Engineering with Computers, (2021),
DOI: 10.1007/s00366-021-01337-3.

A. Babaei, H. Jafari, S. Banihashemi, M. Ahmadi, Mathematical
analysis of a stochastic model for spread of Coronavirus, Chaos,
Solitons & Fractals, 145 (2021) 110788.

D. Baleanu, A. Jajarmi, H. Mohammadi, S. Rezapour, A new study
on the mathematical modelling of human liver with Caputo-Fabrizio
fractional derivative, Chaos, Solitons & Fractals, 134 (2020) 109705.

D. Baleanu, S. S. Sajjadi, A. Jajarmi, O. Defterli, J. H. Asad, The
fractional dynamics of a linear triatomic molecule, Romanian Re-
ports in Physics, 73(1) (2021) 105.

S. Banihashemi, H. Jafari, A. Babaei, A novel collocation approach
to solve a nonlinear stochastic differential equation of fractional
order involving a constant delay, Discrete & Continuous Dynamical
Systems Series S, (2021) doi:10.3934/dcdss.2021025.

N. Bellomo, Z. Brzezniak, L.M. de Socio, Nonlinear stochastic evo-
lution problems in applied sciences. Kluwer Academic Publishers,
Springer, Dordrecht, (1992).

A.H. Bhrawy, E.H. Doha, D. Baleanu and S.S. Ezz-Eldien, A spec-
tral tau algorithm based on Jacobi operational matrix for numeri-

cal solution of time fractional diffusion-wave equations, J. Comput.
Phys., 293 (2015), 142-156.

R. Chaudhary, D. N Pandey, Approximation of Solutions to
Stochastic Neutral Fractional Integro-Differential Equation with
Nonlocal Conditions, Int. J. Appl. Comput. Math., (2017)
3:1203-1223.

G. Cottone, M. D. Paola, S. Butera, Stochastic dynamics of non-
linear systems with a fractional power-law nonlinear term: The
fractional calculus approach, Probabilistic Engineering Mechanics,
26 (2011) 101-108.



[13]

[14]

[15]

[20]

NUMERICAL SOLUTION FOR A CLASS OF TIME ...

T.S. Doan, P. T. Huong, P.E. Kloeden, H.T. Tuan, Asymptotic
separation between solutions of Caputo fractional stochastic differ-
ential equations, Stochastic Analysis and Applications, 36 (2018)
1-11.

C. Emmanuel, X. Mao, Truncated EM numerical method for gen-
eralised Ait-Sahalia-type interest rate model with delay, Journal of
Computational and Applied Mathematics, 383 (2021) 113137.

B.Y. Guo, L.L. Wang, Jacobi approximations in non-uniformly
jacobi-weighted sobolev spaces, J. Approz. Theory, 128 (2004), 1-
41.

M.H. Heydari, M.R. Mahmoudi, A. Shakiba, Z. Avazzadeh, Cheby-
shev cardinal wavelets and their application in solving nonlinear
stochastic differential equations with fractional Brownian motion,
Commun. Nonlinear Sci. Numer. Simulat. 64 (2018) 98-121.

H. Jafari, R. Moallem Ganji, K. Sayevand, D. Baleanu, A nu-
merical approach for solving fractional optimal control problems
with mittag-leffler kernel, Journal of Vibration and Control, (2021),
DOI.org/10.1177/10775463211016967.

H. Mohammadi, S. Rezapour, A. Jajarmi, On the fractional SIRD
mathematical model and control for the transmission of COVID-19:

The first and the second waves of the disease in Iran and Japan, ISA
Transactions, (2021), https://doi.org/10.1016/j.isatra.2021.04.012

S. Nemati, A. Babaei, A numerical method based on the Jacobi
polynomials to reconstruct an unknown source term in a time frac-
tional diffusion-wave equation, Taiwan J Math, 23(5) (2019) 1271-
1289.

S. Nemati, P.M. Lima, S. Sedaghat, Legendre wavelet collocation
method combined with the Gauss-Jacobi quadrature for solving
fractional delay-type integro-differential equations, Applied Numer-
ical Mathematics, 149, (2020) 99-112.

S. Nemati, D.F.M. Torres, A new spectral method based on two
classes of hat functions for solving systems of fractional differential

21



22

[28]

S. BANIHASHEMI, H. JAFARI AND A. BABAEI

equations and an application to respiratory syncytial virus infec-
tion, Soft Computing, 25 (2021) 6745-6757.

D. Nguyen, Asymptotic behavior of linear fractional stochastic dif-
ferential equations with time-varying delays, Commun. Nonlinear
Sci. Numer. Simulat. 19 (2014) 1-7.

B. Oksendal, Stochastic Differential FEquations, An Introduction
with Applications, Fifth Edition, Springer-Verlag, New York,
(1998).

W. Padgett, C. Tsokos, A new stochastic formulation of a popula-
tion growth problem, Mathematical Biosciences, 17 (1973) 105-120.

I. Podlubny, Fractional Differential Equations, Math. Sci. Eng. 198
(1998).

S. Rezapour , A. Imran, A. Hussain, F. Martinez, S. Etemad, M.
K. Kaabar, Condensing functions and approximate endpoint crite-

rion for the existence analysis of quantum integro-difference FBVPs.
Symmetry, 13(3) (2021) 469.

A. Shahnazi-Pour, B. Parsa Moghaddam, A. Babaei, Numerical
simulation of the Hurst index of solutions of fractional stochastic

dynamical systems driven by fractional Brownian motion, Journal
of Computational and Applied Mathematics, 386 (2021) 113210.

S. Singh, S. S. Ray, Numerical solutions of stochastic Fisher
equation to study migration and population behavior in biolog-
ical invasion. Int. J. Biomath., 10 (07):1750103, (2017), DOLI:
10.1142/S1793524517501030.

Seddigheh Banihashemi
Department of Applied Mathematics
Ph.D. Student of Applied Mathematics
University of Mazandaran

Babolsar, Iran

E-mail: s.banihashemi@stu.umz.ac.ir



NUMERICAL SOLUTION FOR A CLASS OF TIME ...

Hossein Jafari

Department of Applied Mathematics
Professor of Applied Mathematics
University of Mazandaran

Babolsar, Iran

E-mail: jafariQumz.ac.ir

Afshin Babaei

Department of Applied Mathematics
Associate Professor of Applied Mathematics
University of Mazandaran

Babolsar, Iran

E-mail: babaeiQumz.ac.ir

23



	1 Introduction
	2 Basic Definitions
	3  Numerical Scheme
	4 Convergence Analysis
	5 Illustrative Test Examples
	6 Conclusion
	References

