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1 Introduction

Fractional calculus and g¢-calculus are one of the significant branches
in mathematical analysis and have countless applications [2, 3, 9, 20,
, 33]. Similarly, the subject of fractional differential equations ranges
from the theoretical views of existence and uniqueness of solutions to
the analytical and mathematical methods for finding solutions [4, 6,
, 10, 11, 13-16, 18, 24]. During the last two decades, the fractional
differential equations and inclusions, in two type differential and g¢-
differential, were developed intensively by many authors for a variety
of subjects [1, 5, 8, 12, 19, 23, 32, 34, 38-12]. There are many published
papers about the attractivity of solutions for fractional and fractional
functional differential equations [17, 21, 22, 31, 43].

The subject of ¢g-difference equations introduced in 1910 by Jackson
[25]. In 2011, Chen et al. studied the attractivity of the fractional func-
tional differential equation and the global attractivity of the nonlinear
fractional differential equation with boundary value condition *D“z(t) =
hi(t,z), z(t) = p(t), and D¥u(t) = ho(t,u(t)), D ‘u(t)|i=s, = uo, for
each t > tg and all tg — 6 < t < tg, respectively, where tg > 0, 6 > 0,
a € (0,1), ug is a constant, “D is the standard Caputo fractional deriva-
tive, D is the standard Riemann-Liouvill fractional derivative, function
¢ belongs to C([to — J,t0],R), h1 and hy map (tp,00) x C([-6,0],R)
and (tp,00) x R into R, respectively, are function with some proper-
ties [21, 22].

In 2013, Baleanu et al. by using fixed-point methods, studied the
existence and uniqueness of a solution for the nonlinear fractional dif-
ferential equation boundary-value problem Du(t) = f(t,u(t)) with
a Riemann-Liouville fractional derivative via the different boundary-
value problems u(0) = u(7T'), and the three-point boundary condition
u(0) = fru(db) and u(T) = Pau(b), where T'> 0, ¢t € [0,7], 0 < o < 1,
b e (0,7) and 0 < 1 < P2 < 1 [18]. Also, Zhao et al. reviewed
the nonlocal ¢-integral boundary value problem of nonlinear fractional
g-derivatives equation

(Dg £)(&) +T(t, f(#) =0,

)
with conditions f(0) = 0 and f(1) = quﬁf(n), for t € (0,1) and ¢ €
(0,1), where a € (1,2], 8 € (0,2], n € (0,1), positive real number



ATTRACTIVITY AND GLOBAL ATTRACTIVITY FOR ...

p, Dy is the g-derivative of Riemann-Liouville type of order a and T
maps [0, 1] x [0, 00) to [0, 00) is continuous [11]. In 2015, Agarwal et al.
analyzed the existence of solutions for the Caputo fractional differential
inclusion with the boundary value conditions

{ ‘D7u(t) € F(t,u(t), Du(t)),
u(0) =0, u(1) 4+ /(1) = [ u(s)ds

Suchthat0<n<1,1<a<2 0<a<1 J—a>1andCD" ()G
F(t,u(t)) under conditions u(0) = a [y u(s)ds and x(1) = b [ u(

where v,n € (0,1), 0 € (1, 2] a,b € R [ ]. In 2016 Ahmad et al
investigate the existence of solutions for a a g-antipriodic boundary value
problem of fractional g-difference inclusions given by

‘Dgf(t) € T (t, f(t), Def(t), DFf(1)),
fO)+f(1)=0

qu(O) + qu(l) =0

D f(0) + Dy f(1) = 0,

for ¢ € [0,1], where a € (2,3], 8 € [0,3], “Dg denote Caputo fractional
g-derivative, ¢ € (0,1) and 7" maps [0, 1] x A to P(R) is a multivalued
map with P(R) a class of all subsets of R, where A = R3 [7].

In 2017, Losada et al. by applying the Schauder fixed point theo-
rem in conjunction with the technique of measure of non-compactness,
presented some alternative results concerning with the existence and
attractivity dependence of solutions for the following of nonlinear frac-
tional functional differential equations

{ CDYu(t) = >y CDYNTy(t,ug) + folt,ug), t € (tg,00),
u(t) = ¢(t), t € [to — 9, tol,

where ¢D® and D% denote Caputo’s fractional derivative of order
a > 0and a; € (0, ), respectively, 4 is a positive constant, ¢ belongs to
C([to—6,t0],R) and for all i € {1,2,...,m} and T; maps I x C([6,0],R)
into R, such that I = [tg, 00), is a given function [31]. After that, in 2018,
Zhou et al. studied the existence and attractivity of fractional evolution
equations with Riemann-Liouville fractional derivative

LDgru(t) = Au(t) + f(t, u(t)),
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Iéjau(O) = uy, for all t € [0, 00), where 1 D, and Iéjo‘ are is Riemann-
Liouville fractional derivative of order o € (0,1), and Riemann-Liouville
fractional integral of order 1 — «, respectively, A is the infinitesimal
generator of a Cp-semigroup of bounded linear operators {7 () }+>0 C X,
f maps [0,00) x X into X is a given function, and ug € X where X is
a Banach space [13].

In 2019, Balkani et al. studied the existence of approximate solutions
for the fractional ¢-difference equation

(“Dgu)(t) = w(t, u(t), I u(t)),

with the g-integral boundary value conditions u(0)u(1) = 0, where “Dg
denote the fractional g-derivative of the Caputo type of order o, t € [0, 1],
o€ (1,2], g€ (0,1) a € (0,2] and w : [0,1] x R? — R is a continuous
map [19]. In Addition to, Samei et al. discussed the fractional hybrid
g-differential inclusions

x B B
CD;I <f(t,x,l§”:l:,'~ ,L?”x)) c F(t,m,]qlx,... ,qux),

with the boundary conditions z(0) = zg and z(1) = =1, where 1 <
a <2 qe(0,1), z9,21 € R, oy >0, for i =1,2,...,n, f; > 0, for
J=12,...,k,nk €N, °Dg denotes Caputo type q-derivative of order

a, L’]B denotes Riemann-Liouville type g-integral of order 8, f : JxR" —
(0, 00) is continuous and F : J x R¥ — P(R) is multifunction [10]. Also,
Ntouyas et al. [32] studied the existence and uniqueness of solutions for
a multi-term nonlinear fractional g-integro-differential equations under
some boundary conditions

Cng(t) = w(t7 :z:(t), (901x)(t)7 (SDQx)(t)?
*Da(t),°DPx(t),...,°Dix(t)).

Similar results have been presented in other studies [27, 30, 36, 37, 39].
In this article, motivated by [17, 31], among these achievements, we

are working to stretch out the analytical and computational methods of
check of attractivity of fractional functional g-differential equations in a
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k-dimensional system with boundary value conditions

CDg“ul(t):Fl (t,ult,th,...,ukt), teJ,

ui(t) = ¢1(t), t e [to — 6, to),
CDgQUQ(t) = Fy (t,ult,ugt,...,ukt), teJ,

U2(t) = @Q(t), t e [to — 4, to], (1)

CDg‘kuk(t) = I (t,'Lth,UQ“ .. .,ukt) , ted,
ug(t) = ¢r(t), t e [to — 8, to],

where a; € I = (0,1), to € J = [tg,0), § > 0 is a real constant, D,
is the standard Caputo fractional type of g-derivative, functions ; in
C ([to — d,t0],R?), and F; : J x C, — R™ is a function, for any ¢ belongs
to N ={1,2,...,k}, where J = (tp,00) and

k=T c(T-s,RM,

1€EN

where J_5 = [—4,0]. We define function u; by ui(n) = u(t + n) for u
in C (jio(;,]R”), where n € J_s, t € J, and jo_o5 = [to — 0,00). Also, we
investigate the global attractivity of nonlinear fractional g-differential
equations in a k-dimensional system with boundary value conditions

Dgtui(t) = Gy (t,ua(t), ua(t), ..., uk(t)), t€J,
D?l_lul(t) = u(l), t = to,
D?QUQ(t) :G2 (tuul(t)7u2(t)7 ,Uk(t)), le J7
D22~ uy(t) = u, t = to,

Dg"“uk(t) =0 (t,ul(t),uQ(t), e ,uk(t)) , ted,
Dby (t) = uf), t = to,

where o; € I, t € J, D, is the Riemann-Liouville fractional g-derivative,
u? are constants for all i € N, and G; : J X R — R™ is an integrable

function where R* = [, ~, R". The functions F; and G; in Eq. (1)
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and (2) have some properties for i € N which will be defined in Sec. 3.

The rest of the paper is arranged as follows: In Sec. 2, we recall some
preliminary concepts, fundamental results of g-calculus and some theo-
rems which were used in the our results. Sec. 3 is devoted to the main
results, while example illustrating the obtained results and algorithm
for the problems are presented in Sec. 4. Finally in Sec. 5, we state the
conclusion.

2 Preliminaries

Below, we recall some known facts on the fractional g-calculus and fun-
damental results of it (for more information, consider [2, 9, 25, 33]).
Then, some well-known theorems of fixed point theorem and definition
are expressed.

Let ¢ € (0,1) and a € R. Define [a], = % [25]. The power function
(a—b)y with n € No is

n—1
(a—b)f" =[] (a~0g"
k=0
and (a — b),(lo) = 1 where a,b € R and Ny := {0,1,2,...} [33]. Also, for

a € R and a # 0, we have

0o _ bqk
_p@ — e T A2
(a )q a kgo a— bqa+k

If b =0, then it is clear that a(®) = a® (Algorithm 1). The ¢-Gamma
function is given by

(1—q)Y

(1 _ q)x—l )

where z € R\{0,—1,—2,---} [25]. Note that, I';(z+1) = [z],I';(z). The
value of ¢-Gamma function, I'y(z), for input values ¢ and = with counting
the number of sentences n in summation by simplifying analysis. For
this design, we prepare a pseudo-code description of the technique for
estimating g-Gamma function of order n which show in Algorithm 2.

Ly(z) =
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Algorithm 1 The proposed method for calculated (a — b)ga)

Input: a, b, a, n, q
1: s+ 1
2: if n =0 then
3 p+«1

else
for k=0ton do

s s*(a—Dbxa¥)/(a—bxq*TF)

end for
p+a“xs

end if

Output: (a — b))

Algorithm 2 The proposed method for calculated I'y(x)

For any positive number « and (, the ¢-Beta function define by

1
By(a, ) = / (1- qs)fﬁfl)sﬁf1 dgs. (3)
0
For function f, the g-derivative is defined by

f(z) = f(gz)
(1-q)z

and (Dyf)(0) = limz,o(Dgf)(z) which is shown in Algorithm 3
[2]-
Input: n, ¢ € (0,1), z € R\{0,-1,2,---}
1:p+1
2: for k=0 ton do
3 pep(l— g1 - ")
4: end for
5: Dy(2) < p/(1 - )"
Output: I'y(z)

(Dyf)(x) =
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Algorithm 3 The proposed method for calculated (D, f)(x)
Input: ¢ € (0,1), f(z), @
1: syms z
if =0 then
g — m((f(2) — Fla*2)/((1 - g)2), 20)
else
g9 < (f(z) = flg*=))/((1 - q)z)
end if
Output: (D,f)(x)

Also, the higher order ¢-derivative of a function f is defined by

(Dg f)(x) = Dg(Dg~" ) (),

for all n > 1, where (Dgf)(x) = f(z) [2]. The g-integral of a function f
defined on [0, b] is define by

7) = /0 F15)dgs =0~ 0) 3 )

for x € [0,b], provided that the sum converges absolutely [2]. If a € [0, b],
then

/ ") dgu = 1, 0) - -9y [br(bd") ~ af(ag"),
@ k=0

whenever the series exists. The operator I is given by (Ig Hx) = f(z)
and (I]'f)(x) = (I,(I771f))(x) for all n > 1 [2]. It has been proved

that (Dy(I,f))(x) = £(z) and (I,(Dyf))(z) = f(z) — £(0) whenever f
is continuous at * = 0 [2]. The fractional Riemann-Liouville type ¢-
integral of the function f on [0,1], of & > 0 is given by (IJf)(z) = f(x)
and

(22 £) (@) =
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for v € [0,1] and o > 0 [5, 9, 23]. Also, the fractional Caputo type
g-derivative of the function f is given by

(“Dg f) (z) = (1y1=*(DYI 1)) ()

R S RN ROy X A
Fq<[a]a>/0 (=~ as) (Dg£) (5) dgs,

for z € [0,1] and o > 0 [5, 23]. It has been proved that (Ig(lg‘f))(x) —
(150 f)(@), and (DZ(I¢F)(x) = f(z), where o, 8 > 0 [23]. By using

Algorithm 2, we can calculate (I f)(x) which is shown in Algorithm 4.

Algorithm 4 The proposed method for calculated (Z7 f)(z)
InPUt: q 6 (07 1)7 0—7 '1:7 n7 f(a:)7

1: p+0

2: for k=0 to n do

3: sl+1

4: s2+1

5: fori=0tok—1do

6: 51+ sl x (1—¢"t9)

7 52 < 52 x (1 —¢'™h)

8: end for

9: peP+qk*sl*f(x*qk)/s2
10: end for

11: g + round((z®) * ((1 — q)?) * p, 6)
Output: (I3 f)(z)

In the following, we point out and improvement of the well-known fixed
point theorem of Schauder and Krasnoselskii, respectively, due to Burton
which one can get those in [20, 29, 35].

Theorem 2.1. Consider a nonempty subset A of the Banach space X .
The completely continuous self-map © : A — X has a fixed point, when-
ever A is closed, bounded and conver.

Theorem 2.2. The operator equation Hy(u) + Ha(u) = u has a solu-
tion in a nonempty A subset of Banach space X whenever A is closed,
convexr and bounded, where self-map Hy define on X is a contraction
with constant k < 1, function Hy maps A into X is a continuous which
Hy(A) resides in a compact subset of X such that u = Hy(u) + Ha(v)
and v € A implies u € A.
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The solution (ui(t),ua(t),...,ur(t)) of the problem (1) and u(t) of
the problem (2) are said to be attractive and globally attractive, when-
ever if there exists a constant ¢)(tg) > 0 such that |p;(s)] < ¢ for all
1€ N, s€ jt_ocg = [to — 9, to], then limy_, o u;(t, to, ¢;) tends to zero and
each solution tends to zero as t — oo, respectively. We consider the Ba-
nach space of all continuous functions define on J into R” endowed with
the norm |lu|| = sup;c; |u(t)|, and denote by A = C (J,R™), where |.| is
a norm on R™ somehow that is suitable complete. It is readable that the
product space (Ak, ||H*) is also a Banach space, where A*¥ = HiGNk A
and

k
Iuryuz, )= Y .
i=1

3 Main results

In this section by using the last two results and basic definition, we inves-
tigate attractive solutions and zero solution of the problem (1) and (2),
respectively.

3.1 Attractivity of solution for the problem (1)

Let 7(15 = [-6,0]. Consider the problem (1) and the supremum norm

—0
Juell = sup { Jut +m)| = n e T},

for almost all t € J, Lebesgue measurable functions F; (¢, uy,, xa,, .. ., uk,)
with respect to t on J and continuous functions F; (¢, 1, o, . . ., px) With
respect to ; on C for ¢ and j belong to Nj. For finding the attractivity of
solution of problem (1), we consider the equivalent system of equations

t o~
/ (t— g5) @ DF (s, u1,) dys,

ui(t) = pi(to) + Ty(cn) ;
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and u;(t) = ¢;(t) for almost all t € J and each ¢ € 7205, respectively, or

UZ(t) - Fq(laz) /t() (t B qS)(ai_l)
i(to) i | Bfe
X [IM(S —to) Y+ Fi(s,us,) | dgs,

and w;(t) = p;(t) for almost all ¢t € J and all t € jt,o(;, respectively, for
i € Ni, where

F;(s,ui,) = F; (s,u1,,u2,,...,u,) -

We take the operator © : A¥ — AF by

O (ur,ug, ..., up) (t) = (01(t),02(t), - -, Ok(1)),
where

t o~
i(t) = pilto) + / (t — g8) @ DF (s, 01,) dys,

Lq(ai) Ji,
and 0; ( ) =
where 6;(t
(ua (t), ua(
(u (2), ua(
Theorem 3.1. Let J 5 = [to — 6,00). The problem (1) has at least one
attractive solution (uy,us, ..., uy) with u; € C(J 5, R™) for all i € Ny,

whenever, for each i € Ny, there exist B1; > 0 and ky1; belong to (0, ;)
such that

©i(t) whenever t € J and t € jt_o(;, respectively, for i € Ny,
=0; (ul, ug,...,ug) (t). By simple to go over that, we accept
),-..,ur(t)) is a solution of the problem (1) if and only if
t),...,ux(t)) is a fixed point of the operator ©.

)
t

t ~
/ (t— g8) @ VF (s,us,) dys| < (t — to) =P,

©i(to) + () )i

1
forallt € J and F; € L+ (J X Ck) where

FZ' (s,uis) = Fi (S,uls,UQS, e ,uks) .
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Proof. Let Q is the set of all (uy,ug,...,u) with u; € C(J 5, R"),
such that |u;(t)| < (t —to)™P4, for all i € Ny and t € [y, 00), where
71 > to is a constant. It is clear that ©; C RF is a closed, bounded
and convex. We show that the operator © has a fixed point in .S;. This
implies that the problem (1) has a solution. Note that,

|0; (w1, ug, ... ux) ()] < (t— to)—ﬁu7

for all 7 in Nj and so ©(€;) C 4. At present, we prove that © is contin-
uous. Assume that (ui®,uy’,...,u}") for all m > 1, and (uy,u,...,ux)
belong to € such that limy, o |u]*(t) —u;(t)| = 0 for all i € Ni. Then,
we have

n}gnooFl (t,u’f}, ug:, e ,U,ZE) = Fz (t, ULy, U2yy e - - ,ukt) s
for all ¢ and ¢ € J. Choose 7 € J such that (t — to) "1 < & whenever
71 < t, where € > 0 be given. Let \; = 10‘_1;111 and note that 1+ Ay; >0
for ¢ € Ni. Also, we obtain

Ny}

G () (1) =0 i) 1)
< T : . /(t—qs)(ai_l)

1 r t 71. 1—K1;
< o (aifl) 1=r1;
<o | e ) 4
n )

IN
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for t € (to,71], where

B (") () = (g ) (0),

) (uf;‘) = F; (s,u’ﬁ,uz,...,uﬁ),
Fi (uls) = E(S,U1S,U25,...,Uks).

Thus, for all tg < t < 7, we have

im0 () (6) = B () (6] = 0.
Also, we obtain
0; (uj") (t) — 0 (u;) (t)‘ = ‘Fq(lai) /t (t — gs) @D F, (u) dys
1

t
- t—gqs (aifl)ﬁi (ug,) dgs
Fq(ai) /to( ) ) q

<2t —to) P <¢,

for 71 < t. Hence, for almost all ¢t € J, we have

lim |6; () () — 6; (i) ()] = 0.

K3
m—0o0

Therefore, we conclude that 6; is continuous for ¢ € Ni and so O is
continuous. Assume that € > 0 be given. Since for ¢ in N, we have
limy o0 (t — t9) 7711 = 0, there is a 7 € J such that (¢t — to) ™71 < £ for
all , <t and ¢ € Ni. Let v1 and v, belong to J somehow that v < vs.
At present, we consider three cases.

13
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1) If 1,15 € (t0,7~'2], then

1 /V2 1) £
< vo —qs)\ "V F (ug,) dgs
Fq(ai) to( ) ( ) q
L[ = g9) @ E () d
— vy — qs)\ M i (U, S
Pq(ai) to ! I
< o [ [ =) — (0 — g V] 1B ) Ly
N q(ai) to ’ K

N
st}
-
—
S
&
w
N~—
Il
o,
»
| I
N
=
—~
N
|
<
S
S~—
&
|
=
=
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0 (i) (v2) = 01 (us) (1) = 0,

2) If v1, 15 € (T2, 00), then

and so limy, s,

N N 1 2 -
0; (u;) (2) —0; (w;) (11)| = / Vo — s (ei=1) fo u;,) dgs
() ) =81 00 00| = gy [ o= 0V )
! /Vl(u qs) @ VE; (ug,) dgs
— 1— i (Ui,
Lo(ai) Jig o
< (vy — to)*ﬁu + (Vl _ to)*ﬁu
<e.

3) If vy € (to, T2) and vy € (T2,0), then by triangle inequality
0 (ui) (v2) — 0 (u;) (Vl)’ < 10; (ui) (v2) — 0; (us) (?2)’
0; (us) (72) — 03 (ws) (1)

91' (ul) (1/2) — 91 (ul) (Vl)‘ =0.

Regarding all cases, we conclude that the set ©(€2;) is equi-continuous.
So, O(£y) is relatively compact, because O(;) C 3 is uniformly
bounded. At present, by employing Theorem 2.1, we have the prob-
lem (1) has a solution u(t) = (ui(t),ua(t),...,ur(t)) € Qi, which is
fixed point of ©. Hence, lim;_,o u(t) = 0. Indeed, u(t) is an attractive
solution for the problem (1). O

+

)

we get lim,, .,

Theorem 3.2. The k-dimensional system (1) has at least one attractive
solution (uy,usg,...,u;) with u; € C(Jio(;,R”) for all i € Ny, whenever,

1
for each i there exist B2; > 0, ka; € (0,4) and p; € L2 (J,(0,00)) such
that

1 N o N
T (a.)/t(t—qs)(al 1)/LZ‘(S)(s—to) Bai dgs < (t —to) Bai
and t)
il =
‘Fﬂiﬂ@4wl+ﬂm9§M@Mﬂj
q 7

for each i € Ny, t € J and u; € C(J 5, R™), where

Fi (u“) = Fi (t,ult,UQt, . ,ukt).

15
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Proof. By similarly techniques of proof in Theorem 3.1, sufficient we
consider the set Qy of all (uy, us, . .., ux) with u; € C(J 5, R") such that
l|lui, || < (t —to) P2 for i € Nj, and t belongs to [, 00), where T > tg is a
constant, one can show that ©(Q2) C Qg, O is continuous and O(Qs) is
relatively compact. At present, by applying Theorem 2.1, we conclude
that the problem (1) has a solution u(t) = (u1(t), ua(t),...,ur(t)) € Qo
which is a fixed point of ©. Hence, u(t) is an attractive solution, because
limy o0 u(t) = 0. O

Theorem 3.3. The k-dimensional system (1) has at least one attractive

solution (uy,us, . .., ux) withu; € C(J_5,R™), whenever for each i € Ny
there exists K); € (a;, 1) such that
(¢ = Ty(l1+a; — k), L
901( 0) (t o tO) Sy o} (u“) q( J 17,) (t - tO) Bli)

Ly(1— o) Le(1 =51

for all t € J, where Fy (u;,) = fi(t,x1,, %2, ..., Tk, ).

Proof. We consider the set Q3 of all (u1, us, . .., u;) and u; € C(J_5,R™),
such that |u;(t)] < (t — to)?1i~, for all i € Nj and ¢ € [r,00), where
constant 7 is more than tg. Now, by employing a similar techniques in
proof of Theorem 3.1, we conclude that ©(Q3) subset of Q3, Function
© is continuous and O(23) is relatively compact. Hence, by employing
the Theorem 2.1, we get the problem (1) has a solution

u(t) = (ul(t)vu2(t)7 B uk(t)) S 937
which is a fixed point of ©. Thus, u(t) is an attractive solution, because,
limy_, o0 u(t) = 0. O
3.2 Global attractivity of solution for the system (2)

In the second part, we discuss to global attractivity of the k-dimensional
system (2). Let us, we consider the integrable function

Gi(t, U1<t), UQ(t), e ,uk(t))

is Lebesgue measurable with respect to ¢ on J and there exists a constant
1
r1; in (0, oy) such that G; € L7 (JxRF) and Gy (¢, uq (1), ua(t), ..., up(t))
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is continuous with respect to u; on J, for any i and j belong to Nj. For
finding the global attractivity of solution of problem (2), we consider
the equivalent system of equations

u?
1 t 1)
T, /to (t =)@V (s,ui(s)) dgs,

for all t € J and i € N} where
Gi(s,ui(s)) = Gi (s,u1(s),uz(s), .., up(s)) .

We define the operator © on A to A* by

O(ur, ug, ..., ug)(t) = (61(t), 0a(t), -, O1(1)),

where
0
~ U;
0;(t) = =——(t —tg)* !
()= F gy (=10
L[~ g9 G (5, ui(s)
+ / t—qs)\ YT VG; (s,ui(s)) dgs,
Fq(ai) to( ) q

for each i € Ny, where 0;(t) = 0;(u1, ug, . .., ug)(t). At present, we define
two operators

Hl(ul,uQ, e ,uk)(t) = (iln(ui),iblg(ui), .. ,Blk(u2)> s

Hg(ul, Uy ... ,uk)(t) = (hgl(ui), hgg(ui), ey }ngk(ul)) s

where

0
hai(ui) = hai(u, ug, . .. ug)(t) = T (za,)(t — o),
g\ &g

hai(ui) = ha; (u1,ug, . - ., ug) (t)
1

= t —0) @ DG (s ui(s .
Lg(a) /to(t ) Gi (s, ui(s)) dgs,

17
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for all 4 € Ni. Therefor, it can be concluded that

(ui(t), ua(t),...,uk(t)),

is a solution of the k-dimensional system (2) if and only if it is a fixed
point of the operator ©. As you can see, the contraction constant of the
operator Hj is zero.

Theorem 3.4. The zero solution of the k-dimensional system (2) is
globally attractive, whenever there exist k|, € (a;,1) and positive real
number p; > 0 such that

G (5, wi(s))| < pilt — o) ",
forallt € J and u; € C(J,R™), for each i € Ny.

Proof. We define the set Q] of all (u1,us,...,u;) with u; belong to
C(J,R™) such that

|us ()] < (£ —t0) "™,
for all i € Ny, and ¢ € [to+7, 00), where B8], = $(k}; — ;) and 7 is chosen
such that

1 ppp—
ud|Tg (1 + i = k7727 4 Ty (1 — £1)Tg ()
< Fq(ai)rq(l + o — "5/11‘)7
for each i belongs to Ni. Foremost, we prove that Hs is self-maps on

Q). Tt is leisurely to get over that the subset €} of R* is a bounded,
closed and convex. On the other hand,

‘hQi (1)1,”[)2, cee ,’Uk) (t)‘

1 /t — | =~
< t—qs) @ V|G, (s, ui(s))| dgs
o, eV [Gils w)] ¢,
t
< t—gs (O‘i_l)pi s —to) M ds
Fa 09 s 1)

pily(1 — KY;)

< t— tg)~(shia0),
Fq(l + o; — H/M)(




ATTRACTIVITY AND GLOBAL ATTRACTIVITY FOR ...

and

(“ai_ai)

pilq(1 — &Y;) (t— to)—%(n'li—ai) < pil'q(1 — KY,) 1
Lg(1+ o — KY) T g1+ oy — k)
<1

for all i € Ny and t € [tg + 7,00). Thus,

, o
szQ(l Kli,) (t — to)_%(n/“_ai)
g(1+ai —ry)

X (t — to) 2 (K1i—e)
< (t —to) P,

‘hQi (’Ul,’l)g,...,vk;) (t)‘ < T

for almost all ¢ € [to+7, 00) and for all i € Nj,. Hence, Hy(€)) C ). Let
(v, 5", ..., v") for all natural numbers m, and (vi,ve,...,v;) belong
to ) somehow that lim,, . [v*(¢) — v;(t)| = 0. Then, one can get

lim G; (t, 07" (t),v5"(t),..., v (t)) = Gi (t,v1(t), v2(t), ..., v(t)),

m—ro0

for all ¢ belongs to [tg + 7,00). Choose 71 € [to + T, 00) such that

pilq(1 — KY;)

T — to)_(ﬁ’,li_ai) <
Fq(l + a; — H/M)(

I

DN ™

[e]

for all ¢ € (71,00), where € > 0 be given. Take \}; = ﬁ for i € Ng.
14
Therefore, we get

19
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X [/: Gi (s, vi"(s)) — Gi (s, vi(s)) % ds] "

U

1 1 \ 1-kY;
< —(Fy — )M 1 — to)"i
<t rrg ]

x sup |G (s,07(s)) — G (s, vi(s))
se[to,Tl]

)

for all ¢t € [tg + 7, 71], where
Bzi (Uzn) (t) = ha; (U{n7 Ugn’ cee 7Ukm) (t)>
ilgi (Uz) (t) = hQZ‘ (1)1, V2, ... ,Uk) (t), and

Gi(5,0]"(5)) = Gi (5,07"(5), 05" (5), -, v} (5))
=G (s,v1(5),v2(8),...,v(s)) .

Q
—
\_CI.)
S
<7
—
V)
~—
~—
|

Hence,
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2pil'g(1 — KY,)
- Fq(l + a; — /ﬁlll)

2pilg(1 — Ky;)
- Pq(l +a; — /ilh)
<e,

(t _ to)—(’fﬁi—ai)

(11 — to)~ him o)

for all t € [11,00), and so

lim (R (0) (t) — hog (v3) (t)] = 0,

m—ro0

for all ¢ € [tg + 7,00). Hence, for ¢ in N, function hg; is continuous on
[to + 7,00). Therefore, Hs is also continuous on [ty + 7,00). Since

lim (¢ — to) 1 =0,

t—o00

there exists 7| € (to+7, 00) somehow that (t—to) %1 < £ for t € (7], 00),
where € > 0 be given. Assume that t1,ts € [tg + 7, 00) such that to > ;.
We consider three cases.

1) If t1,t9 € [to + T, 71], then we have

i (01) (82) = oo (v3) (01)]

: /t2 (i—1) &
= to — qs)\ G, (s, v5(8)) dgs
| G )
L[ e 8o a
— —qs)\M i (s,vi(s S
Ly(a) to ' !
1 h
< - (a;—1) (a;—1)
STl ) [(tl qs) (t2 — gs) }
X ’éz (s,vi(s))’ dgs

21
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1 t2 a;—1 1=Ky,
(ty — s) 1" ds]
Q(ai) [/t;
1 __ 1 ST
[ (6t as
to
1 [ 1 ]1‘“'u
<
= Tylag) [T+ N
’ ’ ’ 17,41"'
% |:(t1 _ t0)1+)\1i _ (tQ _ t0)1+)‘1i + (tQ _ t1)1+/\1i]
T3~ 1 R
[/ Gi (s,vi(s))| v ds]
to
1 1 1=k, SR
itz ol M Gty

Fg(au) [14+ N,
5~ 1 R
X [/ G (s,vi(s))| "t ds]
to

9 1 1=Ky, 75 o 1 q K
< - |- . . "li
<l |, (G el

X (tg — tl)aifnlli,

_l’_

and so limy, ¢,

;LQi (Uz) (tg) — iLQi (Uz) (tl)‘ =0.

2) If t1,t9 € 7], 00), then

VLQZ' ('Uz) (t2) —iLQi ('Uz) (tl)

1 to ~
< _ gg)lai—1) |~ .
< ey [t 096G o) s
+ 1 /tl(t — qs)(ai_l) ’é (s v'(s))’ d,s
Fq(ai) o 1 7 s Uz q

< (ta — to) M1 + (t1 — to) P
<e.

3) If t1 € [to+ 7,71) and t2 € (71, 00), then by triangular inequality,
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we get,

o (43) (t2) = o (05) (82)] < [T (o) (82) = Pz (03) (35)|

+@mmmayﬁmmﬂm

)

and so limy, ¢,

Fioi (v3) (t2) — o (v;) (tl)‘ —0.

Thus, by regarding all cases, we conclude that Ha (€2} ) is equi-continuous.
Thus, H2(€)) is relatively compact, because the subset Hz(Q)) of €}
is uniformly bounded. At present, we consider u = (u1,us,...,ux) and
v = (v1,v2,...,vx) belong to [[;cy, C(J,R") and ), respectively, such
that w = Hyu + Hav. Then,

]uz(t)| S ‘Hh (ul,ug, e ,uk) (t)’ + ’HQZ (1)1,1)2, e ,’Uk) (t)‘

|u? oa;—1 1
< t—19)""  +
TR L W
t
% / (t — qs) @V |G (5,01(5),v2(s), .. ., v(s))| dgs
to
|u? o;—1
< t—1t9)™
B Fq(ai)( 0)
. o !
+ szq(l /{12') (t _ to)_(m/”_ai).

Lg(1+ a; — KY)
Since a non-zero element x/,; belongs to (a4, 1) for i € Ny, we get

9] (t — t0) 2@ DT (1 + oy — 1)
+piTg(1 = ki) Tg(ai)(t — to) 2 (Kme)
S

+piTg(1 = ki) Tg(aq)r 2 (im0
<1.
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Therefore,
|| (ai—1)
ui(t)] < | 575t —t0)2'™
Ly(a)

pily(1 — K,
Pq(l +a; — /i/h)
< (t - tO)_ﬂii7

(t — to)‘%(n’”—ai) (t —to) Pui

for all ¢ € [tg + 7,00) and ¢ in Ni. We conclude that u(t) € €, for all
t € [to + 7,00). Therefore, by employing Theorem 2.2, the system (2)
has a solution, which is a fixed point © in ©]. Hence, the zero solution
of the k-dimension system (2) is globally attractive, because all elements
of the set Q] tend to 0 as t = oco. O

Theorem 3.5. The zero solution of the problem (2) is globally attrac-
tive, whenever for all i € Ny, there exist kfy, € (ai% 1+ a;)) and p; >0

such that
|Gi(t, ur(t), ua(t), ..., up(t))] < palt — to) "2 us(t)],
for any t € J and u; € C(J,R™).

Proof. We just take the set Q) of all (u1,us,...,ux) with u; € C(J,R")
such that |u;(t)] < (t — tg) P2 for each i € Nj and almost all t €

[to + 7,00), where ), = 3(1 — o;) and 7 is chosen such that

9|72 DT (1 + a; — K — Bh)

+ pily(1 — Ky — Boy)Tg(i)ry 27
< Ty(a)lg(1 4+ a4 — K — B5;)-

With the same use proof of Theorem 3.4, we conclude that € is a
bounded, closed and convex set, Hs is a self-maps on 2, the set Ho(£25)
is relatively compact and Hj is continuous on [ty + 7,00). Let u =
(uy,ug,...,ux) and v = (v1,v9,...,v;) belong to HieNk C(J,R™) and
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(o, respectively, somehow that u = Hiu + Hov. Then,

lui (t)] < [hai(ur, uz, .. up) ()] + |h2i(ve, v2,. .. vp)(t)]

g

< t— )1
Fq(%)( )
1 t
+ / t—gs G (s ,vi(8)) | dgs
Fofag ), (= 9T s g
’u | a;—1
< t—1o)™
Fq(%)( )
1 ¢ (1) , d
+/ t—qs)\ M Vpi(s —tg) "2ilv(s s
Fq(ai) to( q ) p( 0) | ( )| q
’u(z) a;—1
< _ 3
1 t ( 1) / ﬁ/
+ / t—qs)\ Y Vpi(s —tg) "2 P2 ds
N to( ) (s —to)
|uf i—1
< Lt —tg)™
Fq(ai)( )
+ pir ( :“4321 521) (t_to)—(n’%—ﬁéi—ai)

Lo(1+ ai — kY, — By;)

for all ¢ belongs to Nj. Since a non-zero element

1
Ko € (i, 5(1 + a;)),

zF ()
”LL‘ (t—to)%(ai_l)—l— b ( K2’L 621) (t—t()) (kh;—ay)

Lq(as) Lo(1+ a; — Ky, — B;)
< \U?’ +3(ai=1) + pil'g(1 — Ko — By;) (R —aq)
~ Ty(ay) Lo(1+ a; — Kb, — By;)
<1

25
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Thus,
g | Lia;—1)
ui()] < | w75t =)=

)

pilq(1 — kY, — By;) — (K, — o) —8.,
t—t 2 (=1 2i
Ty +ai— g — ) ) (t—t0)
< (t - tO)_Béiv

for each t € [ty + 7,00) and i € Ny. Hence, we conclude that u(t) € Qo,
for almost all t > tg + 73. Thus, the zero solution of the k-dimension
system (2) is globally attractive, because all elements of the set €, tend
to zero as t — oo. [l

4 Examples and algorithms for the problem

In this part, we give a complete computational techniques for checking
working to exists the attractivity of solutions for fractional functional
g-differential equations, and the global attractivity for nonlinear frac-
tional ¢-differential equations in k-dimensional system with the bound-
ary value conditions (1) and (2), respectively, and present numerical
examples. Foremost, we present a simplified analysis can be executed
to calculate the value of ¢-Gamma function, I'y(z), for input values ¢
and z by counting the number of sentences n in summation. To this
aim, we consider a pseudo-code description of the method for calculated
g¢-Gamma function of order n in Algorithm 2 (for more details, see the
following link https://en.wikipedia.org/wiki/Q-gamma_function).

Table 1 shows that when ¢ is constant, the ¢-Gamma function is an
increasing function. Also, for smaller values of x, an approximate result
is obtained with less values of n. It has been shown by underlined rows.
Table 2 shows that the g-Gamma function for values ¢ near to one is
obtained with more values of n in comparison with other columns. They
have been underlined in line 8 of the first column, line 17 of the second
column and line 29 of third columns of Table 2. Also, Table 3 is the
same as Table 2, but x values increase in 3. Similarly, the ¢-Gamma
function for values ¢ near to one is obtained with more values of n in
comparison with other columns. Furthermore, we provided algorithms 3
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Table 1: Some numerical results for calculation of I'y(z) with ¢ = % that is
constant, x = 4.5,8.4,12.7 and n = 1,2,...,15 of Algorithm 2.

n =45 T =284 =127 n z=4.5 =284 =127
1 2472950 11.909360 68.080769 9 2.340263 11.257158  64.351366
2 2.383247 11.468397  65.559266 10 2.340250 11.257095  64.351003
3 2.354446  11.326853  64.749894 11 2.340245 11.257074  64.350881
4 2.344963  11.280255  64.483434 12 2.340244 11.257066  64.350841
5 2341815 11.264786  64.394980 13 2.340243  11.257064  64.350828
6 2.340767 11.259636  64.365536 14 2.340243 11.257063  64.350823
7 2340418 11.257921  64.355725 15 2.340243  11.257063  64.350822
8 2.340301 11.257349  64.352456
Table 2: Some numerical results for calculation of T'y(x) with ¢ = %, %, %, =25
and n =1,2,...,35 of Algorithm 2.
n__4-3 d=3 9=3 n__4=3 d=3 d4=3
1 3.016535 6.291859  18.937427 18 2.853224  4.921884  8.476643
2 2906140 5.548726 14.154784 19  2.853224  4.921879  8.474597
3 2870699 5.222330 11.819974 20 2.853224 4.921877  8.473234
4 2.859031 5.069033  10.537540 21 2.853224 4.921876  8.472325
5 2.855157  4.994707 9.782069 22 2.853224 4.921876  8.471719
6 2.853868  4.958107 9.317265 23 2.853224  4.921875 8.471315
7 2.853438  4.939945 9.023265 24 2.853224 4.921875 8.471046
8  2.853295  4.930899 8.833940 25  2.853224 4.921875  8.470866
9 2.853247  4.926384 8.710584 26 2.853224  4.921875  8.470747
10 2.853232  4.924129 8.629588 27 2.853224  4.921875  8.470667
11 2.853226  4.923002 8.576133 28  2.853224 4.921875 8.470614
12 2.853224  4.922438 8.540736 29  2.853224 4.921875  8.470578
13 2.853224  4.922157 8.517243 30 2.853224  4.921875  8.470555
14 2.853224  4.922016 8.501627 31 2.853224 4.921875  8.470539
15 2.853224  4.921945 8.491237 32 2.853224  4.921875  8.470529
16 2.853224  4.921910 8.484320 33 2.853224 4.921875  8.470522
17 2.853224  4.921893 8.479713 34 2.853224 4.921875  8.470517

and 4 which calculated (Dg f)(z) and (Z7 f)(x), respectively.

Here, we provide two example to illustrate our results.

Example 4.1. For k=3,t, =0, =1, J = (0, 00), J=

é
[—1,0], jt_o(g = [~1,0] and J 5 = [~1,00) in k-dimensional system (1

[0,00), J_s5 =

);

27
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Table 3: Some numerical results for calculation of I'y(z) with z = 8.4, ¢ = 3,1, 2
and n =1,2,...,40 of Algorithm 2.

n =3 =3 =3 n =3 =3 =3
1 11.909360 63.618604 664.767669 21 11.257063 49.065390 260.033372
2 11.468397 55.707508 474.800503 22 11.257063 49.065384 260.011354
3 11.326853 52.245122 384.795341 23 11.257063 49.065381 259.996678
4 11.280255 50.621828 336.326796 24 11.257063 49.065380 259.986893
5 11.264786 49.835472 308.146441 25 11.257063 49.065379 259.980371
6 11.259636 49.448420 290.958806 26 11.257063 49.065379 259.976023
7 11.257921 49.256401 280.150029 27 11.257063 49.065379 259.973124
8 11.257349 49.160766 273.216364 28 11.257063 49.065378 259.971192
9 11.257158 49.113041 268.710272 29 11.257063 49.065378 259.969903
10 11.257095 49.089202 265.756606 30 11.257063 49.065378 259.969044
11 11.257074 49.077288 263.809514 31 11.257063 49.065378 259.968472
12 11.257066 49.071333 262.521127 32 11.257063 49.065378 259.968090
13 11.257064 49.068355 261.666471 33 11.257063 49.065378 259.967836
14 11.257063 49.066867 261.098587 34 11.257063 49.065378 259.967666
15 11.257063 49.066123 260.720833 35 11.257063 49.065378 259.967553
16 11.257063 49.065751 260.469369 36 11.257063 49.065378 259.967478
17 11.257063 49.065564 260.301890 37 11.257063 49.065378 259.967427
18 11.257063 49.065471 260.190310 38 11.257063 49.065378 259.967394
19 11.257063 49.065425 260.115957 39 11.257063 49.065378 259.967371
20 11.257063 49.065402 260.066402 40 11.257063 49.065378 259.967357

we consider

\

2 _
“Djui(t) = Ai(t+3)7

3 -9
cDiug(t) = Ag (t42)T0

1 _
cDius(t) = As(t+ 1)

us(t — 1) cos? (u1(t — 1))

(14 (ua(t = 1)L+ fus(t = D)’
sin? (up(t — 1))

1+ cos? (ug(t — 1)) + |ug(t — 1)|’ (5)

(ua(t —1))"

14 ((ur(t—1)* + 6|ug(t — 13

for any ¢t € (0,00) and u1(t) = ua(t) = us(t) = t for almost all t € [—1, 0],
where ¢ € (0,1), and

—
£}
—
N | =
=~
-
1

s <
S~ i
~— ~

!
Q
—

sl
N2

=
=]
—~
W [=loof e
—

—
Q
—
~
L

pi= |1
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Define the maps

_ =6 uz(t — 1) cos? (ui(t — 1))
Fy (t,u1,,ug,,u3,) = A1(t + 3) 1+ (alt— D)D) (1 + [ua(t— 1))

1
€ L= (J x C3),

sin® (u1(t — 1))

-9
B (t =Ay(t+2)1
2( aultau2t7u3t) 2( + ) 1 + cos2 ((Ug(t _ 1)) + ‘UQ(t — 1)|

€ Li(t] x C3),

(ug (t — 1))
14 ((ur(t—1)* + 6lug(t — 1)
€ L7 (J x C¥).

F3 (ta ulta u2t7u3t) = A3(t + 1)%

On the other hand, by using (3), the facts

1 t —gs)* V(s —aq s——Fq(ﬁ—'_l) —a)®
iy e = 0) s =

with a =0, and By(a, f) = %, we obtain

)

Ly(3)
Ay /t 1
< (t—qs) (3 )s7 dgs
Fq(%) 0 !
Ay -4 /1 -1
= t21 (l—qs)(3)s7 d,s
L&' h q
1

/ (QS))F2 (37U157U257U35) qu
to

[S[eY]
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A

2 /t(t )(%2) 0 d
< - —gs s s
Fq(g) 0 !
A —3/1 —2y -9
= tT10 (t—qs)(f))slods
Ty(2) 0 !

w

o

— Aizt%ng (1’3) =17 7
Fq(g) 10°5

Tq(3)
A3 /t =3
< (t—qs)(T)ss dgs
Tq(3) Jo !
1
= A31 83/ 1—qs)(%3)38 dgs
Fq(z) 0

Note that, 811 = 5, B2 = 1%, and (13 = %. Now, we take

Then,

00 . 00 617
| 1B ) < [ (e 97
to 0
1
= AT =
121517 M

S 0o o 10
/ ‘FQ (t,ult,th,U3t)|10 dt < / |:A2(t+2)10:| de
to 0
1 10

:7A =
20482 ~
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Table 4: Some numerical results of n; in Example 4.1 where ¢ = é by Algorithmic 2.

n| A As As mo n3

1 | 0.32041 0.24551 0.56155 0 0 0.00247
2 1 0.31762 0.24328 0.55871 0 0 0.00237
3| 0.31727 0.24301 0.55836 0O 0 0.00236
4 | 0.31723 0.24297 0.55831 0 0 0.00236
5 | 0.31722 0.24297 0.55831 0 0 0.00236
6 | 0.31722 0.24297 0.55831 0 0 0.00236
7 1 0.31722 0.24297 0.55831 0 0 0.00236

Table 5: Some numerical results of n; in Example 4.1 where q = % by Algorithmic 2.

Aq

n | Ao As mon2 13
1| 0.26678 0.20349 0.3422 0 0 0.00005
2 | 0.24071 0.1844 0.34571 0 0 0.00005
3 | 0.22985 0.17648 0.35676 0 0 0.00007
4 | 0.22486 0.17283 0.36973 0 0 0.00009
51 0.22246 0.17109 0.38255 0 0 0.00011
6 | 0.22129 0.17023 0.3944 0 0 0.00015
7 | 0.22071 0.1698 0.40503 0 0 0.00018
8 | 0.22042 0.16959 0.41441 0 0 0.00022
9 | 0.22027 0.16949 0.42263 0 0 0.00025
10 0.2202 0.16944 0.4298 0 0 0.00029
11 | 0.22016 0.16941 0.43606 0 0 0.00033
12 | 0.22015 0.1694 0.44153 0 0 0.00036
13 | 0.22014 0.16939 0.44631 0 0 0.00039

0

Tables 4, 5 and 6 show the some numerical value of 7y, 72 and ns for

1 1

q=g, 3 and %, respectively. Thus, all conditions of Theorem 3.1 hold
and so this system of fractional functional differential equations have an

attractive solution.

1

00 oo -8
/ |F3 (t,ult,u%,u?,t)’g dt < / [Ag(t—l—l)%} dt
t 0
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Table 6: Some numerical results of 7; in Example 4.1 where ¢ = % by Algorithmic 2.

n [ Ay Ay As m M2 3
1 | 0.52085 0.37029 0.73247 0.00001 0 0.02071
2 |1 0.41238 0.29787 0.64117 0 0 0.00714
3 | 0.35289 0.25793 0.58681 0 0 0.00351
4 | 0.31506 0.23239 0.55021 0 0 0.0021
5 | 0.28886 0.21461 0.52377 0 0 0.00142
6 | 0.26968 0.20153 0.50376 0 0 0.00104
7 | 0.25508 0.19153 0.48813 0 0 0.00081
8 | 0.24365 0.18368 0.47562 0 0 0.00065
9 0.2345 0.17738  0.46542 0 0 0.00055
10 | 0.22705 0.17224 0.457 0 0 0.00048
11 | 0.22091 0.16799  0.44996 0 0 0.00042
12 | 0.21578 0.16444 0.44403 0 0 0.00038
13 | 0.21147 0.16144 0.43898 0 0 0.00034
14 | 0.20781 0.1589 0.43467 0 0 0.00032
15 | 0.20469 0.15673 0.43097 0 0 0.0003
16 | 0.20201 0.15486  0.42777 0 0 0.00028
17 | 0.1997 0.15325 0.425 0 0 0.00027
18 0.1977  0.15185 0.42259 0 0 0.00025
19 | 0.19597 0.15064 0.42049 0 0 0.00024
20 | 0.19446 0.14959 0.41866 0 0 0.00024
21 | 0.19314 0.14867 0.41705 0 0 0.00023
22 | 0.19199 0.14786 0.41564 0 0 0.00022
23 | 0.19097 0.14715 0.4144 0 0 0.00022
24 | 0.19009 0.14653 0.41332 0 0 0.00021
25 | 0.18931 0.14598 0.41236 0 0 0.00021
26 | 0.18862 0.1455 0.41151 0 0 0.00021
27 | 0.18801 0.14508 0.41076 0 0 0.0002
28 | 0.18748 0.1447 0.4101 0 0 0.0002
29 | 0.18701 0.14437 0.40952 0 0 0.0002
30 | 0.18659 0.14408 0.409 0 0 0.0002
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Example 4.2. Consider the k-dimensional system of (2) for k = 3,

Dal’U, ( ) p1U3(t) COS ( ( ))

15+ Tl + ] ¢~
(1) — pot2 (1)) I
Pire®) = T mm i+ swmor + mop 0 O
gy P
\ Dq 3(t) = 8—}-3(1@(15))24—‘113(75)‘3@ ) ,

for almost all ¢ € J and

D;"i_lui(t) =

7

for t = tg, where a; € (0,1), p; € [0,00), k}; € (a;,1) and u is a
constant for ¢ = 1,2, 3. If we define maps

prua(t) cos® (us(t))
1.5 4 ug(t)] 4 |us(t)]
pat? (u1(t))?
(74 5t2) (1 + 2(u1(t))* + (us(t))?)
x (t—a)"2,

Gy (tur (), ua(t), . .. up(t) = (t —a)~"u,

G (t,ul(t),uQ(t), - ,uk(t)) =

3
p3 cos® (ua(t)) !
Gs (t,u1(t), us(t),...,ur(t)) = t—a) "8,
3 (t, ur(t), ua(t) k(1)) 8+3(u2(t))2+|u3(t)|3( )
then, with a simple check, we will conclude that all conditions of Theo-
rem 3.4 hold and so this system of fractional g-differential equations has
a globally attractive solution.

5 Conclusions

The attractive and global attractivity solutions of the system of frac-
tional g-differential equations and their applications represent a matter
of high interest in the area of fractional g-calculus and its applications
in diverse fields of science and engineering. In this manuscript, we fo-
cused on the attractivity and global attractivity of solutions for two
k-dimensional systems of fractional ¢-differential equations. Two illus-
trative examples demonstrate the pertinence of the suggested methods.
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The techniques of the reported results can be applied to investigating the
attractivity and global attractivity of solutions of g-differential systems
of (singular) fractional g-differential equations.
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