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Abstract. In this paper, we introduce a hemi-slant submanifold of a
3-Sasakian manifold. First, we obtain some new results in terms of the
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1 Introduction

At the beginning of the last decade of twentieth century, Chen defined
the concept of slant submanifolds [7] and proved many interesting fun-

Received: May 2020; Accepted: December 2020
*Corresponding Author



M. B. KAZEMI, S. UDDIN AND S. TARIGHI

damental results for these submanifolds in his book [3]. After that, this
notion has been investigated and generalized by many authors for some
ambient manifolds which were equipped with various structures such as
almost complex, contact and quaternionic structures [2, 3, 9, 11]. Hemi-
slant submanifolds in contact structures were defined by Cabrerizo et
al. [5]. Since one of the distributions of hemi-slant submanifolds are
anti-invariant, the hemi-slant submanifold can be considered as partic-
ular class of the bi-slant submanifolds. Later, B. Sahin obtained some
interesting results on warped products of hemi-slant submanifolds in
Kaehler manifolds [15]. In [16], second author and Chen investigated
warped product bi-slant submanifolds and as a generalization of these
submanifolds, they also introduce the idea of pointwise bi-slant subman-
ifolds [10], when the ambient manifold was a Kaehlerian manifold.

In [13, 14], first author and Malek defined 3-slant submanifolds of
3-structure manifolds. In this paper, we extend these subjects to the
hemi-slant submanifolds of a special class of almost contact 3-structures
which is called 3-Sasakian manifolds.

The paper is organised as follows: In Section 2, we review the ba-
sic notations about 3-Sasakian manifolds. In Section 3, we introduce
hemi-slant submanifolds of 3-structures and Sasakian 3-hemi slant sub-
manifolds. We prove that a hemi-slant submanifold M of a 3-Sasakian
manifold (M, &is Mi> Pi)ie{1,2,3y Which admits a 3-Sasakian structure 7;, is
anti-invariant if and only if 7} is parallel. Moreover, we obtain some re-
sults in terms of the tangential and normal components of ¢;. In Section
4, we suppose the ambient manifold of the hemi-slant submanifold be a
3-Sasakian space form and obtain fundamental results by using Gauss,
Codazzi and Ricci equations. We deduce some new results for Ricci ten-
sor and scalar curvatures involving the mean curvature and slant angle
of the submanifold.

2 Preliminaries

Definition 2.1. [4] A Riemannian manifold (M, g) has an almost con-
tact metric structure if it is endowed by the tensor fields &, 7 and ¢ of
type (1,0),(0,1) and (1, 1) respectively, such that
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QX)) =-X+n(X)E, n©) =1, (1)
9(eX,0Y) = g(X,Y) = n(X)n(Y), VX,Y € TM. (2)

Definition 2.2. [12] Let M be a Riemannian manifold and for i =
1,2,3, (ni, &, ¢i), be three almost contact structures on M satisfying

ni(&5) =0, @& = —pi& =&, nile;) = —ni(w)) =m,  (3)

i 0 ; — Njesi = —p; o Y; +n; 0 & = Vi, (4)

for a permutation (i, j, k) of (1,2,3), then M has an almost contact 3-
structure (&; i ©i). In addition, if there exists a compatible Riemannian
metric g on M which for all vector fields X, Y on M the following relation
holds

9(piX, 0;Y) = g(X,Y) — n:(Y)mi(X), (5)

then (M ,&iyMiy piy g) is an almost contact metric 3-structure manifold
which in this paper shortly is called as 3-structure.

It is well-known that this compatible metric is skew-symmetric with
respect to the ¢;, i.e. g(@;X,Y) = —g(X, p;Y). Moreover, the dimen-
sion of a 3-structure is 4k + 3 [17].

The 3-structure (]\Zf ,&iyMiy Piy g) 1s called a 3-Sasakian manifold if the
following conditions satisfy

(Vx@)Y = g(X,Y)& —mi(Y)X, (6)

Vx& = —piX, (7)

for any X € TM where V is the Riemannian connection on M.

Let the Ricci tensor of the Riemannian manifold (M, g) satisfies
S(X,Y) =ag(X,Y)+bA(X)A(Y), for an I-form A and a,b € C>®(M),
then M is a quasi Finstein manifold [6]. If b =0, then (M, g) is called
an Einstein manifold. 3-Sasakian manifolds are famous examples of the
Einstein manifolds.

3



M. B. KAZEMI, S. UDDIN AND S. TARIGHI

3 Hemi-slant submanifolds of 3-structures

For a submanifold M of a Riemannian manifold M, we have the Gauss
and Weingarten formulas as follows [17]

VxY =VxY +0(X,Y), VX,Y e TM (8)
VxV = —AyX + DxV, VYV € (TM)*. (9)

Here, V and V are the Riemannian connections of (M, g) and (M, g), o
and A are the second fundamental form and the associated operator of
o, respectively. Also, the connection on the normal bundle is denoted
by D.

The curvature tensors R and R with respect to the connections V
and V satisfy

JR(X, Y)Z W) =g(R(X,Y)Z,W)+g(c(X,Z),0(Y,W))
_Q(U(X7 W),O’(Y, Z))? (10)

for all vector fields X,Y, Z, W on M, which is called equation of Gauss.
Moreover, for the normal component (R(X,Y)Z)* of R(X,Y)Z the
equation of Codazzi states

(R(X,Y)Z)" = (Vxo)(Y,Z) — (Vyo)(X, Z). (11)

Let M be a submanifold of (M,&;,n:, ¢, g). For any X € TM and
V e Tt M, we put
;X =T, X+ EX, o,V =tV + f;V, (12)

where T;, t; are tangential and Fj, f; are normal projections of ;.
One can verify that

g(t:V,Y) = —g(V, F;Y), (13)

g(fiV, X) = —g(V, T; X). (14)

The submanifold M is invariant if at any point p € M, p;(T,M) C T, M
and is anti-invariant if ¢;(T,M) C TpLM . Therefore, based on the nota-
tion of Equation (14), on invariant (resp. anti-invariant) submanifolds
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we get F; =0 (resp. T; = 0).

Motivated by Chen [7, 8] works on slant immersions and submani-
folds which are interesting generalizations of invariant ( complex) and
anti-invariant (totally real) submanifolds, the first author and Malek
defined the following type of submanifolds.

Definition 3.1. [13] A submanifold M of a 3-structure (M, ¢;, &, 1, ),
i €{1,2,3} is a 3-slant submanifold, if for all p € M and for any X €
T,M, (X # 0), the angel a = gpiﬁX has a constant value, for all
i,j € {1,2,3}.

So, in 3-slant submanifolds, the choice of point p and X does not ef-
fect on the value of the slant angle a. For example, on anti-invariant and
invariant submanifolds the slant angle o« between ¢; X and the tangent
space T, M are equal to 5 and 0, respectively.

Definition 3.2. Suppose that M is a submanifold of a 3-structure
(M, 3, &, 1, g) and admits orthogonal distributions ©¢, D+ and < & >,
where TM =0 @ D1t® < & >. We say M is a 3-hemi slant submani-
fold, if

(a) D+ is anti-invariant, this means, ;(®+) C T+ M.

(b) ®* is a 3-slant distribution with respect to the ¢;’s and has slant
angle a # 0, i.e. VX € D%, the angle a = goii,\@"‘ is constant.

Lemma 3.3. [/1] Let M be a 3-slant submanifold of 3-structure (M,g).
Then for any X € TM which is normal to &, we have T;Tj (X) =
—cos? aX, where a is the slant angle and i,7 € {1,2,3}.

Theorem 3.4. Let for i € {1,2,3}, (M, ¢, &,ni,9) be a 3-Sasakian
manifold and M be its 3-hemi slant submanifold. Then the structure
vector fields &;’s are parallel with respect to the connection V if and only
if =5 on M.

Proof. From Eq. (7), we have
@X& =—p; X, VX e€TM. (15)
On the other hand, Gauss formula implies

Vx& =Vx&+0(X,&). (16)
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Therefore, if & is parallel, then we obtain o(X,§;) = —¢; X. Thus
©; X € T+ M, so M is an anti-invariant submanifold.

Conversely, if M is an anti-invariant submanifold then for any X €
TM, we have ;X € T+M. Thus from (15) and (16), we get ;X =
—0o(X,&) and Vx& =0, i.e., § is parallel. O

Dgﬁnition 3.5. Let M be a 3-hemi slant submanifold of a 3-structure
(M, @i, &, miy9),1 € {1,2,3}. Then M is called a Sasakian 3-hemi slant
submanifold if

(VxT)Y = g(X,Y)&G —ni(Y)X, VXY € TM.

Theorem 3.6. Let M be a Sasakian 3-hemi slant submanifold of 3-
structure (M, &, ni, @i, g). Then the tensor field T; is parallel if and only
if the submanifold is anti-invariant.

Proof. Since M is a Sasakian 3-hemi slant submanifold, if any X,Y €
D% and then we have

(VxT)Y = g(X,Y)& —ni(Y)X.
If T' is parallel, then by taking X = T;X,Y = T; X, we obtain

From Lemma 3.3, we get

cos?ag(X, X)& = 0. (18)
Since g is a positive definite metric, from (18), we find that a = 5 ,thus
M is an anti-invariant submanifold. The converse is trivial. O

Theorem 3.7. For a 3-hemi slant submanifold M of a 3-Sasakian man-
ifold (M, &, mi, iy g),i € {1,2,3}, the following relation holds

g(VxT)Y,Z)=—g((VxT;)Z,Y), VX,Y € TM.
Proof. On a 3-Sasakian manifold (M, &, i, pi, g), we have

(Vxei)Y = g(X, V)& —ni(Y)X = R(&, X)Y.
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Therefore, by using (12) and Gauss-Weingarten formulas, we see

R(&, X)Y = VxT)Y + (X, T,Y) + DxEY — Apy X —
T(VxY) - tio(X,Y) — F(VxY) — fio(X,Y).

We consider the tangential components of the previous equation and
obtain

R(&, X)Y = (VxT)Y — Apy X —tio(X,Y).
Thus, we have

From (14), self-adjoint property of A and symmetry properties of R and
o, previous equation gives

g(VxT))Y,Z) = g(0(X, 2), F;}Y) — g(R(&:, X)Z,Y ) — g(0(X,Y), F;Z)
= —g(R(&, X)Z,Y) = g(tio(X, Z),Y) — 9g(Ar,zX,Y) = —g(R(&, X)Z
+tiU(X, Z) ‘f’AF,-ZX, Y) = —g((VXTZ')Z, Y)

O

Theorem 3.8. For a 3-hemi slant submanifold M of a 3-Sasakian man-
ifold (M, &, mi, i, 9),i € {1,2,3}, the operator f; is an anti-symmetric
tensor field with respect to the normal covariant derivative, this means,
for all X € TM and U,V € T+M, we have

9(Dx f)V,U) = —g((Dx fi)U, V).
Proof. For any X € TM and V € T+ M, we have
VxpiV = oiVxV = (Vxp)V = g(X, V)& —ni(V)X =0,  (19)
Then, from (12), we get

Vxt:V+VxfiV — ¢ (~AyX + DxV) = 0.
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By using Gauss-Weingarten formulas and (12) we obtain

VxtiV+o(X,t,V)+DxfiV —Apv X —t,DxV + T; Ay X
— [iDxV + FiAv X = (Vxt;))V + (Dx fi))V + o(X, t;V)—
AfiVX + p; Ay X = 0. (20)

For any U € T+ M, by taking the inner product of U and Equation (20),
we get

g(=(Vxt;)V —o(X,t;V) — p; Ay X + Agv X, U)
9( U, V) = g(a(X,t;V),U) — g(piAv X, U)
=9(Vxt;)U, V) — g(Au X, t;V) + g(Av X, t;U)
g(Vxt)U, V) + g(F; Ay X, V) 4+ g(o(X, t;U), V)
= g(Vxt))U, V) + g(piAu X, V) + g(o(X, t;U), V)

—(VXti)U — (,OlAUX — O'(X, tlU) — AfiUXa V)

=g
= (Dfo)U, V)

(
9(
Therefore, f; is an anti-symmetric tensor field. O

Theorem 3.9. For a 3-hemi slant submanifold M of a 3-Sasakian man-

ifold (M,fi,m,goi,g), If f; and t; are parallel operators, then the shape
operator A vanishes on M.

Proof. For any X € TM,V € T+ M , from (19), we have
(@XQOZ‘)V = (@Xti)v + (@sz)v + p; Ay X = 0.
Since f; and t; are parallel, then we get ;Ay X = 0, for any X €
TM,V € T+M. This means the shape operator A = 0. ]
4 Submanifolds of 3-Sasakian space forms

A 3-Sasakian space form M (c) is a 3-Sasakian manifold (M EisMis Piy ),
i € {1,2, 3}, such that for a constant ¢ € R, its p;-holomorphic sectional
curvature is equal to ¢ at any point of M. Since all the Sasakian struc-
tures (&, M, i, 9),1 € {1,2,3} are Sasakian space forms (cf. [17], p314),
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so the curvature tensor R satisfies in the following relation (cf. [1], p342)

3
ROCNZ = (577 ) 20X — o062+ (“5F) Sl
—mi(Y)X)ni(Z) + (9(X, Z)ni(Y) — g(Y, Z2)ni(X))&i + g(0:Y, Z)pi X
—9(piX, Z2)0iY + 29(0iY, X )i Z]. (21)

By using Lemma 3.3 and (5) we can prove the following lemma.

Lemma 4.1. Let M be a 3-hemi slant submanifold of a 3-Sasakian
manifold (M, &, ni,pi,q),1 € {1,2,3}. Then for all X,Y € D¢

g(FX, FY)=sin’ag(X,Y), g(T;X,T}Y) = cos’ ag(X,Y). (22)

Theorem 4.2. There is no proper 3-hemi slant submanifold of a 3-
Sasakian space form (M(c), &, ni, pi,9), © € {1,2,3}, such that the sec-
ond fundamental form be parallel and ¢ # 1.

Proof. For all X,Y € ©® and Z € ©*, the equation of Codazzi implies
9(RH(X,Y)Z,0:2) = g(Vx0)(Y, Z) = (Vyo)(X, Z), piZ).
By the hypothesis of the theorem that o is parallel, we find
9(RY(X,Y)Z,0:Z) = 0. (23)
On the other hand, from (21) we conclude

3
SR Z02) = () LK ot zp2) (21)
=1
Thus (23) and (24) imply
3
(c=1)> g(X,0Y)g(¢iZ,0:Z) = 0. (25)

i=1
Since ¢ # 1 then by taking Y = T;X and using (22), we obtain

3
> 9(X, T X)g(Z, Z) = cos® ag(X, X)g(Z, Z) = 0.
ij=1
Since g is a Riemannian metric, from the last relation we conclude that
a = g, that is, M is an anti-invariant submanifold. O

9
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Theorem 4.3. Suppose M is a 3-hemi slant submanifold of a 3-Sasakian
space form (M(c),&,mi, i, 9),i € {1,2,3}. If R =0 and ¢ # 1 and for
any V€ T+M, AvAry = ApvAy, then the slant angle o is either
equal to 5 or 0.

Proof. For any X,Y € TM and U,V € T+M, from the equation of
Ricci, we have

g(R(X,Y)V,U) = g(R*(X,Y)V,U) - g([Ay, Ay] X,Y).  (26)

By considering U = f;V and X = T;Y in (26) and using the hypothesis
of the theorem that is R+ = 0 and Ay Ay, = Ay, vy Ay, we obtain

g(R(TGY,Y)V, fiV) = 0. (27)

Also, from (21), we derive

JRX,Y)V,U) = (C; D)

3
> {9(e:Y, V)g(@iX,U)—
=1
90X, V)g(:Y,U) +29(X, 0:Y)g(piV,U)}. (28)

Interchanging U = f;V and X = T;Y in (28) and using Lemma 4.1, we
deduce that

g(R(TY,Y)V, fiV) = cos? asin® o <02> gV, Y)g(V, V). (29)

From (27) and (29), we find

-1
cos® asin? o <C2> g(Y,Y)g(V,V)=0. (30)

Since g is a Riemannian metric and ¢ # 1, then from (30), we conclude

that either @ = g or a = 0. |

Theorem 4.4. Let (M(c),&i,mi, ¢ir 9),1 € {1,2,3} be a 3-Sasakian space
form and M be a 3-hemi slant submanifold of M (c) with slant angle o
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and dimension of n. Then for any X,W € T M, the Ricci tensor S of
submanifold M satisfies in the following relation

S(X, W) = {<CZ3> (4p+q) +6 <C;1) (30052a+1)}g(X,W)
+ {_ (CZB> 4 (C;l) (6 cos* v — 4p — q+2)} gm(X)m(W)—i-

n

ng(o(X, W), H) =) g(o(X,¢e;),0(e;, W),

Jj=1

where n = 4p+ q+ 3 such that p = } dim(D%) and ¢ = dim(D*) and H
is the mean curvature.

Proof. For any X,Y,Z, W € TM, from Equations (10) and (21), we
get

c+3

g R(X,Y)Z, W) = (

< )Z{m m(X)g(Y, W) =i Z)m (Y )9 (X, W)+

9(X, Z)ni(Y)ni(W) — g(Y, Z)ni(X)mi(W) + g(@:Y, Z)g(0: X, W) —
9(0i X, Z)g(piY, W) +29(piY, X)g(piZ, W)} — g(0(X, Z),0(Y,W))
+g(o(X,W),o(Y, Z)). (31)

) (0¥, 2)g(X, W) — g(X. Z)g(Y. W)}

Let TM = D@D+® < & > and {ey, .. ., ep, epr1 = secadier, ... eqp =
secalsept, {€apt1,€ap+3, ---€dpiqt, {€4prq+i = &} be local orthonormal
frames of ®%, ®1 and < & >, respectively. By using these adapted
frames for contracting g(R(X,Y)Z, W) on Y, Z, we should compute the
following components.

P
S(X,W) = Z (R(X,e;)e;, W) + Z Z R(X,secaT;e;)secaTje;,
i=1 i=1 j=p+1
dp+q 3
W)+ Y g(R(X,ex)er, W) + > g(R(X, &)&, W). (32)

k=4p+1 i=1
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Now, we use (31) to find the terms of the right side of Equation (32).

For the first term, since Y °_; g(e;,€;) = p, ni(e;) = 0,9(e;, pje;) =0
and Y7 | g(X,ei)g(e;, W) = g(X,Y), we have

> aACX. e W) = (10 ) Sotaten cax,w)-
i=1 =1

3 p

sXeealen )} + (7 ) Dot (Omy(eaten W)

J=11i=1
n;(ei)n;(€)g(X, W) +n;(ei)n;(W)g(X, e:) —nj(X)n;(W)g(ei, e;)
+9(X, pjei)g (sﬁjeu W) = glei, pjei)g(p; X, W) + 29(X, pjei)

9(pjei W)} — Z{g o(ei, W),0(X, €) + g(a(X, W), 0(ei, €:))}

:(cz?’)( D)g(X, W) + ( >{Z —pni (X )i (W)+

39(T; X, T;W))} - Z{g olei, W),0(X, ei)) — g(o(X, W), 0(ei, €))}-

(33)

Also, from (22) we have g(sec aTje;,secaTjej) = 1, so the second term
of (32) implies

Z Z g(R(X,secaTiej)secalie;, W) = (C+ 3> {3pg(X,W)—

i=1 j=p+1
s+ (45 )Z{ 3o (X)) + 3g(TLX, TiW)}
Z {g9(o(secaT;e;, W), o(X,secaTje;)) — g(o(X, W),
Jj=p+1
o(secaTje;,secaTje;))}. (34)

Since D1 is anti-invariant, we get g(X, pier) = g(X, ¢;Y) = 0. So,
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for the third term we obtain

4p+q

> G(BX cp)er. W) = (CZ?’) (4 Dg(X, W)+
k=4p+1

(C_ 1) Z{ ani(X)mi(W) + 3g(pi X, W)}~

4p+q

> {gloler, W), 0(X, ex)) — g(o(X, W), 0(ex, ex)}. (35)
k=4p+1

From (7) and (8), we conclude 0 = V¢,& = V¢,& + 0(&,&), thus
0(&;,&) = 0. Therefore, the last term of (32) gives

3
S ah(x. )6 W) =3 (S5 ) alx.w)-

1

cf) gm(X)m(W) -3 (T) g(X, W)—
3

3
> Z i (X)m:i (W) — Zg(J(X, e;),o(ei, W)). (36)

i=1

(
<c;1

Finally, by taking in to account of (32), the definition of mean cur-
vature H = L 37 | 5(e;, ;) and sum of Equations (33), (34), (35) and
(36) imply

SCEI) = (S5 ap 6 ) + 6 (4

1) (3cos® a+ 1)g(X, W)

- (cf’) im<X>m<w> () o i g

an +ng( (XaW)7H)_ZQ(J(X’ej)vU(ejvw))’ (37)

J=1

which is the required result. O
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Corollary 4.5. Let M be a totally geodesic n-dimensional 3-hemi slant
submanifold of a 3-Sasakian space form M (c). Then M is a quasi Ein-
stein manifold.

Proof. Since o = 0, if we consider

K= (CI3> (4p+q) + 6 <C;1> (3cos®a + 1),

c—1 c+3
,U:< 1 )(600s2a—4p—q+2)—< 1 );

then from (37), we derive

3
S(X, W) = kg(X, W) + > n:(X)mi(W).

i=1

Hence, M is a quasi-Einstein manifold. O

Theorem 4.6. Let (M(c),&i,ni, pi, ), € {1,2,3} be a 3-Sasakian space
form and M be an n-dimensional 3-hemi slant submanifold of M (c) with
scalar curvature r and slant angle a, then

rSn{(T) (4p+q)+6<c;1> (3cos2a+1)}+

-1 3
3(04 )(6008204—4p—q+2)—3<cz >—|—n2HH||2. (38)

Proof. By contracting (37) on X, W, we get

r_n{<c;3) (4p+q)—|—6<c;1> (3cos2a+1)}+

-1 3
3<C4 )(GCOSQa—4p—q+2)—3<CZ >—|—n2||H||2—||0||2.

Since ||o||? > 0, the inequality is satisfied. O
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Corollary 4.7. Let (M(c), &, ni, ¢, g),7 € {1,2,3} be a 3-Sasakian space
form and M be a minimal 3-semi invariant submanifold of M(c) with
scalar curvature r, then

Srorse- (5o (5 e w

where n = 2p + q + 3 is the dimension of M.

r<n{(

Proof. Put the dimension of invariant distribution dim® = 2p, dim(¢;)
=3 and the dimension of anti-invariant distribution ®+ = ¢. Then, the
result is easily obtained from (38) by considering H = 0and « =0. O
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