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Abstract. In this paper, we study the existence and multiplicity of
solutions for the following fractional problem

(=A)pu + a(@)ul""*u = f(z,u),

with the Dirichlet boundary condition v = 0 on 02 where Q is a
bounded domain with smooth boundary, p > 2, s € (0,1) and a(x)
is a sign-changing function. Moreover, we consider two different as-
sumptions on the function f(z,u), including the cases of nonnegative
and sign-changing function.
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1 Introduction and Preliminaries
The topics related to the existence and multiplicity of solutions for fractional elliptic

problems have been investigated widely. Also, fractional problems naturally arise
in many different branches of science such as optimization [30], conservation laws
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[16], water waves [26, 27], quantum mechanics [32], finance [25], minimal surfaces
[20,21], phase transitions [33, 53], virus transmission [13,47] and other sciences (see
also [1-4,6-12,14,15,19,23, 24, 34, 36—-42,49-52, 54]).

In this paper, we investigate the existence and multiplicity of solutions for the
following fractional problem

1
uIO, xe@Q, ()

where © is a bounded subset of R", n > ps with s € (0,1), p > 2, a(z) € L*(Q) is a
sign-changing function and

{ (=A)u+a(z)|ul"*u = f(z,u), z€Q,

|u(y) — u(@)"~* (u(y) — u(=))

o =y

(—A)pu(z) :==21lim

€0 Jrn\ B, ()

dy.

In addition, one of the following assumptions is satisfied:
(f1) f(z,u) = b(x)|u|?"?u, where b(z) € L>°(Q), b(x) > 0 a.e. in Qand p < ¢ < p}

where p; = n’_”; < is the fractional Sobolev exponent,

(f2) f(z,u) = b(2)|u|T"%u + Ag(x,uw) — h(z)|u|""2u, where X >0,2<r<p<g<
ps, b(x) € L*°(Q) which may change sign and h(z) € C(£2) is a nonnegative
function.

Recently a great deal of attention has been focused on the study of existence
and multiplicity of solutions for fractional differential equations. In particular, in the
case of f(z,u) = Ab(z)u?, the problem (1) has been studied by some authors and
the existence of multiple positive solutions has been established. For instance, Brown
and Wu in [18] considered the following problem

—Apu = Aa(z)|ul? + b(x)u”, z € Q,

with Dirichlet boundary condition, where @ C R" is a bounded domain with smooth
boundary 902, A > 0,¢<1<p< Z—f; and a,b: 2 — R are smooth functions which
may change sign on 2. They proved the existence of at least two positive solutions by
using the Nehari manifold and fibering maps. Also, Barrios et al. in [13] obtained the

existence and multiplicity of solutions for the following fractional differential equation
(—A)*u = + Wt 2 eQ,

with Dirichlet boundary condition, where 2 C R" is a regular bounded domain,

A>0,0<s<1,n>2sand (—A)°® denotes the fractional Laplace operator defined

by

u(x +y) + u(z — y) — 2u(z)
ly[+2s

dy, x €R™

—(=A)°u(z) = 2/n

Moreover, Ning et al. in [16] proved the existence, multiplicity and bifurcation
results for the following problem with Dirichlet boundary condition

[ul?="2u
ER

(=A)°u = Mu|*u + , T €,
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where p € (1,00), 0 < s < 1, Q is a bounded domain containing the origin in R"
with Lipschitz boundary, 0 < a < ps < n and p; , = % is the fractional Hardy-
Sobolev exponent. As well as in [18] Saiedinezhad, by using the Nehari manifold with
variational arguments, the existence of solutions for the following semilinear elliptic
equation was studied

Ay — a(x)Au = b(z)|ulP?u,

with Navier boundary condition Au = u = 0 on 9L, where Q is a bounded domain
in R™ with smooth boundary and 2 < p < 2* = % In this paper, the author
considered two different assumptions on the potentials a(z) and b(z) including the
case of sign-changing weights. Recently in [45] Nhan and Truong studied a class
of logarithmic fractional Schrdinger equations with possibly vanishing potentials as

follows
—Adu+ V(@) |ulPPu = AK (2)|u|’?u + plu|? *ulog |ul, z € R",

where A\, > 0, 0 < s < 1 and n > 2s. They obtained the existence of at least one
nontrivial solution by using the fibrering maps and the Nehari manifold.

In this paper, motivated by the above achievements and due to the widespread use
of fractional differential equations we will use variational methods to study of existence
and multiplicity of solutions for problem (1) and for this purpose, we consider the
fractional Sobolev space WP (2) with the norm

1
u(z) — u(y)[” B
e 2 ) 2)
For the convenience of the reader we repeat the relevant material from [22] without
proofs. Assume
_ P
X =quju:R" = R, ulg € LP(Q), Mdmdy<oo ,
o lo—ylrte

1
with the norm [[ulx = (fQ [ute)—uy) "’dwdy) , where @ = R*\(C2 x C%) and

o=yt pe
CQ =R"\Q.
Also set Xo denotes the closure of C§°(Q2) in X. By the results in [29] the space
X is a Hilbert space with the scalar product defined for any u,v € Xo as

- /|u —u)" 0@) = o)

oo

and the norm

fulxo = ( ) '“(““")‘W’dmdy)’l’,

o — gl

which is equivalent to the equation defined in (2). Moreover, based on the results
found in [29,35], it can be said that the embedding X < L?(2) is continous for any
g € [1,p"] and compact whenever g € [1,p"). Thus, there exists a positive constant
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Sp such that ||ul|rr@ < Sp X ||ul|x,. Indeed, the sharp constant S, is equal to i,
where
l[ull xo

:0#ue Xo} (3)
lullze (0

tp = inf{
This paper is organized into 4 sections. Section 2 is devoted to some notations and
preliminaries which, will be used in the sequel. In Section 3 we consider and solve
problem (1) by assuming condition (f1) . Finally in Section 4, we prove the existence
and multiplicity of positive solutions of problem (1) under condition (f2).

2 Main Results

The main results of this paper are in two parts. In the third section through presup-
posing condition (f1) we did our best to resolve problem (1). Therefore, according
to the basic variational arguments, we know that the weak solutions of (1) under
assumption (fl), is corresponding to the local minimizer of

1 1 1
I(u) = =M(u) + -A(u) — =B(u), 4
(w) » (u) » (u) p (u) (4)
Where I: Xo — R is the associated Euler-Lagrange functional, M(u) = [lul%,,
= [, a(z)|uPdz and B(u) := [, b(z)|u|?dz.

Also in Sectlon 4, where condltlon (f2) is satisfied, we have the following problem

{ (—A)u+ a(@)|ul’""u=b(z)|u|" "u+ Ag(z,u) — h(z)[u]"""u, z€Q, 5)

u =0, x € 0N.

The Euler-Lagrange functional associated with this problem is I: Xo — R such that

- 1 1
) = 5 (M(w) + Aw) - Bw) )\/ G, ulyda + H (u), (6)
where G(z,u) := [ g(z,s)ds and H(u) := [, h(z)|u|"dz. Also we know that if I(u)

denotes the energy functional correbpondmg to a problem, then all of the critical
points of 7(u) must lie in the set N := {u; (I'(u),u) = 0}, which is known as the
Nehari manifold (see [14,55]). On the other hand, the fibering map

ou(t) = T(tu) = %(M(u) +A) - %B(u) _ )\/Q G, tu)dz + gH(u), 7

is closely linked to the Nehari manifold, i.e., ¢}, (1) = 0 if and only if u € N, (see [17,
])- So it is reasonable to divide the Nehari manifold into three parts corresponding
to local minima, local maxima and inflction points of the critical points of ¢, (t),
and hence we define N := {u € N, (1) > 0}, N~ := {u € N,¢l(1) < 0} and
N°:={u € N, (1) = 0}.
Besides, we set

at = esssup{a(z),z € Q},
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and
Afw) = M) + Aw) = [l + [ ala)lupds.

In the sequel we need the following lemma:

Lemma 2.1. If a™ < p,, then there exists 61 > 0 such that for every u € Xo,

Alu) > 8ululk, -

Proof. If [, a(z)|u[Pdz > 0, then the lemma is obvious; otherwise, it would be
proved by contradiction, supposing that [, a(z)[u|Pdz < 0. If for every § > 0, there
exists u € Xo such that A(u) < dllull, it can be deduced that

(1 =) lullk, </Q—a(a:)|u\pdx < a+/ﬂ\u|pdw.

Now, by taking § < 1— % we get % < pp which leads to a contradiction with (3).0
Remark 2.2. According to lemma 2.1 we know that if a* < j, then A(u) > 6, llull%,
for §; > 0; on the other hand A(u) < ull%, +llallocSPllull’%, - Therefore, in the sequel
for a™ < pp, we consider Xo with the following norm:

1
~ 1 P
lullz = (A(w)? = (Hunio + [ a(w)lu\”da:> . ®)
The main results in this paper are the following theorems.

Theorem 2.3. Suppose that f(x,u) satisfies condition (f1) and a* < u,, then prob-
lem (1) admits at least one weak solution in Xo.

Theorem 2.4. Assume a’ < p,, then:

(i). If f(z,u) satisfies condition (£2), then there exists \* such that for 0 < A < A",
I admits a minimizer on Nt which is a nontrivial weak solution of problem (5).
(i3). If f(z,u) satisfies condition (£2), then there exists \** such that for 0 < A < A",
there emists a minimizer of I on N~ which is a nontrivial weak solution of problem

(5).

3 Proof of Theorem 2.3

In this section, we consider problem (1) such that f(x,u) satisfies condition (f1), using
(4) for every u # 0, I(tu) < —oo as t < oco. Thus, I(u) is not bounded below and so
the minimizing process on the hole space Xy may not be possible. If for every a € R,
we let

Bai={ue Xo: [ ba)lul'de = a},
Q

then, for every u € B, by using Remark 2.2 we have I(u) = %Hu”% — %a. Thus, 1|z,
is certainly bounded below and the minimizing approach of I(u) on B, is equivalent
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to the minimizing approach of ||lu[|”; on Ba. Set infuesp, [lull; =: ma, we will show
that m. is obtained by a function, and a multiple of this function is a minimizer of
I(u) and as a result, weak solution of (1).

Lemma 3.1. For every a > 0, there exists a nonnegative function u, € B such
that [lul|”}; = ma.

Proof. By the coercivity of I(u) on B,, there exists a bounded minimizer se-
quence {ul™} for x(u) := lull; on Ba. Therefore, {Ju{ ]} is a minimizer sequence
in Ba, so we can suppose that uﬁf“)(x) > 0 a.e. on (). By the reflexivity of Xo, there
exists a subsequence of {ugf‘>}, for simplicity is denoted by {uﬁf‘)}, which is weakly
convergent to ua € Xo (u%a) — Uq). So by compact embedding Xo < L(92), {uﬁf*)}
is strongly convergent in L(£2), and hence

limnﬁoo/b(az)|u£{)‘)\qda::/b(x)|ua|qu,
Q Q

which means uy € By. If u(na) 7 uq in Xo, then ||ua||% < lim inf HunH’;i = m, which
is a contradiction with ua € Ba. So un — ua in Xo and ma = infues, [[ull; = lluall-
O

Proof of Theorem 2.3. Let x(u) = [lul”}, now if uq is a minimizer of x(u)
under the condition B(u) = «, then by Lagrange multiplier theorem, there exists

A € R such that x'(ua) = AB’(ua), and hence for every v € X, we have

<X/(UD<)7 v) =gA /Q b(fb)|ua|q72uavdm.

By taking uo = Cw, we get

bt [ wa@) — wa @) (wo (@) — we (1) (0(2) = 0(x))
¢ /Q =yl dady

+ Cpfl/ a(@)|wa PP wavdr = %C‘Fl/ b(@)|wa|" *wavda.
o 0

1
Now, by assuming C' = (X )=7 we have

[ linte) —wn P n(e) — o @) 0() = 0D o,
Q

2 =yl
—I—/a(m)|wa\p_2wavdx:/b(x)\wa|q_2wavdx,
Q Q
consequently, wq is a weak solution of (1) under assumption (f1). O

Lemma 3.2. For a # (3 the minimizers of x(u) on Ba and Bg give the same weak
solution of (1).
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Proof. For a # 3, we have

Bo ={u€ Xo: / b(z)|u|?dz = a} = {(%)l/qv NS Xo,/ b(z)|v|'dz = B}.
Q Q
Therefore,

. _ (9\p/a
ma = inf Jull = (3)

B

So uq minimizes [|u[|*; on Bq if and only if (g)l/qua minimizes [lu[|*; on Bg. Indeed,

mg.

1
by substituting Co = ()77 we have

We = Lua _ (ma = E)l/q

4 Proof of Theorem 2.4

In this section, where condition (f2) is satisfied, we study the existence and multiplic-
ity results for problem (5). One of the main difficulties in this problem will be the
nonlinearity of g(z,u). To overcome this difficulty we need to restrict g(x,u) to the
following conditions:

(g1) g(z,u) € C*(Q x R) such that g(z,0) > 0, g(x,0) £ 0 and there exists g1 (z) €
L>°(Q) such that, |g,(z,u)| < §i(z)uP~? where (z,u) € Q x RT.

(82) For u € LP(2), [, gu(z, tlu])u*dz has the same sign for every ¢ € (0,00).

A typical example of g(z,u) is given by g(z,u) = /(1 + u?)?, for other examples,
please refer to [5].

Remark 4.1. If g(z,u) satisfies (gl), then there exists go(z) € LP(2) such that
g(z,u) < @(2)(1 +uP™h) and G(z,u) < 2¢(x)(1 + uP), for all (z,u) € Q x R*.
Moreover, based on the compactness of the embedding Xo — L"(Q2) for 1 < r < p*
and the fact that the operator u — g(z,u) is continuous, we conclude that the
functional J(u fQ z,u)dz is Weakly continuous, i.e., if up — wu, then J(u,) —
J ( ) and moreover the operator J'(u) = [, g(z, u)udz is Weak to strong continuous,
i.e., if u, — u, then J'(un) — J'(u )

The following lemma shows that minimizers for Ion N are usually critical points
for I, as proved by Brown and Zhang in [17]

Lemma 4.2. Let uo_be a local minimizer for I(u) on N such that ug ¢ N°, then ug
is a critical point of I(u).

Motivated by the above lemma, we will get conditions for N° = ()

Lemma 4.3. If a™ < p, then there exists Ao > 0 such that for 0 < X\ < \o, we have
N =0.
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Proof. Suppose the other way round, then for u € N°, using (g1), (7) and the
relation of /(1) = 0, we have (p — 1)||ull’; < (¢ — )Sg|Iblloolull; + |92 lle SPA N,
(Where S, denotes the best Sobolev constant for the embedding of X, with the norm
[lull 4 into L"(£2)) and hence

—1—|g1]lee SZAN 25
p 191 [|oc SP ) 5 )

(g = 1)51bllo

On the other hand, from (7), (g1), Remark 4.1 and using the fact that (g — 1)¢}, (1) —
©u(1) = 0, we obtain

Julls > (

(¢ = p)llull; < A( /Q(q — Vg, |ul)ul = gu(z, [u])u®)dz + (r — q) H (u)
< 2X(g = DIg2lloo |2l + A2(q = DI g2]loo + |91 loo) SE ]|,
which concludes

2(g = DAllg2(l[$2 )
q—p—M2(g = Dllgzlloc + llg1lloc)S¥

1
P

llull 4 < (
Therefore, using (9) we must have
( 2(g = DAlg2 ]l B

( ¢ —p=A2(q D2l + [1g1]l)SF

which is a contradiction for A sufficiently small. So there exists Ao > 0 such that for
0<A<X, N°=0.0

p—1—|lg1[loSSEA
(¢ —1)SlIbllo

1
)Q*P

IN

Lemma 4.4. If at < p, then there exists \i > 0 such that for X < A, I(u) is
coercive and bounded below on N.

Proof. For u € N, using (6) and remark 4.1 we have

~ 1 1 1 1 1
Iu:,,,UQ,)\/G:C’u,, z, |u))|ul)dz + (= — =)H(u
(u) (p q)\l 1% Q( (z, |ul) qg( ul)|ul) G q) ()
1 1 D - 1 - qp 1 P
> (= = llullff — 2M[ g2/l (1 4+ =) = 2Al|g2]looSE (1 + =)[[ull-
p q q q
As a result, I is coercive and bounded below on N for 0 < \ < A = q=D

2p(q+1) (1921100 55 °

d

Lemma 4.5. If at < p, then there exists A2 > 0 such that, for 0 < XA < A2, u(t)
takes on positive values for all non-zero u € Xo.

Proof. If B(u) < 0, then using (7) and by elementary calculus we can show that
@u(t) > 0 for sufficiently large t. Suppose there exists u € Xy such that B(u) > 0,
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through using (7), (8) and by elementary calculus, ¥, () := %Hu”% - %B(u) takes

[lu]1®
B(u)

RN A 1 =
w"(tm‘”)_(p q){(B(u))p} Z(P q){|b+||€o§{;"} =02 >0, (10)

where 62 is independent of u. Moreover, for 1 < a < p* we have

tmaz) /| | da <sa<H (”)) (lull?) = 3 { [[ullF }p(;m

= 58 (2L) R ltman)) ¥ = wu(tmm)) |

hence using remark 4.1, we conclude that

1
on a maximum at tyer = ( ) a-? and so

1
)\/ G(z, tmae|u|)dz — ;H(tmaz\ub < 2)\||g"2|\oo/ (1+ |tmasul”)dz
Q Q

< 2A||g2|‘w|ﬂl + Cl)\||g_2Hoowu(tmax)7

where ¢; is independent of u. So from (10) we get

1
Ou(tmaz) = Yu(tmaz) — /\/ G(z, tmax|u|)dz + ;H(tmaxlul)
Q

> Yu(tmas) (1 X2 oo 2 (s (b)) — Aclugauoo)

> 62(1 552 el Aclngzuoo).

Clearly ¢u(tmaz) > € > 0, for all nonzero u, provided that
. L
2[|g2lloo €265 " + c1llg2]loo

Since ¢, (0) < 0, so it is clear that if a™ < pup, and 0 < A < a2 then there exists
0 < T < tmas such that ¢, (1) > 0, and so we have the following corollary:

A< A=

Corollary 4.6. (3). Ifa® < pp, 0 < A < A1 and B(u) <0 for u € Xo \ {0}, then
there exists t1 such that tiu € NT and f(t1u) < 0.

(ii). If at < pp, 0 < A < min{A1, A2} and B(u) > 0 for u € Xo \ {0}, then there
exist t1 < to such that tiu € N7, tau € N~ and f(tlu) < 0.

Proof.(i). From the (7) and (gl), for a fixed u, we know ¢, (0) < 0 and using
lemma 4.4, lim;_ o0 ¢, () = +00, so by the intermediate value theorem, there exists
t1 > 0 such that ¢, (t1) = 0. Now since ¢, (t) < 0 for 0 < t < t1 and ¢, () > 0 for
t1 < t, thus tiu € N and I(tiu) < I(0) =0. O

(11). As in the proof of (i), we obtain ¢}, (0) < 0, lim¢_o ¢4, (t) = —o0 and by
using lemma 4.5 we get ¢, (7) > 0 for a suitable 7, so the intermediate value theorem
concludes that there exist t1,#2 such that 0 < t1 < 7 < t2, ¥, (t1) = ¢ (t2) = 0,
tiu € N*, tou € N~ and I(tiu) < I(0) = 0. O
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Lemma 4.7. There exists A3 > 0 such that if 0 < X\ < X3, then B(u) > 0 provided
that w € N™.

Proof. Suppose otherwise, that is, —(¢ — 1)B(u) > 0 and by (7)
eu(l) = (p = Dlfullz — (¢ = 1)B(w) - A/ gu(@, [ul)u*dz + (r — 1) H (u) <0,
Q

so using (gl), (p — Dflul; < )\||g’2\|oo.§’5|\u||%, which is a contradiction for A\ < A3 :=
—1
g

_p=1

g2l 5% " )
Proof of Theorem 2.4(i). Assume A" := min{)o, A1, A2}, as in lemma 4.4, I is

bounded below on N and so on N*. Let {u,} be a minimizing sequence for I on N+,

ie., lim, oo f(un) =inf,cn+ f(u) = ¢, and by Ekeland’s variational principle [31] we
may assume (I’ (un), un) — 0.

On the other hand, similar to lemma 4.4, IN(un)—é(f’(un)7 Un) > Cllun|| 1 — K, so
{un} is bounded in X, and without loss of generality, we may assume that u, — uy
in Xo and up, — w1 in L7(Q) for 1 <r < p* and un(z) = ui(zx), a.e.

By corollary 4.6 for u1 € Xo \ {0} there exists ¢1 such that tju; € N7T and
so ¢y, (t1) = 0. Now we show that u, — w1 in Xo. Suppose this is false, then
lu % < liminfn—oo [lun|%. So from (6) and remark 4.1, ¢, (t1) > ¢, (t1) = 0, for
sufficiently large n. Since {u,} C N, by considering possible maps it is easy to
see that ¢y, (t) < 0 for 0 <t < 1 and ¢, (1) = 0 for all n. Hence we must have
ty > 1, but tiur € N;' and so I(tiu1) < I(u1) < limpeo I(un) = inf,cn+ I(un),
which is a contradiction. Therefore u,, — w1 in Xo and so f(ul) = limn—oo f(un) =
inf,cn+ f(u) Thus u; is a minimizer for 7 on Nt and by using lemmas 4.2 and 4.3,
u1 is a nontrivial weak solution of (5). O

Proof of Theorem 2.4(ii). Let A™* := min{)o, A1, A2, A3}, then by lemma 4.5
for all u € N~ we have I(u) > I(tmaxu) > € > 0 i.e., inf,cy— I(u) > 0. Hence there
exists a minimizing sequence {u,} C N~ such that lim, e [ (un) = inf,cy— 1(u) >
0. Now similarly as in the proof of the pervious theorem we find that, {u, } is bounded
in Xo, upn — uz in Xo and u, — uz in L™(Q), 1 < r < p*. Since u, € N~ so by
lemma 4.7, B(un) > 0 and B(uz) > 0. We claim that B(uz) > 0. Suppose this is
false, thus (p — 1)[luz||; < )\Hg_2||o<,§£||u2||g, which gives a contradiction for A < As.
So by corollary 4.6 there exists t2 > 0 such that tous € N~. We claim that u, — us
in Xo; if it is supposed that this is false, so [luz[|"}; < liminfn—co |unl”}. But un € N7

and so I(u,) > I(tuy) for all t > 0. Therefore, using remark 4.1 we get

= 1 1 t5
I(touz) = EtSHU’?H% — gth(UQ) — )\/ G(z, ta|uz|)dx + 72H(u2)
Q
. 1 1 t5
< tim (Aeglnly  LegBu) =3 [ Gto.talunao + Errcan)

= lim I(tou,) < lim I(un) = inf I(u),

n—o0 n—oo ueEN—

which is a contradiction, hence by lemmas 4.2 and 4.3, u2 is a nontrivial weak solution
of (5) which belongs to N~. O
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Conclusion. This paper has two impotant Theorems; in Section 3, we establish
existence of a solution for problem(1) by using Lagrange multiplier theorem.

Also in Section 4, by using the Nehari manifold and the fibering maps, we prove the
existence of two distinct weak solutions for problem (5).

1]

[11]

[12]

References

T. Abdeljawad, R. P. Agarwal, E. Karapnar and P. S. Kumari, Solutions of
the Nonlinear Integral Equation and Fractional Differential Equation Using the
Technique of a Fixed Point with a Numerical Experiment Extended b-Metric
space, Symmetry 2019, 11, 686.

R. S. Adiguzel, U. Aksoy, E. Karapnar and I. M. Erhan, On the solution of a
boundary value problem associated with a fractional differential equation, Math.
Methods Appl. Sci., (2020). https://doi.org/10.1002/mma.6652.

H. Afshari and E. Karapinar, A discussion on the existence of positive solutions
of the boundary value problems via ¢—Hilfer fractional derivative on b-metric
spaces, Adv. Differ. Equ., 2020 (2020), 616.

H. Afshari, S. Kalantari and E. Karapnar, Solution of fractional differential
equations via coupled fixed point, Electron. J. Differential Equations, 2015 (286)
(2015) 1-12.

A. Aghajani, J. Shamshiri and F. M. Yaghoobi, Existence and multiplicity of
positive solutions for a class of nonlinear elliptic problems, Turk. J. Math, 37
(2013), 286-298.

B. Algahtani, H. Aydi, E. Karapinar and V. Rakocevic, A solution for volterra
fractional integral equations by hybrid contractions, Mathematics, 7 (2019), 694.
V. Ambrosio and T. Isernia, Multiplicity and concentration results for some
nonlinear schrodinger equations with the fractional p-laplcian, Discrete Contin.
Dyn. Syst., 38(11) (2018), 5835-5881.

F. S. Bachir, S. Abbas, M. Benbachir and M. Benchohra, Hilfer-Hadamard Frac-
tional Differential Equations; Existence and Attractivity, Advances in the Theory
of Nonlinear Analysis and its Application, 5(1) (2021), 49-57.

K. Balachandran and S. Kiruthika, Existence results for fractional integrodiffer-
ential equations with nonlocal condition via resolvent operators, Comput. Math.
Appl., 62 (2011), 1350-1358.

D. Baleanu, S. S. Sajjadi, J. H. Asad, A. Jajarmi and E. Estiri, Hyperchaotic
behaviours, optimal control, and synchronization of a nonautonomous cardiac
conduction system, Adv. Dier. Equ., 2021(2021), 157.

D. Baleanu, S. S. Sajjadi, A. Jajarmi, O. Defterli and J. H. Asad, The fractional
dynamics of a linear triatomic molecule, Rom. Rep. Phys., 73(1) (2021), 105.
D. Baleanu, B. Ghanbari, J. H. Asad, A. Jajarmi and H. M. Pirouz, Planar

system-masses in an equilateral triangle: Numerical study within fractional cal-
culus, CMES - Comput. Model. Eng. Sci., 124(3) (2020), 953-968.

11



12

[13]

[14]

[17]

[18]
[19]
[20]

[21]

F. M. YAGHOOBI AND J. SHAMSHIRI

B. Barrios, E. Colorado, R. Servadei and F. Soria, A critical fractional equa-
tion with concaveconvex power nonlinearities, Ann. Inst. H. Poincar Anal. Non
Lineaire, 32 (2015), 875-900.

L. C. Becker and L. K. Purnaras, Fractional relaxation equations and a Cauchy
formula for repeated integration of the resolvent, Advances in the Theory of
Nonlinear Analysis and its Application, 2(1) (2018), 11-32.

M. Benchohra and M. Slimane, Fractional differential inclusions with non instan-
taneous impulses in Banach spaces, Res. Nonlinear Anal., 2(1) (2019), 36-47.

P. Biler, G. Karch and W. A. Woyczynski, Critical nonlinearity exponent and
self-similar asymptotics for Lvy conservation laws, Ann. Inst. H. Poincar Anal.
Non Linaire, 18 (5) (2001), 613-637.

K. J. Brown and Y. Zhang, The Nehari manifold for a semilinear elliptic equation
with a sign-changing weight function, J. Differential Fquations, 193 (2003), 481-
499.

K. J. Brown and T. F. Wu, A fibering map approach to a semilinear elliptic
boundary value problem, J. Differential Fquations, 69 (2007), 1-9.

L. Caffarelli, A. Mellet and Y. Sire, Traveling waves for a boundary reaction-
diffusion equation, preprint, 230 (2012), 433-457.

L. Caffarelli, J. M. Roquejoffre and O. Savin, Non-local minimal surfaces, Comm.
Pure Appl. Math., 63 (2010), 1111-1144.

L. Caffarelli and E. Valdinoci, Uniform estimates and limiting arguments for
nonlocal minimal surfaces, Calc. Var. Partial Differential Equations, 41 (12)
(2011), 203-240.

W. Chen and S. Deng, The Nehari manifold for a fractional p-Laplacian system
involving concaveconvex nonlinearities, Nonlinear Anal. RWA., 27 (2016), 80-92.

M. Chermisi and E. Valdinoci, Fibered nonlinearities for p(x)-Laplace equations,
Adv. Cale. Var., 2 (2) (2009), 185-205.

M. Chermisi and E. Valdinoci, A symmetry result for a general class of divergence
form PDEs in fibered media, Nonlinear Anal., 73 (3) (2010), 695-703.

R. Cont and P. Tankov, Financial Modelling with Jump Processes, Chapman &
Hall/CRC Financ. Math. Ser., Chapman & Hall/CRC, Boca Raton, FL, (2004).

W. Craig and M. D. Groves, Hamiltonian long-wave approximations to the water-
wave problem, Wave Motion, 19 (4) (1994), 367-389.

R. de La Llave and E. Valdinoci, Symmetry for a DirichletNeumann problem
arising in water waves, Math. Res. Lett., 16 (5) (2009), 909-918.

P. Drabek and S. I. Pohozaev, Positive solutions for the p-Laplacian: application
of the fibrering method, Proc. Royal Society Edinburgh, Section A Mathematics,
127 (1997), 703-726.

E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhikers guide to the fractional
Sobolev spaces, Bull. Sci. math., 136 (2012), 521-573.



[35]

[36]

[44]

EXISTENCE OF SOLUTION FOR A CLASS OF FRACTIONAL
PROBLEMS WITH ...

G. Duvaut and J. L. Lions, Inequalities in Mechanics and Physics, Grundlehren
Math. Wiss., vol. 219, Springer-Verlag, (2012).

I. Ekeland, On the variational principle, J. Math. Anal. Appl., 47 (1974), 324-
353.

C. Fefferman and R. de la Llave, Relativistic stability of matter, I, Rev. Mat.
Iberoam., 2 (12) (1986), 119-213.

A. Garroni and G. Palatucci, A singular perturbation result with a fractional
norm, In Variational problems in materials science. Birkhuser Basel, (2006),
111-126.

M. D. M. Gonzalez and R. Monneau, Slow motion of particle systems as a limit
of a reactiondiffusion equation with half-Laplacian in dimension one, Discrete
Cont. Dyn. Syst., A 32 (4) (2012), 1255-1286.

S. Goyal and K. Sreenadh, A Nehari manifold for non-local elliptic operator
with concave-convex non-linearities and sign-changing weight function, preprint,
http://arxiv.org/abs/1307.5149, ( 2013).

M. Kandasamy and A. Annamalai, Existence results for fractional integrodif-
ferential systems with interval impulse via sectorial operator, Results Nonlinear
Anal., 2(4) (2019), 169-181.

E. Karapinar, T. Abdeljawad and F. Jarad, Applying new fixed point theorems
on fractional and ordinary differential equations, Adv. Diff. Egs., 2019 (2019),
421.

E. Karapinar, H. D. Binh, N. H. Luc and N. H. Can, On continuity of the
fractional derivative of the time-fractional semilinear pseudo-parabolic systems,
Adv. Differ. Equ., 2021 (2021), 70, https://doi.org/10.1186/s13662-021-03232-z.

E. Karapinar, A. Fulga, M. Rashid, L. Shahi and H. Aydi, Large contractions
on quasi-metric spaces with an applications to nonlinear fractional differential
equations, Mathematics, 7(5) (2019), 444.

M. Kurzke, A nonlocal singular perturbation problem with periodic well poten-
tial, ESAIM Control Optim. Calc. Var., 12 (1) (2006), 52-63, (electronic).

L. Shen, Multiplicity and asymptotic behavior of solutions to a class of Kirchhoff-
type equations involving the fractional p-Laplacian, Journal of Inequalities and
Applications, (2018), https://doi.org/10.1186/s13660-018-1708-9.

A. Mellet, S. Mischler and C. Mouhot, Fractional diffusion limit for collisional
kinetic equations, Arch. Ration. Mech. Anal., 199 (2) (2011), 493-525.

H. Mohammadi, S. Rezapour and A. Jajarmi, On the fractional SIRD math-
ematical model and control for the transmission of COVID-19: The first and
the second waves of the disease in Iran and Japan, ISA transactions, (2021),
https://doi.org/10.1016/j.isatra.2021.04.012.

Z. Nehari, On a class of nonlinear second-order differential equations, Trans.
Amer. Math. Soc., 95 (1960), 101-123.

13



14

[45]

[52]

[53]

[54]

[55]

F. M. YAGHOOBI AND J. SHAMSHIRI

L. C. Nhan and L. X. Truong, On The Nehari Manifold For a Logarithmic Frac-
tional Schrdinger Equation With Possibly Vanishing Potentials, Mathematica
Bohemica, (2021), 1-17.

G. Ning, Z. Wang and J. Zhang, Existence and multiplicity results for the frac-
tional plaplacian equation with hardysobolev exponents, Differential Fquations
and Applications, 10 (2018), 87-114.

S. Rezapour, H. Mohammadi and A. Jajarmi, A new mathematical model for
Zika virus transmission, Adv. Dier. Equ., 2020 (2020), 589.

S. Saiedinezhad, FEzistence of solutions to biharmonic equations with sign-
changing coefficients, Electron. J. Differential Equations, 99 (2018), 1-9.

A. Salim, M. Benchohra, E. Karapnar and J. E. Lazreg, Existence and Ulam
stability for impulsive generalized Hilfer-type fractional differential equations,
Adv. Differ. Equ., 2020 (2020), 601.

O. Savin and E. Valdinoci, Elliptic PDEs with fibered nonlinearities, J. Geom.
Anal., 19 (2) (2009), 420-432.

L. Silvestre, Regularity of the Obstacle Problem for A Fractional Power of the
Laplace Operator, PhD thesis, Austin University, (2005), available online at
http://www.math.uchicago.edu/ luis/preprints/luisdissreadable.pdf.

L. Silvestre, Regularity of the obstacle problem for a fractional power of the
Laplace operator, Comm. Pure Appl. Math., 60 (1) (2007), 67-112.

Y. Sire and E. Valdinoci, Fractional Laplacian phase transitions and boundary
reactions: a geometric inequality and a symmetry result, J. Funct. Anal., 256
(6) (2009), 1842-1864.

J. L. Vzquez, Nonlinear diffusion with fractional Laplacian operators, Nonlinear
Partial Differential Equations, (2010), 271-298.

M. Willem, Minimaxz Theorems, Birkhaduser, Boston, Basel, Berlin, (1996).

Farajollah Mohammadi Yaghoobi
Department of Mathematics

Assistant Professor of Mathematics
Hamedan Branch, Islamic Azad University
Hamedan, Iran

E-mail: yaghoobi@iauh.ac.ir

Jamileh Shamshiri

Department of Accounting

Assistant Professor of Mathematics
Tabaran Institute of Higher Education
Mashhad, Iran

E-mail: jamileshamshiri@gmail.com



	1 Introduction and Preliminaries
	2 Main Results
	3 Proof of Theorem ??
	4 Proof of Theorem ??
	References

