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1 Introduction

Human life at this time has become inextricably linked to mathemat-
ics and has improved people’s living standards. Mathematics has also
found its applications in various sciences such as laboratory sciences,
chemistry, physics, and engineering. During last years, researchers have
studied the complex fractional differential equations which increase their
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ability to model most real-world phenomena. Among the fractional dif-
ferential equations that are widely used in engineering, physics and wave
and quantum theory is the Strom-Liouville fractional differential equa-
tion. ([20, 33]). Over the past twenty years, researchers have paid close
attention to examining the existence of solutions for fractional differ-
ential equations with different boundary conditions (see for examples,
[3, 4, 5, 12, 15, 17, 18, 21, 22, 23, 24, 25, 26, 27, 32, 35, 36, 37]).

New and advanced models of different events are being studied and
developed by researchers in mathematics by using fractional differen-
tial equations with specific or general boundary conditions (see for ex-
amples, [2, 6, 7, 10, 11, 29]). In recent years, systems of hybrid dif-
ferential equations and non-hybrid systems with different hybrid and
non-hybrid boundary conditions have been considered by researchers
([1, 8, 9, 13, 14, 19, 34, 38]).

As we know, the fractional Caputo derivative of order b− 1 ≤ % < b
for the function v is defined by

Dαv(t) = Ib−%
db

dtb
v(r) =

∫ r

0

(r − s)b−%−1

Γ(b− %)

dbv(s)

dtb
ds

and the Riemann-Liouville fractional integral of order % > 0 for a func-

tion v ∈ L1[0,K] is given by I%v(r) =
∫ r

0
(r−s)%−1

Γ(%) v(s)ds (see [28, 31]).

In 2011, Zhao et al. studied the fractional problem cD%

(
v(r)

l(r, v(r))

)
=

h(r, v(r)) with boundary initial condition v(0) = 0, where 0 < % < 1,
cD% denotes the Caputo fractional derivative, l ∈ C(I × R,R \ {0})
and h ∈ C(I × R,R) ([38]). In 2019, the Sturm-Liouville problem
cD%(m(r)v′(r)) + p(r)v(r) = f(r)h(v(r)) via the multi-point boundary
conditions v′(r) = 0,

∑u
i=1 ζiv(ai) = τ

∑n
j=1 φjv(zj) investigated, where

% ∈ (0, 1], cD% denotes the fractional Caputo derivative, m ∈ C1(I,R),
p(r) and f(r) are absolutely continuous functions on I = [0,K] with
K > 0, m(r) 6= 0 for all r ∈ I, f : R→ R is differentiable on the interval
I, 0 ≤ a1 < a2 < · · · < au < c, d ≤ z1 < z2 < · · · < zn < K, c < d and
ζ1, . . . , ζu, τ1, . . . , τn and ρ are real constants ([16]).
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Let % ∈ (0, 1), cD% is the Caputo fractional derivative of order %, I =
[0,K] with K <∞, m, m̃ ∈ C1(I,R), m̃(r), p(r) and f(r) are absolutely
continuous functions on I with m(r) 6= 0 for all r ∈ I, h, h̃ : R→ R are
defined and differentiable on the interval I and 0 ≤ a1 < a2 < · · · <
au < c, d ≤ z1 < z2 < · · · < zn < K, c < d and ζ1, . . . , ζu, τ1, . . . , τn

and ρ are real constants with
u∑
i=1

ζi − ρ
n∑
j=1

τj 6= 0. Now by mixing the

ideas in these works and main idea of [13], we review the k-dimensional
hybrid differential system

cD%
1

(
m1(r)

(
v1(r)

l1(r, v1(r))

)′
− m̃1(r)h̃1(v1(r))

)
+q1(r)v1(r) = f1(r)h1(v1(r)),

cD%
2

(
m2(r)

(
v2(r)

l2(r, v2(r))

)′
− m̃2(r)h̃2(v2(r))

)
+q2(r)v2(r) = f2(r)h2(v2(r)),

.

cD%
k

(
mk(r)

(
vk(r)

lk(r, vk(r))

)′
− m̃k(r)h̃k(v2(r))

)
+qk(r)vk(r) = fk(r)hk(vk(r)), (r ∈ I),

(1)

with the sigma boundary value conditions

(
vi(t)

li(r, vi(r))

)′
r=0

=

(
m̃i(r)

mi(t)
h̃i(vi(r))

)
r=0

, (1 ≤ i ≤ k)

u∑
i=1

ζi(
vi(ai)

li(ai, ui(ai))

)
= ρi

n∑
j=1

τj

(
vi(zj)

li(zj , vi(zj))

)
.

(2)

Let I be an interval in R.Consider the space W = C(I,R) via the norm

‖w‖ = supr∈I |w(t)| and the norm ‖w‖ =
∫K

0 |w(s)|ds on L1[0,K],
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where |w(t)| is the usual norm on Rn. Consider the Banach product
space W k =

(
W ×W × ... ×W, ‖.‖∗

)
with the norm ‖w1, w2, ..., wk‖ =

max{‖w1‖, ‖w2‖, ..., ‖wk‖}. The Riemann-Liouville fractional integral of
order % for a function h is defined by I%h(r) = 1

Γ(%)

∫ r
0 (r − s)%−1h(s)ds

(% > 0) and the Caputo derivative of order % for a function h is defined

by cD%h(r) = In−% d
n

drnh(r) = 1
Γ(n−%)

∫ r
0

h(n)(s)
(r−s)%−n+1ds, where n = [%] + 1

([28], [31]). Assume that Ψ is a family of non-descending functions
ψ : [0,+∞) → [0,+∞) such that

∑∞
n=1 ψ

n(t) < +∞ for all r > 0,
where ψn is the n-th iterate of ψ. Let K : W → W be a selfmap and
α : W × W → [0,+∞) a function. We say that K is α-admissible
whenever α(w, x) ≥ 1 implies α(Kw,Kx) ≥ 1 ([30]). Let ψ ∈ Ψ and
α : X × X → [0,+∞) be a map. A self-map K : W → W is called
an α-ψ-contraction whenever α(w, x)d(Kw,Kx) ≤ ψ(d(w, x)) for all
w, x ∈W ([30]). We need next result.

Lemma 1.1. [30] Suppose that (W,d) is a complete metric space, ψ ∈
Ψ, α : X × X → [0,+∞) is a map and K : W → W is an α-
admissible α-ψ-contraction. Assume that there exists w0 ∈W such that
α(w0,Kw0) ≥ 1 and α(wn, w) ≥ 1 for all n whenever {wn} is a sequence
in W such that α(wn−1, wn) ≥ 1 for all n ≥ 1 and wn → w. Then K
has a fixed point.

2 Main Results

To study the problem (1)-(2), we consider the following assumptions.

(A1) The maps h1, . . . , hk, h̃i, . . . h̃k, : R → R are bounded are differen-

tiable on [0,K] and the functions ∂h1
∂t , . . . ,

∂hk
∂t and ∂h̃1

∂t , . . . ,
∂h̃k
∂t are

bounded on [0,K] with |∂hi∂vi
| ≤ S and |∂h̃i∂vi

| ≤ S̃ for all i = 1, . . . , k

and two constants S and S̃.

(A2) The map m1, . . . .mk ∈ C1(I,R) have this property that mi(r) 6= 0
for all r and infr∈I |mi(r)| = mi for all i = 1, . . . , k. Also, m̃i(r),
pi(r) and hi(r) are absolutely continuous functions on I for all
i = 1, . . . , k.
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(A3) The functions l1, . . . , lk : I × R → R�{0} are continuous in the
two variables and there are mappings ξ1, . . . , ξk ≥ 0 such that
|li(r, w)− li(r, x)| ≤ ξi(r)|w − x| for all (r, w, x) in I × R× R and
i = 1, . . . , k.

(A4) There exists a real number t > 0 such that

(‖ξi‖t+ li,0)(⊗i,1t+⊗i,2) ≤ t and (2⊗i,1t+⊗i,2)‖ξi‖+ l0⊗i,1 < 1,

where

⊗i,1 =
K

mi

(
S̃‖m̃i‖+

K%i(‖pi‖+ S‖hi‖)
Γ(%i + 2)

)(
|B|
( u∑
i=1

|ζi|+ |ρi|
n∑
j=1

|τj |
)

+ 1

)
,

⊗i,2 =
K

mi

(
h̃0‖m̃i‖+

K%i‖hi‖h0

Γ(%i + 2)

)(
|B|
( u∑
i=1

|ζi|+ |ρi|
n∑
j=1

|τj |
)

+ 1

)
,

hi,0 = |hi(0)|, h̃i,0 = |h̃i(0)| and li,0 = supr∈I li(r, 0) for 1 ≤ i ≤ k.

Now, we provide our main result.

Theorem 2.1. Assume that the assumptions (A1)-(A2) hold. Then,
the hybrid system (1) with boundary conditions (2) has a solution v =
(v1, . . . , vn), where

vi(r) = li(r, vi(r))

[
Bρi

n∑
j=1

τj

∫ zj

0

m̃i(s)

mi(s)
h̃i(vi(s))ds

−B
u∑
i=1

ζi

∫ ai

0

m̃i(s)

mi(s)
h̃i(vi(s))ds

+B

u∑
i=1

ζi

∫ ai

0

1

mi(s)
I%i (pi(s)vi(s))ds−Bρ

n∑
j=1

τj

∫ zj

0

1

mi(s)
I%i (pi(s)vi(s))ds

+Bρi

n∑
j=1

τj

∫ zj

0

1

mi(s)
I%i (hi(s)hi(vi(s)))ds

−B
u∑
i=1

ζi

∫ ai

0

1

mi(s)
I%i (hi(s)hi(vi(s)))ds

+

∫ r

0

m̃i(s)

mi(s)
h̃i(vi(s))ds−

∫ r

0

1

mi(s)
I%i (pi(s)vi(s))ds

+

∫ r

0

1

mi(s)
I%i (hi(s)hi(vi(s)))ds

]
,

(3)
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for all i = 1, ..., k and B =
1∑u

i=1 ζi − ρi
∑n

j=1 τj
. Also,

vi
li(r, vi(r))

∈ C1(I,R)

and

(
vi(r)

li(r, vi(r))

)′′
∈ L1(I,R) for all i. If (li(r, vi(r)))

′ ∈ C(I,R), then

vi ∈ C1(I,R) (i = 1, . . . , n).

Proof. Define the map ∆k : W k →W k by

∆kvk(r) =

(
l1(r, v1(r))H1v1(r), . . . , lk(r, vk(r))Hkvk(r)

)
,

where

Hivi(r) = Bρi

n∑
j=1

τj

∫ zj

0

m̃i(s)

mi(s)
h̃i(vi(s))ds−B

u∑
i=1

ζi

∫ ai

0

m̃i(s)

mi(s)
h̃i(vi(s))ds

+B

u∑
i=1

ζi

∫ ai

0

1

mi(s)
I%i (pi(s)vi(s))ds−Bρi

n∑
j=1

τj

∫ zj

0

1

mi(s)
I%i (pi(s)vi(s))ds

+Bρi

n∑
j=1

τj

∫ zj

0

1

mi(s)
I%i (fi(s)hi(vi(s)))ds

−B
u∑
i=1

ζi

∫ ai

0

1

mi(s)
I%i (fi(s)hi(vi(s)))ds

+

∫ r

0

m̃i(s)

mi(s)
h̃i(vi(s))ds−

∫ r

0

1

mi(s)
I%i (pi(s)vi(s))ds

+

∫ t

0

1

mi(s)
I%i (fi(s)hi(vi(s)))ds.

for all i = 1, ..., k. In accordance with (A4), there exists t > 0 such that

(‖ξ‖t+ li,0)(Ai,1t+⊗i,2) ≤ t and (2⊗i,1t+⊗i,2)‖ξ‖+ li,0⊗i,1 < 1.

Consider the closed ball Et, where Et = {vi ∈W k : ‖vi‖ ≤ t}. it is clear
that Et is bounded and closed subset of W k. Define the function % :
W k×W k → [0,∞) by %(vi, qi) = 1 whenever vi, qi ∈ Et and %(vi, qi) = 0
otherwise. Then, we have

|h̃i(vi(s))| = |h̃i(vi(s))− h̃i(0) + h̃i(0)| ≤ |h̃i(vi(s))− h̃i(0)|+ |h̃i(0)|

≤ S̃|vi(s))|+ |h̃i(0)| ≤ S̃‖vi‖+ ˜hi,0,
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|li(s, vi(s))| ≤ ‖ξ‖‖vi‖+ l0 and |hi(vi(s))| ≤ S‖vi‖+ hi,0. We show that
the ∆k operator satisfy the conditions of Lemma 1.1. We show that
‖∆kvk‖ ≤ t whenever vi ∈ Et. Let vi ∈ Et. Then,

|B||ρi|
n∑
j=1

|τj |
∫ zj

0

|m̃i(s)|
|mi(s)|

|h̃i(vi(s))|ds ≤
|B||ρi|‖m̃i‖(S̃‖vi‖+ h̃0i)

∑n
j=1 |τj |zj

mi

≤
|B||ρi|‖m̃i‖(S̃t+ h̃0i)

∑n
j=1 |τj |K

mi

=
K|B||ρi|‖m̃i‖S̃

∑n
j=1 |τj |

mi
t+

K|B||ρ|‖m̃i‖h̃0

∑n
j=1 |τj |

mi

(4)

and

|B|
u∑
i=1

|ζi|
∫ ai

0

|m̃i(s)|
|mi(s)|

|h̃i(vi(s))|ds

≤
K|B|‖m̃i‖S̃

∑u
i=1 |ζi|

mi
t+

K|B‖m̃i‖h̃0

∑u
i=1 |ζi|

mi
.

Since I%i (1) =
∫ s

0
(s−φ)%i−1

Γ(%i)
dφ =

s%i
Γ(%i+1) , we obtain

|B|
u∑
i=1

|ζi|
∫ ai

0

1

|mi(s)|
I%i (|pi(s)||vi(s)|)ds

≤ |B|‖pi‖‖vi‖
mi

u∑
i=1

|ζi|
∫ ai

0

(

∫ s

0

(s− φ)%i−1

Γ(%i)
dφ)ds

≤
K%i+1|B|‖pi‖

∑u
i=1 |ζi|

miΓ(%i + 2)
t

and

|B||ρi|
n∑
j=1

|τj |
∫ zj

0

1

|mi(s)|
I%i (|pi(s)||vi(s)|)ds

≤
K%i+1|B||ρi|‖pi‖

∑n
j=1 |τj |

miΓ(%i + 2)
t.

Also,

|B||ρi|
n∑
j=1

|τj |
∫ zj

0

1

|mi(s)|
I%i (|fi(s)||hi(vi(s))|)ds ≤

K%i+1S|B||ρi|‖fi‖
∑n
j=1 |τj |

miΓ(%i + 2)
t

+
K%i+1|B||ρi|‖fi‖hi,0

∑n
j=1 |τj |

miΓ(%i + 2)
, |B|

u∑
i=1

|ζi|
∫ ai

0

1

|mi(s)|
I%i (|fi(s)||hi(vi(s))|)ds

≤
K%i+1S|B|‖fi‖

∑u
i=1 |ζi|

miΓ(%i + 2)
t+

K%i+1|B|‖fi‖hi,0
∑u
i=1 |ζi|

miΓ(%i + 2)
,
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∫ r

0

|m̃i(s)|
|mi(s)|

|h̃i(vi(s))|ds ≤
KS̃‖m̃i‖
mi

t+
K ˜hi,0‖m̃i‖

mi
,

∫ r

0

1

|mi(s)|
I%i (|pi(s)||vi(s)|)ds ≤

K%i+1‖pi‖
miΓ(%i + 2)

t

and

∫ r

0

1

|mi(s)|
I%i (|fi(s)||hi(vi(s))|)ds ≤

K%i+1S‖fi‖
miΓ(%i + 2)

t+
K%i+1‖fi‖hi,0
miΓ(%i + 2)

. (5)

Since

|Hvi(r)| ≤ |B||ρi|
n∑
j=1

|τj |
∫ zj

0

|m̃i(s)|
|mi(s)|

|h̃i(vi(s))|ds

+ |B|
u∑
i=1

|ζi|
∫ ai

0

|m̃i(s)|
|mi(s)|

|h̃i(vi(s))|ds

+ |B|
u∑
i=1

|ζi|
∫ ai

0

1

|mi(s)|
I%i (|pi(s)||vi(s)|)ds

+ |B||ρi|
n∑
j=1

|τj |
∫ zj

0

1

|mi(s)|
I%i (|pi(s)||vi(s)|)ds

+ |B||ρi|
n∑
j=1

|τj |
∫ zj

0

1

|mi(s)|
I%i (|fi(s)||hi(vi(s))|)ds

+ |B|
u∑
i=1

|ζi|
∫ ai

0

1

|mi(s)|
I%i (|fi(s)||hi(vi(s))|)ds

+

∫ r

0

|m̃i(s)|
|mi(s)|

|h̃i(vi(s))|ds+

∫ r

0

1

|mi(s)|
I%i (|pi(s)||vi(s)|)ds

+

∫ r

0

1

|mi(s)|
I%i (|fi(s)||hi(vi(s))|)ds,
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by using (4)-(5), we get |Hvi(r)| ≤ ⊗i,1t+⊗i,2, where

⊗i,1 =
K|B||ρi|‖m̃i‖S̃

∑n
j=1 |τj |

mi
+
K|B|‖m̃i‖S̃

∑u
i=1 |ζi|

mi

+
K%i+1|B|‖pi‖

∑u
i=1 |ζi|

miΓ(%i + 2)

+
K%i+1|B||ρi|‖pi‖

∑n
j=1 |τj |

miΓ(%i + 2)
+
K%i+1SB||ρi|‖fi‖

∑n
j=1 |τj |

miΓ(%i + 2)

+
K%i+1SB|‖fi‖

∑u
i=1 |ζi|

miΓ(%i + 2)

+
KS̃‖m̃i‖
mi

+
K%i+1‖pi‖
miΓ(%i + 2)

+
K%i+1S‖fi‖
miΓ(%i + 2)

=
K‖m̃i‖S̃
mi

(
|B|
( u∑
i=1

|ζi|+ |ρi|
n∑
j=1

|τj |
)

+ 1

)

+
K%i+1

mΓ(%i + 2)

[(
|B|
( u∑
i=1

|ζi|+ |ρi|
n∑
j=1

|τj |
)

+ 1

)
(‖pi‖+ S‖fi‖)

]

=
K

mi

(
S̃‖m̃i‖+

K%i(‖pi‖+ S‖fi‖)
Γ(%i + 2)

)(
|B|
( u∑
i=1

|ζi|+ |ρi|
n∑
j=1

|τj |
)

+ 1

)

and

⊗i,2 =
K

mi

(
˜h0,i‖m̃i‖+

K%i‖fi‖h0,i

Γ(%i + 2)

)(
|B|
( u∑
i=1

|ζi|+ |ρi|
n∑
j=1

|τj |
)

+ 1

)
.

Thus,

|∆ivi(r)| = |li(r, vi(r))||Hvi(r)| ≤ (‖ξ‖t+ l0,i)(⊗i,1t+⊗i,2) ≤ t
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and so ‖∆kvk‖ ≤ t and so ∆kEt ⊆ Et. Assume that vi, qi ∈ Et. Similar
to above proofs, we can conclude that

|B||ρi|
∑n
j=1 |τj |

∫ zj
0

|m̃i(s)|
|mi(s)|

|h̃i(vi(s))− h̃i(qi(s))|ds

≤ K|B||ρi|‖m̃i‖S̃
∑n

j=1 |τj |
mi

‖vi − qi‖,

|B|
∑u
i=1 |ζi|

∫ ai
0

|m̃i(s)|
|mi(s)|

|h̃i(vi(s))− h̃i(qi(s))|ds ≤

|B|
∑u
i=1 |ζi|

∫ ai
0

1
|mi(s)|

I%i (|pi(s)||vi(s)− qi(s)|)ds ≤ K%+1|B|‖pi‖
∑u

i=1 |ζi|
miΓ(%i+2)

‖vi − qi‖,

|B||ρi|
∑n
j=1 |τj |

∫ zj
0

1
|mi(s)|

I%i (|pi(s)||vi(s)− vi(s)|)ds

≤ K%i+1|B||ρi|‖pi‖
∑n

j=1 |τj |
miΓ(%i+2)

‖vi − qi‖,

|B||ρi|
∑n
j=1 |τj |

∫ zj
0

1
|mi(s)|

I%i (|fi(s)||hi(vi(s))− hi(qi(s))|)ds

≤ K%i+1S|B||ρi|‖fi‖
∑n

j=1 |τj |
miΓ(%i+2)

‖vi − qi‖,

|B|
∑u
i=1 |ζi|

∫ ai
0

1
|mi(s)|

I%i (|fi(s)||hi(vi(s))− hi(qi(s))|)ds

≤ K%i+1S|B|‖fi‖
∑u

i=1 |ζi|
miΓ(%i+2)

‖vi − qi‖,∫ r
0

|m̃i(s)|
|mi(s)|

|h̃i(vi(s))− h̃i(qi(s))|ds ≤ KS̃‖m̃i‖
mi

‖vi − qi‖,∫ r
0

1
|mi(s)|

I%i (|pi(s)||vi(s)− pi(s)|)ds ≤ K%i+1‖pi‖
miΓ(%i+2)

‖vi − qi‖,

and∫ r

0

1

|mi(s)|
I%i (|fi(s)||hi(vi(s))− hi(qi(s))|)ds ≤

K%i+1S‖fi‖
miΓ(%i + 2)

‖vi − qi‖.

Thus,

|Hui(r)−Hqi(r)|
≤ |B||ρi|

∑n
j=1 |τj |

∫ zj
0
|m̃i(s)|
|mi(s)| |h̃i(vi(s))− h̃i(qi(s))|ds

+|B|
∑u

i=1 |ζi|
∫ ai

0
|m̃i(s)|
|mi(s)| |h̃i(vi(s))− h̃i(qi(s))|ds

+|B|
∑u

i=1 |ζi|
∫ ai

0
1

|mi(s)|I
%
i (|pi(s)||vi(s)− qi(s)|)ds

+|B||ρi|
∑n

j=1 |τj |
∫ zj

0
1

|mi(s)|I
%
i (|pi(s)||vi(s)− qi(s)|)ds

+|B||ρi|
∑n

j=1 |τj |
∫ zj

0
1

|mi(s)|I
%
i (|fi(s)||hi(vi(s))− hi(qi(s))|)ds

+|B|
∑u

i=1 |ζi|
∫ ai

0
1

|mi(s)|I
%
i (|fi(s)||hi(vi(s))− hi(qi(s))|)ds

+
∫ r

0
|m̃i(s)|
|mi(s)| |h̃i(vi(s))− h̃i(qi(s))|ds+

∫ r
0

1
|mi(s)|I

%
i (|pi(s)||vi(s)− vi(s)|)ds

+
∫ r

0
1

|mi(s)|I
%
i (|fi(s)||hi(vi(s))− hi(qi(s))|)ds ≤ ⊗i,1‖vi − qi‖.
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Therefore, |Hvi(r)−Hqi(r)| ≤ ⊗i,1‖vi − qi‖. This implies that

|∆kvi(r)−∆kqi(r)| = |li(r, vi(r))Hvi(r)− li(r, qi(r))Hqi(r)|
= |li(r, vi(r))Hvi(r)− li(r, vi(r))Hqi(r)
+ li(r, vi(r))Hqi(r)− li(r, qi(r))Hqi(r)|
= |li(r, vi(r))[Hvi(r)−Hqi(r)] +Hqi(r)[li(r, vi(r))− li(r, qi(r))]|
≤ |li(r, vi(r))||Hvi(r)−Hqi(r)|+ |Hqi(r)||l(r, vi(r))− l(r, qi(r))|
≤ (‖ξ‖t+ l0,i)⊗i,1‖vi − qi‖+ (⊗i,1t+⊗i,2)‖ξ‖‖vi − qi‖

=

(
(2⊗i,1t+⊗i,2)‖ξ‖+ l0⊗i,1

)
‖vi − qi‖

and also ‖∆kvi − ∆kqi‖ ≤
(

(2⊗i,1t + ⊗i,2)‖ξ‖ + l0⊗i,1
)
‖vi − qi‖ for

all vi, qi ∈ Et and i = 1, ..., k. Consider the map ψi(r) =

(
(2⊗i,1t +

⊗i,2)‖ξ‖+ l0⊗i,1
)
r. Then, one can easily find that ψ ∈ Ψ and ‖∆kvi −

∆kqi‖ ≤ ψ(‖vi − qi‖) for all vi, qi ∈ Et and i = 1, ..., k. Thus, we
get %i(vi, qi)‖∆kvi − ∆kqi‖ ≤ ψ(‖vi − qi‖) for all vi, qi ∈ C(I,R), that
is, ∆k is an α-ψ-contraction. Now, we show that ∆k is α-admissible.
Let %i(vi, qi) ≥ 1. Then, vi, qi ∈ Et and so ∆kvi,∆kqi ∈ Et and
so %i(∆kvi,∆kqi) ≥ 1. Let {vn} is a sequence in C(I,R) such that
%(vn−1, vn) ≥ 1 for all n ≥ 1 and vn → v ∈ C(I,R). Then, {vn} is a
sequence in Et. Since Et is closed, v ∈ Et and so %(vn, v) ≥ 1 for all n.
Let v0 ∈ Et. Since ∆kEt ⊂ Et, ∆kv0 ∈ Et and so %(v0,∆kv0) ≥ 1. Now
by using Lemma 1.1, ∆k has a fixed point in C(I,R) which is a solution
for the system. �

3 Example

Now, we provide an example to illustrate our main result.
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Example 3.1. Consider the two-dimensional hybrid system

D
3
4

(
500
√

2 + r3

(
v(r)

l(r, v(r))

)′
− e−2r

200

(2

5
sin v(r) + 3

))
+ e−

√
2rv(r)

= e−2r sin r tan−1(v(r) + 2)

D
3
4

(
400
√

3 + r4

(
v(r)

l(r, v(r))

)′
− e−3r

300

(3

5
sin v(r) + 3

))
+ e−

√
3rv(r)

= e−3r sin r tan−1(v(r) + 2)

(6)
with boundary value conditions

(
vi(r)

li(r, vi(r))

)′
r=0

=
1

70000

(
1

4
vi(0) + 2

)
,

3∑
j=1

1

3000j

(
vi(

1
5j

)

li(
1
4j
, vi(

1
4j

))

)
=

2

222

4∑
j=1

1

100j

(
vi(

2
5j

)

l( 2
5j
, vi(

2
5j

))

)
,

(7)

where li(r, vi(r)) = | sin 5r|
3π

|vi(r)|
2+|vi(r)| + | sin r|

3 e−3πr. Put % = 3
4 , K =

1, t = 0.1, ζ1 = 1
3000 , ζ2 = 1

3000 , τ1 = 2
20 , τ2 = 2

200 , τ3 = 3
3000 ,

m1(r) = 500
√

3 + r3, m2(r) = 400
√

3 + r4, m̃1(r) = e−2r

200 , m̃2(r) =
e−3r

300 , pi(r) = e−
√

2r, fi(r) = e−2r sin r, fi(vi(r)) = tan−1(vi(r) + 2),

h̃1i(vi(r)) = 2
5 sin vi(r) + 3 and h̃2i(vi(r)) = 3

5 sin vi(r) + 3. Then, we

have |∂hi(v)
∂r | ≤ 1 = S, h0 = π

5 , |∂h̃i(v)
∂r | ≤

3
5 = S̃, h̃0 = 1, m = 500,

‖m̃‖ = 2
200 , ‖p‖ = 1, ‖f‖ = 1. Also,

|li(r, vi(r))− li(r, qi(r))| =
| sin r|

3π

∣∣|vi(r)| − |qi(r)|∣∣
(1 + |vi(r)|)(1 + |qi(r)|)

≤ | sin r|
3π
|vi(r)− qi(r)|.

Note that, ‖ξ‖ = 1
3π and l0 = 2

3 ,
∑2

j=1
2

4000j −
2

222

∑3
j=1

2
(20)j

= 5
7000 −

2
2000 = − 4

8000 6= 0 andB = −8000. Then, |B|
(∑2

j=1 |ζj |+|ρ|
∑3

j=1 |τj |
)
+

1 = 6000
(

5
7000 + 2

222
222
2000

)
+ 1 = 8 and so
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⊗1 =
K

m

(
S̃‖m̃‖+

K%(‖p‖+ S‖f‖)
Γ(%+ 2)

)
×
(
|B|
( u∑
j=1

|ζj |+ |ρ|
n∑
j=1

|τj |
)

+ 1

)

=
16

1200

(
1

600
+

3

Γ(28
10)

)
≈ 0.01499506341,

⊗2 =
K

m

(
h̃0‖m̃‖+

K%‖f‖h0

Γ(%+ 2)

)(
|B|
( u∑
j=1

|ζj |+ |ρ|
n∑
j=1

|ηj |
)

=
8

600

(
2

200
+

π

4Γ(28
10)

)
≈ 0.005269853,

(‖ξ‖r + g0)(A1r +⊗2) ≈ (
0.4

8π
+

2

4
)(0.0159506855× 0.1 + 0.0063796996)

≈ 0.0041143065 ≤ 0.1 = t

and

(2⊗1r +⊗2)‖φ‖+ g0⊗1 ≈ (2× 0.0.005269853× 0.10.005269853)× 1

3π

+
1

3
× 0.01499506341 ≈ 0.0095892469 < 1.

Now by using Theorem 2.1, the problem (6)-(7) has a solution.

4 Conclusion

In today’s world, most events are modeled by systems of fractional equa-
tions which increase our abilities to provide a good study of various phe-
nomena. It is always good to focus on solving complex fractional dif-
ferential equations. One of the most important types of these equations
is the hybrid fractional differential equations with complex boundary
conditions. In this work, we studied a k-dimensional system of hybrid
fractional differential equations with hybrid boundary conditions. By
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using the α-ψ-technique we reviewed the system. We provided an ex-
ample to illustrate our main result.
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