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Abstract. In this paper, it is shown that every (n, m)-Jordan homo-
morphism between two commutative algebras is an (n, m)-homomorphism.
For the non-commutative case, it is proved that every surjective (2, m)-
Jordan homomorphism from an algebra A into a semiprime commuta-
tive algebra B is a (2, m)-homomorphism.
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1 Introduction and Preliminaries

Let A and B be complex algebras and ¢ : A — B be a linear map.
Then, ¢ is called an n-homomorphism if for all a1, as,...,a, € A,

plaraz - an) = p(a1)p(az) - - (an).
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The concept of an n-homomorphism was introduced and studied for
complex algebras in [5] and [7]. Moreover, ¢ is called an n-Jordan ho-
momorphism if

pla") = p(a)",  (a€A).

This notion was introduced by Herstein in [¢]. A 2-homomorphism (resp.
2-Jordan homomorphism) is called simply a homomorphism (resp. Jor-
dan homomorphism). Obviously, every n-homomorphism is an n-Jordan
homomorphism, but the converse is not valid in general. It is shown in
[9] that some Jordan homomorphism on the polynomial rings can not be
homomorphism. For Jordan homomorphisms on Banach algebras, Ze-
lazko in [13] presented the following result (see also [11] for an alternative
proof).

Theorem 1.1. Suppose that A is a Banach algebra, which need not be
commutative, and suppose that B is a semisimple commutative Banach
algebra. Then, each Jordan homomorphism ¢ : A — B is a homomor-
phism.

Next, the above result has been proved by the third author in [14]
for 3-Jordan homomorphism with the extra condition that the Banach
algebra A is unital. Recently, the second author and Inceboz extended
Theorem 1.1 for n € {3,4} in [1] without the condition that A is unital by
considering an alternative condition on n-Jordan homomorphisms. For
the general case, G. An [!] extended the mentioned results for all n € N
and showed that for a unital ring A and a ring B with char(B)> n, every
n-Jordan homomorphism from A into B is an n-homomorphism provided
that every Jordan homomorphism from A into B is a homomorphism.
For different proofs of the case that A and B are commutative algebras,
we refer to [3], [0] and [10]. We also refer to [12] for characterization of
mixed n-Jordan homomorphisms and pseudo n-Jordan homomorphisms.

In this paper, we show that every (n, m)-Jordan homomorphism ¢ :
A — B between two commutative algebras is an (n, m)-homomorphism.
In addition, we prove that every unital (n+1, m)-Jordan homomorphism
¢ : A— Bis an (n,m)-Jordan homomorphism. As a result, every uni-
tal (2, m)-Jordan homomorphism ¢ : A — B is a (2,m" !)-Jordan ho-
momorphism, for n > 2. Furthermore, for an algebra A and a semiprime
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commutative algebra B we show that each surjective (2, m)-Jordan ho-
momorphism ¢ : A — B can be a (2, m)-homomorphism.

2  (n,m)-Jordan homomorphisms

Let m € Z\ {0} be fixed, A and B be complex algebras and ¢ : A — B
be a linear map. Then, ¢ is called an (n, m)-homomorphism if for all
a1, az,...,0an € A7

plaraz - an) = mp(a1)p(az) - p(an).

Moreover, the mapping ¢ is said to be an (n, m)-Jordan homomorphism
if

w(a") = mep(a)”, a € A
The concept of (n, m)-Jordan homomorphism was recently introduced by
the third author in [15]. Clearly, (n, 1)-homomorphism and (n, 1)-Jordan
homomorphism coincide with the classical definitions of n-homomorphism
and n-Jordan homomorphism, respectively.

Note that every n-Jordan homomorphism is not necessarily (n,m)-
Jordan homomorphism for m # 1 and vice versa in general. For example,
define ¢ : R — R by ¢(z) = %x Then, ¢ is not n-Jordan homomor-
phism, but for m = 2"~ it is (n, m)-Jordan homomorphism. We bring
the next example which is presented in [15].

Example 2.1. Let

A:{ﬁ)( 3} : X,YeMQ(«:)},

and consider the mapping ¢ : A — A defined through

([0 v])-5 0 )

for each k € N, where Y7 is the transpose of matrix Y. For all U € A,
we have

P(U") ~ K Dp(U)" =

T =
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Thus, ¢ is (n, m)-Jordan homomorphism for m = k=1 but not (n, m)-
homomorphism.

n
k
N with n > k by n!/(k!(n — k)!).

To achieve some main results in this section, we need the following
lemma which is proved in [3, Lemma 2.1].

In the sequel, ( is the binomial coefficient defined for all n, k €

Lemma 2.2. If x1,29, - ,z, € R, then
-/I:]_ x% e $7f
2 n n
T2 Ty v Xy n(n—1)
det T . =(-1)" = H x| | (2 — x5).
C IR k=1 i<j
For m = 1, the next result is Theorem 2.7 of [1(]. Here, we generalize

it for all m € Z \ {0}.

Theorem 2.3. Every unital (n+1, m)-Jordan homomorphism ¢ : A —
B is an (n,m)-Jordan homomorphism.

Proof. We firstly have

e ((atie) ™) =m(e(a+ie)™ &

for all @ € A, where [ is an integer with 1 <[ < n and e is the identity
of A. Tt follows from equality (1) and assumption that

Zlnﬂ—i ( n —i_ 1 ) [go(ai) — m(p(a)i} =0, (1 <1<n), (2)
i=1

for all a € A. We can represent the equalities in (2) as the matrix form

1 1 1 I'i(a) 0
2n onmloo 2 I's(a) 0

gn 3n1 ... 3| | Tsa) | —|0
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n+1
i
Since the above square matrix is invertible (Lemma 2.2), T';(a) should
be zero for all 1 < i <n and all a € A. In particular, I';,(a) = 0. This
means that ¢ is a (n, m)-Jordan homomorphism. O
The proof technique of the following theorem is taken from [3, The-
orem 2.2]. We include some parts for the sake of completeness.

where I';(a) = < > [p(a’) —mp(a)’] forall 1 <i<nandac A

Theorem 2.4. Every (n,m)-Jordan homomorphism between two com-
mutative algebras A and B is an (n, m)-homomorphism.

Proof. Assume that ¢ : A — B is an (n, m)-Jordan homomorphism.
By assumption, we have ¢ ((z + ky)") = m(p(z+ ky))™ for all x,y € A,
where k is an integer with 2 < k < n. Thus

¥ zn: ( . > Ka" Iyl | = Zn: < . )kjmw(x)"‘jw(y)j

j=0 7=0

for all z,y € A. Similar to the proof of [3, Theorem 2.2], one can show
that Fj(z,y) =0foralll <j<n—1andall z,y € A, where Fj(z,y) =

( 7; > [0 (2" Ty7) — m(p(x))" I (¢(y))?]. In particular, F,—1(z,y) = 0

for all =,y € A. Hence,

n—1

o (zy" ") = mo(z)(p(y))

for all z,y € A. Moreover, similar to the second part of mentioned
proof, one can conclude that

¥ (331162 T iCﬂﬁf) =mep(x1)p(x2) - p(21)p (x?Jr_ll)

forall 1 <l <mn—1andall x1,29,...,2;,241 € A This means that ¢
is an (n,m)-homomorphism. O

Proposition 2.5. Fvery (2, m)-Jordan homomorphism ¢ between alge-
bras A and B is (n, m”_l)—Jordan homomorphism, for n > 2.

Proof. We argue by induction on n. In other words, we suppose that ¢
is (k, mk_l)—Jordan homomorphism, for k£ > 2 and then prove that it is
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(k + 1,mk)—Jordan homomorphism. By assumption, we have ¢ (a2) =
mep(a)?, for all a € A. Replacing a by a + b, we get

p(ab+ ba) = m(p(a)p(b) + ¢(b)e(a)). (3)
Interchanging b by a? in (3), gives

2 3

p (a%) = m*¢(a)

for all a € A, and so ¢ is (3, m?)-Jordan homomorphism. Substituting
b by a” in (3), we find

2 () =m (pla)p (o) + ¢ (") (@), (a€A). (@)
On the other hand, we have
@ (ab) = m"p(a)t (5)
for all a € A. By (4) and (5), we obtain p(a**1) = mFp(a)**1. O

The next corollary is a direct consequence of Theorem 2.3 and Propo-
sition 2.5 and so we include it without proof.

Corollary 2.6. Every unital (2, m)-Jordan homomorphism ¢ : A — B
s a (2, m"_l)—Jordan homomorphism, for n > 2.

The upcoming lemma help us to show that each surjective (2, m)-
Jordan homomorphism is a (2, m)-homomorphism under some mild con-
ditions on algebras.

Lemma 2.7. Suppose that ¢ : A — B is a (2,m)-Jordan homomor-
phism. Then

(1) plaba) = m*p(a)p(b)e(a);
(2) @(abe+ cba) = m?(p(a)p(b)e(c) + p(c)p(b)p(a)),

for all a,b,c € A.
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Proof. Let ¢ be a (2,m)-Jordan homomorphism. Then, p(a?) =
mep(a)?, for all a € A. Replacing a by a + b, we get

p(ab+ba) = m(p(a)p(b) + ¢(b)e(a)), (6)
for all a,b € A. Interchanging a by a? in (6), we have
p(a®b +ba®) = m* (p(a)p(b) + @(b)p(a)) (7)

for all a,b € A. Once more, by switching b into ab+ ba in (6), we obtain
¢(a(ab + ba) + (ab+ ba)a) = m(p(a)p(ab+ ba) + p(ab+ ba)p(a)),
and hence by (6), we arrive at

¢ (b + 2aba + ba®) = m? (¢(a)’p(b) + ¢(b)(a)*) +2m*p(a)p(b)p(a),
(8)
for all a,b € A. Subtraction (7) from (8), gives

p(aba) = m*p(a)p(b)¢(a). (9)
Therefore, part (1) is shown. Now, let a,b,c € A be arbitrary. We have
abc + cba = (a + ¢)b(a + ¢) — aba — cbe,
and so by (9), we find

p(abe + cba)
= cp((a +c)b(a + c)) — p(aba) — @(cbe)

=m®(p(a + )p(b)p(a+ ) — p(a)p(b)p(a) — p(c)p(b)¢(c))

=m?([p(a)p(b) + (a)

(

Thus, ¢(abc + cba) = m?(p(a)p(b)p(c) + o(c)p(b)p(a)), for all a,b,c €
A, which completes the proof. ]
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For a commutative ring R, a proper ideal 7 is a semiprime ideal if
7 satisfies either of the following equivalent conditions:

o If 2¥ is in 7 for some positive integer k and element z of R, then
xisin 7.

e If y is in R but not in Z, all positive integer powers of y are not in
7.

A ring R is called semiprime if the zero ideal is a semiprime ideal.
A left ideal Z of an algebra A is a modular left ideal if there exists
u € A such that A(eq —u) C Z, where A(eq —u) = {z —2u:z € A}
The Jacobson radical Rad (A) of A is the intersection of all maximal
modular left ideals of A. An algebra A is called semisimple whenever
its Jacobson radical Rad (.A) is trivial.

It is known that every semisimple algebra is semiprime [2], but the
converse is not generally true. For a semiprime algebra B, the next result
characterizes (2, m)-Jordan homomorphisms.

Theorem 2.8. Let A be an algebra, and B be a semiprime commutative
algebra. Then, each surjective (2,m)-Jordan homomorphism ¢ : A —
B is a (2, m)-homomorphism.

Proof. Suppose that ¢t = ¢(ab) — my(a)p(b). By assumption, for any
y € B there exists z € A such that y = ¢(x). By Lemma 2.7, we have

tyt = p(ab)p(x)p(ab) + m*p(a)e(b)e(x)e(a)p(b)
— 2mep(ab)p(z)p(a)p(b)
)

(a)e(
(@)p(bxb)p(a) — 2mep(ab)p(z)p(a)p(b)

ch(abxab) + p(a)p
5p(abzba) — 2mep(ab)p(z)p(a)p(b).  (10)

1 1
= ch(abxab) + poos)

Similarly,

tyt = #cp(ab:cab) + %gp(bawab) —2mp(ab)p(x)p(a)e(d).  (11)
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Plugging (10) into (11), we conclude that
2tyt = tyt + tyt
2 1
=39 (abzab) + —; (abzba) —l— — (baxab)
(x

—m[(p(a)p(b) + p(b)p(a))p )( b)
+ p(ab)p(2)(p(a)p(b) + ¢ (b)p(a))]

1
p(abrba) + — @(baxab)
m

1
m2
+

2
= W@(abxab) + 5

n
~ —yel(ab+ bayr(at) + (ab)a(ab + ba)
=0.

Therefore, tyt = 0. Since B is semiprime, we have t = 0 and so p(ab) =
me(a)p(b) which finishes the proof. [

Corollary 2.9. Let A be a unital algebra, and B be a semiprime commu-
tative algebra. If o : A — B is a surjective (3,m2)—J0rdcm homomor-
phism, then ¢ is either (2, m)-homomorphism or (2, —m)-homomorphism.

Proof. The result follows immediately from Theorem 2.8 and Lemma
24 of [15]. O
As a consequence of the preceding corollary, we have the next result.

Corollary 2.10. Suppose that A is a unital algebra and B is a semiprime
commutative algebra. Then, each surjective (3,m2) -Jordan homomor-
phism ¢ : A — B is a (3, m2)—h0m0m0rphism.
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