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Abstract. In this article, first of all, we investigate a pointwise defined
multi-singular fractional differential equation. Using control functions
method, existence a solution for the problem, will be proved. In the
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1 Introduction

Besides the fact that fractional calculus had been dated back to the last
three centuries, it is of high significance among the recent researchers
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and academians (see, for instance, [1]- [7]), that sometimes are singular

at some points (see [8]- [13]). Sometimes, considering a mathematical

model of a sceintific phenomena, leads to a fractional differential equa-

tion, therefore many application in fractional calculus can be seen (see
[14]- [20))-

In [21], the authors investigated the fractional equation CDU (t )+y(t 1/( ))

= 0 with initial conditions v(0) = v”(0) = 0 and v(1) = Tfo

where 0 <t <1,2<0<3,0<7 <2 °D? is the Caputo fractlonal

derivative and y : [0,1] x [0,00) — [0,00) is a continuous function.

In 2013, the fractional problem “D"v (&) + y(t,v(£)) = 0 with boundary

conditions v/(0) = ”/(0) = - -- = v =1 (0) = 0 and »/( fo

was investigated, where 0 < £ < 1, n > 2, r € (k:o — 1, ko), (s) is

a function of bounded variation, y may have singularity at £ = 1 and

Sl dn(s) <1 (122).

In 2015, the fractional problem CDpy( )= w( y(t),* Dy(t)) with bound-

ary conditions y(0)+y(0 fo = mgp and y"(0) = y©®(0) =
—o=y=1(0) = 0 was studled where, 0 <t <1, mg is a real number,

n,>2,p€(n,—1,n,),0 <o <1, D’ and °D? is the Caputo frac-

tional derivatives, g € C([0,1],R) - R and ¢ : (0,1] x Rx R — R is

continuous with (¢, u,v) that may be singular at ¢t =0 ([23]).

In 2018, the existence of a solution for the following three steps crisis

problem was investigated:

CD”Z(t)+¢(t,Z(t),Z’(t)fD"Z(t),/0 Q(§)z(8)d, w(x(t))) = 0

with boundary conditions z(1) = 2(0) = 2”(0) = 2z™(0) = 0, where
n>2, \uo € (0,1), Qe L0,1], w: CY0,1] — C[0,1] is a map-
ping such that [|w(z1) — w(x2)|| < wollz1 — 2| + t1]|a) — 24| for some
non-negative real numbers ¢o and ¢; € [0,00) and all x1, 29 € C*[0,1],
“D" is the n-order Caputo fractional derivative, ¥ (t, z1(t), ..., 25(t)) =
P1(t, z1(t), ..., z5(t)) for all t € [0, X), ¢(t, z1(t), ..., 25(t)) = ¢2(t z1( ), -
z5(t)) for all t € [\, p] and ¥(t, z1(t), ..., 25(t)) = P¥3(t, 21(¢), ..., 25(¢)) for
all t e (u1], v1(ty., .., .,.) and ¥s3(t,.,.,.,.,.) are contlnuous on [0, )
and (p, 1] and ¥o(t, ., ., ., .,.) is multi-singular ([24]).
In 2019, the existence and uniqueness of solutions were discussed for the
following class of boundary value problem of nonlinear fractional differ-
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ential equations depending with non-separated type integral boundary
conditions

“Diz(t) = \If(t z(t), C’D’”z(t))

with the conditions Z(O) — le =k Jy U ))ds and
2'(0) — 122'( —K,Qfo ds wherete[() T] t>0,1<qg<2,
0 <r <1, “DYis the q—th order of the Caputo fractional derivative,
VS C([O,T] x Rx R,R),U,V : [0,7] x R — R are given continuous
functions and ¢1, 19, k1, ko € R with ¢ # 1 and w2 # 1 ([25]).

In 2020, the existence of solutions were examined for the following
nonlinear differential pointwise defined system:

Dy (t) = hi(t,v1(t), V] (t), €D (t), TPy (),
s Vm (1), V3 (1), CDﬁme( t), 1P v (t)),

, t€[0,1]

DA (£) = B, 21 (1), 1 (2), € DB (), TP (8),
Loy Ul (B), V0, (1), CDBmum( ), IPmup, (1)),

with boundary value conditions V’(Cj)(()) =0for 2 < j <mngp—1and

k=1,....m
no
K =D N ED (i)

i=1

and v}, (0) = vg(ng) forallk = 1,2, ..., m, where A; i, > 0, Bk, Vi k> i ks Oks Tk
€ (0,1), pp > 0, myng € N, £k = 1,2,...m, i = 1,2,...,n9, “D¥
is the Caputo fractional derivative of order ay > 2, nyp = [ag] + 1,
and hy : [0,1] x X*™ — R, is singular at some points [0, 1], where
X = Co, 1] ([26]).

Regarding the main ideas of above papers, we investigate the non-
controlled multi-singular fractional differential pointwisly defined equa-
tion

[y

Dw(t) + Ut w(t), w' (1), D w(t), o(w(t))) = 0 (

with boundary conditions w(0) = 0 for o € [2,3) and w(0) = w”(0) =
w)(0) = 0 where ng = [0] — 1 for ¢ € [3,00) and also w(n) +

)
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fol w(s)ds = 0 where 0 > 2, 1,8 € (0,1), ¢ : X — X is a mapping such
that for all wy,wy € X, [|[¢(w1) — p(wa)]] < apllwy — wal| + a1 ||w] — wh]]
for some ag,a; € [0,00), “D? is the Caputo fractional derivative of order
oand U : [0,1] x R* = R is a function such that U(t, ., ., .,.) is singular
at some points t € [0,1]. In fact, U is stated to be multi-sigular when
it is singular at more than one point ¢ (see Example 2.1 and 2.2). Like-
wise, “D*w(t) + U(t) = 0 is pointwise defined equation on [0, 1] if there
is the set £ C [0, 1] such that its measure of complenment E° is zero
and equation on E is being hold. It’s obvious that every equation is a
pointwisly defined equation. In this paper, we use |.||; as the norm of
L[0,1], ||.]| as the sup norm Y = C[0,1] and |w]|, = max{|jw], ||w’[}
as the norm of X = C[0,1].

2 Preliminaries

In this section, we introduce some notations and basic facts which are
used throughout the paper. The Riemann-Liouville integral of order r
with the lower limit b > 0 for a function y : (b,00) — R is defined by
Zivy(t) = ﬁ fbt(t — 5)""1y(s)ds provided that the right-hand side is
pointwise defined on (b, c0). we denote Z"y(t) for Z|, y(t). Also, The Ca-
puto fractional derivative of order r» > 0 of an absolutely continuous func-

t n
tion y : (0,00) — R is defined by “D"y(t) = F(nl_r) / G Y )(izl_n ds,
0 — S

where n = [r] + 1 ([27]).

Let ¥ be the family of nondecreasing functions ¢ : [0, 00) — [0, 00) such
that > 2, 9™ (t) < oo for all ¢ > 0 ([28]). One can check that 9 (¢) < ¢
for all t > 0 ([28]). Let 7 : X — X and o : X x X — [0,00) be
two maps. Then 7T is called an a-admissible map whenever a(x,y) > 1
implies o(Tz,Ty) > 1 ([29]). Let (X,d) be a complete metric space,
Y€ ¥Uand o : X x X — [0,00) a map. A selfmap 7 : X — X is
called an a-1)-contraction whenever a(x,y)d(7Tz,Ty) < ¢¥(d(x,y)) for
all z,y € X ([29]). We need the following results.

Lemma 2.1. ([70]) Assume that 0 <n—1<r <n andv € C[0,1]N
LY0,1]. Then Z"°Dv(€) = v(€) + Y21y ti&® for some constants
Loy -5 tn—1 € R.
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Lemma 2.2. ([71])Let X is a Banach space and C C X is closed and
convex. Suppose that = be a relatively open subset of C with 0 € Z and
let T : 2 — C be a continuous and compact mapping. Then either

i) the mapping T has a fized point in Z, or

it) there exists wy € 0= and v € (0,1) with wy = T wo.

Lemma 2.3. ([72]) Let (X,d) be a complete metric space, € ¥,
a: X xX —[0,00) is a map and S, T : X — X are mappings satisfying

the following conditions

i) for v,y € X, a(x,y) > 1 implies a(Sx, 'Ty) >1oro(Tz,Sy) > 1

i1) there exists xo € X such that a(xg,Szg) >
iii) S and T are continuous

) for all z,y € X, a(z,y)d(Sz, Ty) < (d(z,
oy, 2)d(Sx, Ty) < w(d(r,y
Then T and S have a common fized point.

3 Main Results

y)) and

In this section, we declare existence condititions for the problem (6).
First of all, we change the differential equation to a integral one, then
we prove the exisitence of a solution for the problem (6).

Lemma31 Let 0 > 2, n € (0,

1) and U € L'0,1]. Then w(t) =

fo s)ds is a solution for the pointwise defined problem “D%w(t)+
U(t ) = O wzth boundary value conditions w(0) = 0 for o € [2,3) and

w(0) = w”(0) = w™)(0) = 0 where ng =
w(n) + Ji w(s)ds = 0 for all o € [2,00), where

—(t—s)7 1

—(t—s)"’l

To) T @t Dot D)

2t(1—s)°
CrESyNCESY

2t(1—s)°

o) T @D (o)

2n+1)I'(o+1)

_l’_

[0] =1 for o € [3,00) and also

0<s<t<1, s<y
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Proof. Let for all ¢t € E C [0, 1] the equation “Dw(t) + U(t) = 0 is
held, where m(E°) = 0 and m is the Lebesgue measure on R. Also let
Uy € L'[0,1] N C[0,1] be a function such that Uy = U on E. Note that
if this problem has a solution then U, exists, because if wy € C[0, 1] is
a solution for the pointwise defined problem, it is enough to consider
Up(t) = —Dwp(t) for all t € [0,1], so we have Uy € L'[0,1] N C0,1]
and Uy = U|g. Hence if t € E, we have

W) = o5 / (t — )7t (s)ds
i / —5)7U(s )d8+/ (t — )71 U(s)ds)
I'(o) " Jpo t]ﬂE [0,4NEe
— (t—s)7 Up(s)ds
“T(0) Jp, t]nE )" tols)
1
/ (t — 8)7 Uy(s)ds +/ (t — 8)7 U (s)ds)
"~ TI(o) 0,4NE 0,4NEe
1 t
(o) / (t — 8)7 Uy (s)ds = I° (U (2)).
If t € E°|{0}, then there exists {t,} C E such that ¢, — ¢t~ as n — oo,
S0

TOU(t)) = F(la) /0 (t — 5)7"U(s)ds

_ imi " — 8 Y(s)ds = lim I¢
_ )/0 (ta — )7 U(s)ds = lim 7 U(t,))

Nn—00 F(o‘ n—00
I
= lim T (1) = lim s /O (b — )7 Up(s)ds

1

_ ! _80'71 s)ds = I°
- 53 / (t — 5)7 Uo(s)ds = I7 Uo (1))

and in the case t = 0 € E°, we have Z°(U(t)) = Z°(Up(t)) = 0. So for
all t € [0,1], Z°(U(t)) = Z°(Up(t)). Therefore if “D7w(t) + U(t) = 0 for

all t € E, then Z°(“D°w(t)) = Z°(—U(t)) for all ¢ € [0, 1], consequently
Z7(“D°w(t)) = Z°(—Up(t)) on [0,1].
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Thus, regarding Lemma (2.1) and the boundary conditions, we ob-
tain

t
w(t) = —/ (t — )" U(s)ds + u1t.
I'(a) Jo
Putting ¢t = 1, we have

1

w(n) = “T(0) /017(77 —8)°U(s)ds + 1.

On the other hand,

/Olw(s)ds :/ t)dt = —// $)7U(s )alsalt—i—%1
= // t—s”ldtU()ds+§

L1

= ——— —5)7|DU(s)ds + —
- H®A<Jt 7 DU(s)ds +

1 1 L1
- |- “
r(a+1)/0 (1= ) U(s)ds + 2
By hypothesis w( - fo s)ds, so we have
o[- s + —]/?1 YU (s)ds — 2
(o) J, 180 Udstun =gy J 1= STy

hence,

1—;1—sossin—s‘7_lss
n(n+ 2y = )A<1 )°U(s)ds + A(n o~ 1U(s)ds.

27 T(o+1 I'(o)
Therefore,
2 1

= 1 —3)YU(s)ds L K _Sa—l s)ds
Ll_(2n+1)<F(o+1)/o<1 )u()d+r(a)/0<’7 )7 U(s)ds).
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So we obtain the following equations

w(t) = _F(la)/o (t — )7 'U(s)ds

2t ! 1 7 L —5)7U(s)ds
e | O s [

o +1'T(o+1 I'(o)
——L t —8)°U(s)ds 2t 1 —5)°U(s)ds
= gy U+ ity [0 U

2t (R .
@t (o) /0 (n=s)" Uls)d

If n > ¢, then

wt) = — DLL/G—SYIU(M

2t
)(1 = 5)°U(s)ds
" 2n+1 (0 +1) /‘ / / o)7Uls
_ 0 1
+ 2n+1 / (/ 8)7 Ul

If n <t then

w(t) = — F(la)</"+/n><t— 9712 (s)ds

2t
)1 — 5)°U(s
+ 2n+1 (0 +1) / / (/ 2

(= 5)7"'U(s)ds.

" <2n+1>r< )/0

So w(t fo s)ds can be written, where
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—(t—s)71 2t(1—s)° 2 (n—g)o—1
(F(rf)) + (2n+(1)F(z)7+1) + (257721-1))F(J) O0<s<t<l s<n

—(t=s)7"" 2t(1—s)°
o)+ @t DT (o+) 0<np<s<t<l

k(t,s) =
2t(1—s)°
@n+1T(o+1) 0<t<s<1,n<s
2t(1—s)° 2t (n—sg)o—1
\ (277+(1)F(o+1) + (27(72_1))1“(0) 0<t<s< n<1.
O

Lemma 3.2. Let x(t,s) be given in Lemma (3.1). Then for all t,s €
[0,1], x(t,s) has the following properties

i) |Kk(t,8)] < Agnt(l—1)771

i) | 75 < Ag(1— 1)1,

_ 2(140)
where AO’,'I] = m

Proof. i) For all ¢,s € [0, 1] we have
< 2t(1 — s)° n 2t(n — s)° 1
- 2n+1)T(c+1) (2n+1)I'(0)
2t(1 — 8)7 + 2to(n — s)° 1 21— 5)7 + 2to(1 —s)7 !

|k (t, 5)|

2n+ 1) (e +1) - 2n+ 1DI'(c+1)
2t(1 —s5)° "Y1 —s+0) - 2t(1 —t)° (1 + o)
(2n+ 1)I'(c+1) - 2n+1)I(c+1)

= A;nt(1—1)7""

ii) By differentiating from the x(t, s) with respect to t, it is deduced that

%(t s) = —(o = 1)(t—5)77 2(1 —s)° 2(n — s)°!
ot I'(o) @+ DI(c+1) ' (2n+ 1)I(0)

for0<s<t<lands<n,

%(t 5 = —(oc—1)(t —s)2 2(1 — s)°
ot I'(0) (2n+ 1) (c +1)
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for0<n<s<t<l,

%(t 5 = —(c—1)(t—s)2 2(1 - s)°
ot I'(o) (2n+ 1)I(c +1)

for0<n<s<t<l,

Ok 2(1 —s)°

Y= Gy e+ 1)

for 0 <t <s<1andn<s, and finally

Ok 2(1 —s)° 2(n —s)°1

) T G E e £ T @y £ )

for 0 <t <s<mn <1, hence

|8/£(t, s) | 2(1—s)° 2(n —s5)77 !
ot | = 2+ )T+ 1) 27+ DI(o)
 2(1—5)7420(n—s)7" < 2(1 —5)7 +20(1 —5)77!
2n+ 1 (ec+1) - 2n+1DI'(c+1)

21 -9)711-5+0) -
N 2n+ 1) (c+1) —

= A, n(1- )71,

2(1 —t)°"1(1 +0)
2n+1I'(e+1)

for all ¢,s € [0,1] that t # s,t # 0 and ¢t # 1. In the case t = s,t =0 or
t = 1, the same result is obtained. O
Now, let 7 : X — X be defined as

1
Fuw(t) :/0 k(t, s)U(s,w(s), w'(s), “D’w(s), p(w(s)))ds

_ b t — )7 (s, w(s), w'(s). CDPw(s w(s S
_ r<a>/0<t )7 MU (s, w(s), w!(5), “DPw(s), ¢(w(s)))d

2t
2n+1I'(oc+1
2t

I o — ) U (s, w(s), w'(s), CDPw(s w(s)))ds
+(2n+1m0)/0<n )T U(s, w(s), w!(s), “DPw(s), dlw(s)))ds,

_l’_

1
] /0 (1 —5)7U(s,w(s),w'(s), CDﬁw(s),qb(w(s)))ds
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where 0 < f < 1 and ¢ : X — X is a mapping such that

lp(w1) — G(w2)l| < aollwy — wal + ar]jw) — whll,

for all wy,wy € X and some ag,a; € [0,00). By taking lyp = ag + aq, it
can be seen that ||¢(w1) — d(w2)]| < lol|lwi — wal|«, for all wi,wy € X.
According to the defintion of Caputo derivative, for all ¢ € [0,1] and
w1, wy € X it follows

[ C ]‘ ! — / /
‘Diwi(t) = Dlws(t)] < F(l—ﬂ)/o (t = 5)Pwi(s) — wh(s)|ds

et = whll s
)

- I2-p)

SO

[w) —wh]| _ Jlwi = wals

[2-6) = I'2-8)

Now, we consider F : X — X, to prove that the pointwise problem
(1) has a solution in X. For this, by lemma (3.1), we indicate that F
has a fixed point in X. In the next results, by using some functions
which are called control functions, we will control the singularity and
then, investigate the existence of a sloution for the singular fractional
differential problem.

[DPwy ¢ Dwy| <

Theorem 3.3. Let U : [0,1] x (C[0,1])* — R be a singular function at
some points t € [0,1] such that U(t,0,0,0,0) € L'[0,1] where O is
the zero function on [0,1], i.e for all s € [0,1], O(s) = 0. Assume that
there exists a nondecreaing mapping A : X* — R = [0,00) such that
Wqu<ooaszﬁ0+ and%%Oasz%oo. If the
inequality

’u(tv w1, w2, W3, w4) - Z/[(ta 21,22, 23, 24)‘

S b(t)A(’LUl — Z1,Wy — 22,W3 — 23,W4 — 24),

be established for almost allt € [0, 1], all (w1, wa, w3, ws), (21, 22, 23, 24) €
X% and some b € L'0,1], then the poinwise defined problem (1) has a
solution.
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Proof. Let € be arbitary. Regardig to the properties lim,_,q+ M =

go < 00, there exists 0 < d(e) < e such that for all z € ( d(e)],
A(%”) < qo + € and so A(z,2,2,2) < (qo + €)z. Hence taking z =

d(€) := 9§, we have
A(0,0,6,6) < (qo+€)d < (qo + €)e. (2)

Now, let {wy}n>1 be a sequence such that w, — w in X as n — oo.
So ||wp, — wl|« — 0 as n — oco. Therefore, there exists m € N such that
n > m implies

lwn = wlle = maz{jlwn —wl], lur, —w'l} < 7,

where [; := max{1, ﬁ, ap+ay}. So it is concluded that ||w, —w|| <

% and ||w], —w'|| < %, for all n > m. Hence for all t € [0,1] and n > m,
we have

| Fun(t) — Fu(b)
< / 1t )1 [4(5, 10 (5), 10! (5).E DPwn (5), S(wn(3)))
U(s,w(s), w(5).° DPu(s), duw(s))|ds
1
< [ At = 0 ), w3 D 5), D (5)
—U(s,w(s),w (s),° Dﬁw(s),gb(w(s))) ds
< /Aan 11— 17 b(s)A((wn — 2)(s), () — ) (s),
(“DPwn — ¢ DPw)(s), dlwn(s)) — b(w(s)))ds
< Ant—07 | “b(s)A (e — ],y — '], o=l
> o,n 0 n ) n ) F(Q—B) )

aollwn — wl| + ax||w, — w'|)ds
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6 9 ) 5 1
L' LT(2—=8) (a0+a1)l1)/0 b(s)ds

5§ &6 . 6 .6
< myAgnt(l—t)°7" 1A(hl I 1 ZZIJla)

< Agyt(l—1)7 A (-,

= miAgnt(1—1)7"1A(6,6,6,6) < miAs,t(1—1)7  (go + €)e,

where my = fo s)ds. So || Fwp—Ful| < miAgy(qo+e€)e, for all n > m.
In a similar mannner for all ¢ € [0,1] and n > m, it is resulted that

V%M)— w(t)]

8/—@ t s) ’ w' (5), DPwn(s), p(wn(s)))

0
—44@,w($7wxshcfﬁﬂﬁsﬁ¢Ww(@))dS
< miAgq,(l— t)gfl(qo + e)e.

Hence || F'w, — F'w|| < miAqg,y,(qo + €)e, for all n > m. Using the above
inequalities as well as *—norm definition, we conclude that

| Fw, — Fwlls = maz{|| Fw, — Fw||, ||[F'w, — F'w||} < m1Agy(qo + €)e

for all n > m, and since € > 0 is arbitary, it is deduced that Fw, — Fw
in X as w, — w in X, so F is a continuous mapping on X. Now, put
my = fol [U(s,0,0,0,0)|ds. Since lim,_,, M = 0, therefore

. omo+miA(z, 2,2, 2
lim —2 1A( )

2Z—00 z

=0.

So for € > 0, there exists 7(e) > 0 such that z > r(e) implies that

ma +miA(z, z, 2, 2)

< €.
z

Thus, for all z > r(e), we have ma + miA(z, z,2,2) < ez. Choose an
€o > 0 such that 0 < ¢g < A . and let ro := r(€p), then, for all z > rg
the following inequality is held:

ma +miA(z, 2, 2, 2) < €2z,
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By putting z = rgl1, in the above inequality, we have

To
mo + mlA(Toll,TQll,Toll,’Foll) < eoroli < T
0.717

Now, let E={w € X : [|lw|« <710}, A € (0,1) and wg € IZ be such that
wo = AFwyp, then for all t € [0, 1], we have

1
o (t)] = [AFuo(t)] < /0 It )|

U(s, wo(s), wp(s),” D wo(s), $(wo(s))) |ds

1
< Agyt(l — t)"_1</
0

—U(S, O(S)v 0(5)7 0(5)7 O(S))

X

U(s, wo(s), wh(s), DPwo(s), p(wo(s)))

ds

1
+/0 U(s, O(s), O(s), O(s), (9(5))|ds> < Agt(1— 1)
1
([ 6 (o) w5, D0, () + o
< Appt(1—1)7" (A(Hon, l[wpll, D wol|, ¢ (wo(s))])
X /0 Cb(s)ds + m2> < Ay t(1— )0

x(Aalrwor*,huon*,h\wou*,zluwouoml +m2),

conseqgently

lwol| = Al|Fwol < Aoy (A(llroy117’0,117"0,517“0)71”61 —|—m2>

70

— =T0.
o,
UAUJ]
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Likewise, for all ¢ € [0, 1], it is infered that
wo ()] = [AF wo(t)]

L ok(t, s) PPN
< 12t (s o) D). ool

< Agy(1- t)“—l( / 1

—U(s,0(s),0(s), O(s), O(s))

ds

U(s,wo(s), wi(s)," Do (s), p(wo(s)))

ds

1
—i—/ \L[(s,(’)(s),(’)(s),O(s),(’)(s))]ds) < Agy(1—1)71
0
1

< o)A wn(s) o) D (). o)) s |

0

IN

Agp(1—1)*"" <A(||w0||7 llwll, D wol|, l|¢(wo(s))]))
1
x/ b(s)ds +m2> < Ay, (1— 1)
0

x <A<Z1Hwou*,zluwou*,zluwou*,zluwouoml i mz),

S0
Jwgll = MFwol < Aoy <A(Z1T0,Z1T0aZITOallro)ml +m2>
o
< Asp— =ry.
0777140',17
Hence, ro = |Jwoll« = max{|wo]|, [|wi||} < ro which is a contradiction.

Therefore, regarding to theorem (2.2), F : X — X has a fixed point
in X, so the pointwise defined fractional differential equation (1) has a
solution. O

The final result is illustrated by the following example.

Example 3.4. Let oy,...,0, € (0,1) such that ¥ ;0; < 1, d1,...,0, €
[0, 1],
1

dlt) = (t—01)71(t — 82)72...(t — 6,,)7n
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0 tel0,1]NnQ
c(t) =
1 te (0,1)NnQ°.
1
b(t) = iy and
Z/{(t w1, W2, W3 w4) = b(t)(24_1 |wZ| )+d(t>.
9 ) 9 9 1= 1 + |'U)'L|
Consider the pointwise defined equation
t
CD\/ﬁw(t) —I—Z/I(t,w(t),w’(t),cl?gw(t),/ w(s)ds) =0 (3)
0

with boundary condition w(0) = w”(0) = 0 and w(n)—f—fol w(s)ds =0, in
which 7 € (0,1) is fixed. Then, for all (wy, we,ws, wy), (21, 22, 23, 24) €
X% and almost ¢ € [0, 1] we have

‘U(t7w1,w2,w3,w4) —U(t, 21, 22, 23, 24)

lwi &
T+ w14z
= b(t)A(w1 — Z1,W2 — Z2,W3 — Z3,W4 — 24),

= b(t)|Ziza (

where

A T i
(21,22,23,Z4) 1711_'_ ’Zz‘

Simply speaking, lim,_,+ w =4 < oo, lim,_,o W =0 and

b(t) € L*[0,1]. Note that if ¢p(w(t)) = [; w(s)ds, then

[¢(w(t)) — ¢(2(1))] < /0 w(s) — z(s)lds < [lw — z]|t,

for all ¢ € [0,1], so ||¢(w) —¢(2)]| < ||w—z]||. Therefore all the conditions
of Theorem (3.3) are held, so by therem (3.3), the pointwisedefined
equation (3) has a solution.
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Now, we want to consider two pointwise defined differential equaions
Dw(t) + Ut w(t), w' (1), D w(t), o(w(t))) = 0 (4)

and
“Do2(t) + V(t, 2(t), 2/ (t), DV 2(t), ¢p(2(t))) = 0, (5)

when o > 2, 7,6 € (0,1), ¢ : X — X is a mapping such that for
all wi,wy € X, ||¢p(w1) — d(w2)|| < apllwr — wa|| + a1||w) — wh|, for
some ag, ai, € [0,00) and U,V : [0,1] x X* — R are two fuctions that
are singular at some set with measure zero, under boundary conditions
w(0) = 2(0) =0 for ¢ € [2,3) and

w(0) = w"(0) = w™)(0) = 2(0) = 2"(0) = 2™ (0) = 0

where ng = [0] + 1 for o € [3,00) and also w(n) + f01 w(s)ds = z(n) +
fol z(s)ds = 0. We will show that under some conditions, these two

equations have the same solution.
For this, we define F,S: X — X as

1
fw(t)—/o K(t, $)U(s,w(s), w' (s), DPw(s), p(w(s)))ds

and .
Sz(t):/o k(t,s)V(s,2(s8),2'(8)," DV 2(s), d(2(s)))ds

where k(t, s) is the Green function that defined by lemma (3.1). We will
prove that F and S has a common fixed point, so two equations (4) and
(5) have a same solution.

Theorem 3.5. Let U,V : [0,1] x X* — R are continuous on E C X
with m(E€) = 0 and there exist b,§ € L'[0,1], nondecreasing mapping
A: X* = R such that
i V2122, 25, 24)|
(B Izl

< 6(t)

and [U(t, w1, we, w3, xwy)| < b(t)A(wy, we, ws, wy) for all (wy, wa, ws, wy)
€ X4, 1<i<4 and almost all t € [0,1]. Also let
A(z,2,2,2)

lim —————= = qo,
z—0t z

17
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ml—fo ds<A—andm2—f0 ds<lA ,where

l; = max{1, il 2 NCEIE ,aptar}, lp = max{l, NeE=E ao+a1} and qo € [0, %)
If for all (wl,wg,w3,w4) (21,22, 23,24) € X4 that

(w1, we, w3, wy) # (21, 22, 23, 24), almost all t € [0,1] and all 1 < i < 4

Z/{(t, w1, w2, W3, w4) - V(ta 21,22, %3, 24)

=0,

im
(hwill l2i]) = (©*+,0+) maz||w; — zi
then the pointwise defined equations (4) and (5) have a common solution.

Proof. Since
. A(z,z,2,2)
lim ——————= = qq,
z—0t z

so for each € > 0, there exists 0 < d(€) < € such that z € (0, d(¢)] implies

that A
(Z7Z7Z7Z) <q0+€’

therefore
A(z,2z,2,2) < (g0 +€)z.

Let €1 > 0 be such that gy + €1 < ﬁ, then for all z € (0,01 := d(e1)] it is
concluded that
A(Z7 Z, Z, Z) < (QO + 61)2«',

consequently
A(hz, iz, liz,liz) < (qo +e1)hz < z,

for all z € (0, %]. On the other hand for all w € X and ¢ € [0,1], we
have

1
Fu(t)] < /0 5t )|

1
§/0 Agnt(1 —1)77b(s)A(w(s), w'(s),° DPw(s), p(w(s)))ds

U(s,w(s),w'(s),° D'Bw(s), d(w(s)))|ds

1
< Agyt(1 —t)"l/o b(s)A(l[wll, [lw'[l, [° D w]], [[é(w) )ds

| o [
I 5= - aollwl + ar ) /0 b(s)ds

< Agt(L = )7 AU [wlls, b llwll, L l[w] blfwll)ma

< Agpt(1 = )77 A(|fw]), o’
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So, if [|wl||+ € (0, 9], then
[Fuw(t)] < Agpt(1 = 6)7 Hwllwmy < [lw]lt(1 - )7

thus, it is resulted that || Fw]|| < ||w]|/«. Also we have

1 K S
) < [ 125

1
S/O Aoy(L =) 'b(s)A(w(s), w'(5)," D w(s), $(w(s)))ds
1

[24(s, w(s), w'(s),° DIw(s), ¢(w(s)))|ds

< Agy(1— t)gl/ b(s)A([[wll, [[w'[l, |°Dwll, | é(w)]))ds
0
< Ay (1 = 07 A o b ol + o) [ s
I'(2-p) 0
< Ao = )7 AU flwlls, bllwll, l|wlls, flw]m.
Therefore, if ||w||. € (0, ‘;—11], then
[Fwt)] < Aoyl = )7 wllemy < Jwllo(1 = )77,
so, we conclude that || F'w|| < ||wl.. Hence if [|w]|. € (0, ‘;—11] then
|Fwllx = max{||Fw|l, [Fwl} < [lwll. (6)
By the assumptions, for all 1 <i <4 and almost all ¢ € [0, 1],

lim |V(t, z1, 22, 23, 24)]
Iz =0 (EA

< 6(t),

so, for each € > 0 there exists d(e) > 0, such that ||z|| € (0,0(e)] implies
(V(t, 21, 22, 23, 24)| < (0(2) + €) |z

Thus, for € > 0, there exists d(¢) > 0 such that ls]|z]| € (0,d(¢)], it
follows

V(t, 2,2, D7z, ¢(2))] (6(t) + €) max{||z|, [|'ll, 1D =[], [ 6(2)III}

(0@) + e)la] 2]+

VARVAN
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Since my < ﬁ, there exists €5 > 0 such that mo + €5 < ﬁ. Put
dg :=0(e2), so if ||z]] € (0, ‘;—22], then we have

V(t,2,2",° D7z, ¢(2))| < (0(t) + e2)la]|2]]

Thus, for z € X in which [|z]| € (0, ?—22], we conclude that

1
[Sz(8)] < /0!f”v(t,S)HV(S,Z(S),Z’(S)fD”Z(S),¢(Z(8)))\d8
1

< / Ayt (1= )% (8(s) + e2)lal 2] ds
0

1

_ t(1—t)<f—1Am(/ 0(s)ds + e2)la) 2|l
0

= (1 —1)7 A p(ma + e2)la|12]].

< (1 —t)7 |z,

so ||Sz|| < ||z]|«. Also for all ¢t € [0,1] and z € X in which ||z|| € (0, ‘;—22],
we have

1 K S
S50 < [ 125 .26, (9D, (0D s
1

< [ Ay =077 00) + lolz]-ds
0

1
= (=07 ([ (s)ds + ex)lalll.
0

= (1=t)7 Agy(me + e2)la] 2]«
< (=07 2l

so [|8"z|| < [|z[|«. Therefore,
1Szl = max{[|Sz|, [|S"2[I} < [I2]|. (7)
Likewise, through the given assumptions for almost all ¢ € [0, 1], we have

Z/[(ta w1, W2, w37w4) - V(ta 21,22, 23, 24)

lim =0.
(llwi 12— (0F,0%) mazx||w; — |
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Put ||wy — 2| :== maxi<j<a||w; — 2| for some 1 < k < 4, then for each
€ > 0 there exists d(e) > 0 such that ||w;]|, ||z € (0,d] implies

U (t, w1, wa, ws,ws) — V(t, 21, 22, 23, 24)| < €||wy — 2]

Let 0 < e3 < fn and 03 := d(e3), then if ||w]|,||z] € (0, %”], we have

Ut w, W' DPw, p(w)) — V(t, 2,2 Dz, ¢(2))]
< egmax{||w — z||, |[w’ — /|, [|“Dw —¢ D2||, | $(w) — $(2)||}
< eslzl|w — 2|+,

where I3 = max{ly, l2, |ﬁ—ﬁ|} = max{ly,la}. Soif [|w]|,||2] €

(0, d3], then
Ut w, ' DPw, p(w)) = V(t, 2,2/, DYz, 6(2))| < esllw = z[ls.  (8)

Now, let oy = min{‘;—ll, ‘;—22,53}, define o : X2 — [0, 00) as

1 [[wll«, [[2]]« € (0, 6a]
a(z,y) =
0 other wise

and ¢ : R = R as ¥(t) = e3A,,t. So, ¢ € ¥ is obviuos. If a(w,z) > 1
then [|w]«, ||z]l« € (0,dn], so by (7), [|Sw|l« < ||z|l« < das. Likewise,
via (6), |Fyll« < |lyll« < dum, so a(Sw,Fz) > 1. If w € X be such
that ||w||« < dnr, then |[|[Sw||« < dar, so it is concluded that there exists
wp € X such that a(wg,Swy) > 1. To check the continuity F, let
E C [0,1] be a set which U(t,.,.,.,.) is not continuous on that, then
m(FE) = 0 where m is the Lebesgue measure in R, and let w, — w as
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n — oo. So for all ¢t € [0,1] we have
1
lim Fw,(t) = lim K(t, $)U(s, wn(s),w),(s),° Dﬁwn(s), d(wp(s)))ds

n—oo n—oo 0

= lim K (t, $)U(s, wn(5), W) (5), DPwy(s), p(wn(s)))ds

n—00 Jpe

+ lim [ wk(t,$)U(s,wn(s), w)(5),S DPw,(s), d(wn(s)))ds

n—oo E

= /c/@(t,s)Z/I(s,w(s),w'(s),cDﬁw(s),qb(w(s)))ds

1
= /0 k(t, s)U(s,w(s),w'(s),° Dﬂw(s),qﬁ(w(s)))ds
= Fuw(t).

Similarly, lim, .o F'wy,(t) = Fw(t) is obtained for all ¢ € [0,1], so it
is concluded that F is a continuous mapping in (X, ||.|«). On the other
hand, for all ¢ € [0, 1] we deduce that

1
[Fuw(t) — Sz(t)] S/O [kt 8)[|U (s, w(s), w' (), DIw(s), p(w(s)))

—V(s, z(s),2'(s),° Dﬁz(s), d(z(s)))|ds

1
Agt(1— t)"_l/
0

—V(s, 2(s), 2 (5),DP2(s), d(2(s)))|ds.

IN

U(s,w(s), w'(s)," DPw(s), d(w(s)))

Therefore, when [|w]|«, |||« € (0,0a], by (8), it implies that
[Fu(t) = Sz(t)] < Asyt(l = )7 esllw — 2],
consequently
[Fw =38z < Agpesllz —ylle = ¢([lw — 2[5).
In a similar manner, we have

[Fw—=8"% < Agpesllw = zlle = ¢([Jw - 2].),
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hence
[ Fw — Sz||« = max{||F'w — 8'z||, | Fw — Sz|} < ¢(Jw — z]|.).

Therefore, regarding Lemma (2.3), both equations (4) and (5) have a
common solution. g

Example 3.6. Consider the following pointwise defined equations

Dhult) + 2 (O + /@ + 1 Drwol + 1 [ wis)asl?) =
and
Dha(t) + 2210l + 170l + 1DY=(0)] + 1 [ (o)) =

With boundary conditions w(0) = 2(0) = 0 and w(3) + fol w(s)ds =
)+ fo s)ds = 0, where

1 t € [0,1]|{01, ..., 0% }
p(t) =
0 t € {01, ... O}
Put A(wq, wo, w3, ws) = 2;1:1”101‘”27 fo s)ds, b(t) = I?T?’

U(t, w1, wa, ws, ws) = Awy, wa, w3, wy),

V(t> 21,22, 23, 24) = e(t)Z;L:lHZlHa
then [[¢p(w) — ¢(2)[| < ||w — 2|, i = max{1, F(f%)} =z,

3 A Pladlad)
lg:max{l,FQ 1)} ),qg llrrlz_>()+w:()<%7

_o201+3) 028
T (I+DI(5+1) 15y

23
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1 1

b,0 € L'0,1], m1 = [y b(s)ds = 0.5 < 35—, ma = [ 0(s)ds = 0.6 <
ﬁ and for all (w1, wa, w3, ws), (21, 22, 23, 24) € X4 that (wy, wa, w3, wy) #
(21, 22, 23,24), almost all t € [0,1] and all 1 <7 <4

|U(t, wy, we, w3, wy) — V(t, 21, 22, 23, 24)|

(llwilll1z4]1)—(0+,0%) mazx||w; — |
S will? = |zl

< B = OB e o o) maalle; — ]

< bt — 0(8)] Sy Mwill® = wallllzll]
(lill,ll2: ) —(0+,0%) maz|w; — z|

— () — 01| S Mwill (Jwill = N1z
(lewill, [l ) —(0+,0%) maz||z; — yi|

< [b(t) — 6(0) Sy Jwilllwi =zl

(lwill,llz:1)—(0+,01)  maz|lw; — 2|
< () - 0(8)]  lim B ||wi]| = 0.

[[ws || =0+

Hence, based on Theorem (3.5) there is a common solution for both
mentioned equations.

Corollary 3.7. Let U : [0,1] x X* — R be continuous on set E € X
with m(E°) = 0, there exists b € L'[0,1] and nondecreasing mapping
A X* = R such that [U(t,wi, we, w3, wy)| < b(t)A(wr,ws, w3, wy) for
all (w1, w2, w3, ws) € X* and almost all t € [0,1], also let

lim A(z,2,2,2) .

z—0t z

my = fol b(s)ds < ﬁm, where 1} = max{l,ﬁ,ao + a1} and qo €
[0, %) Then, the pointwise defined equation (/) has a solution.

Proof. In theorem (3.5), let for all ¢ € [0,1] and (w1, w2, w3, wy) € X4,
V(ta wy, w2, ws, w4) = u(tv w1, w2, ws, ’U]4).

Indicating all conditions of Theorem (3.5) is feasible. Therefore, the
pointwise defined equation (4) has a solution.
U
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Conclusion

Investigating of a solution for fractional differential equations has a spe-
cific importance, among which the singular ones have a significant role.
In this paper, we consider a solution for a singular differential equation,
then allocate some conditions to prove the existence of a common solu-
tion for two singular differential equations. Used new methods in this
article, can help to examine other fractional differential equations.
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