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Abstract. Dominions have been studied from different perspectives
however their major application lies to study the closure property for
monoids. The most useful characterization of semigroup domonions
is provided by the famous Isbells Zigzag Theorem. In this paper, we
introduce the dominion of a I'-semigroups and give the analogue of
Isbell’s zigzag theorem in I'-semigroups.
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1 Introduction

Dominions and zigzags were first studied in 1965 by Isbell [41] in con-
nection with epimorphisms. I'-semigroups was introduced by Sen [¥]
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in 1981. In this paper, we introduce I'-acts and I'-tensor products on
I'-semigroups. Let S and I' be any nonempty sets. Then S is called
a I'-semigroup if there exists a mapping from S x I' x S to S which
maps (a,a,b) to aab satisfying the condition (aab)ye = aa(byc) for all
a,b,c € S and for all a,v € I'. Let S; and So be a I';-semigroup and
a I's-semigroup respectively. A pair of mappings fi : S1 — S and
fa : Ty — T’y is said to be homomorphism from (S1,T'1) to (S2,T2) if
(s17s2)f1 = (s1)f1(7) fa(s2) f1 for all s; € S1,s2 € So and v € T';. Let
U be a nonempty subset of a I'-semigroup S. Then U is called a I'-
subsemigroup of S if UT'U C U. A TI'-semigroup is called a I'-monoid if
there exists 1€ S such that 1ys = s = syl for all s € S and v € I'y. Si-
milarily, we can define a I'-submonoid. Let U be a I'-subsemigroup of S.
Then we say that U dominates an element d of S if for every I'-semigroup
T and for all homomorphisms «, 5 : .S — T and o, BT =T ua=uB
and vo' = 48 for all u € U implies da = df. The set of all elements
of S dominated by U is called the dominion of U in S, and we de-
note it by I-Dom(U, S). It may easily be seen that I'-Dom(U, S) is a
I'-subsemigroup of S containing U.

In this paper, dominion of a I'-semigroup has been characterized, and
throughout this paper, I'-semigroups are the member of special class of
I'-semigroups defined by

C = {S is I'-semigroup : ay1b = c¢yod = 71 = 2 for all a,b,¢,d €
S,V")/l,’YQ c F}.

2 [I'-systems and I'-tensor products

We generalize the concepts of systems and tensor product of semigroups
[2] to TI'-semigroups by introducing I'-systems and I'-tensor products of
I'-semigroups.

Definition 2.1. Let S be a I'-monoid and X be a any nonempty set.
Then X is said to be a right I'g-system if there exists a map X xI'x S —
X defined by (x,7v,s) — x7s such that following two conditions are
satisfied:

(1) zy1(sy2t) = (z718)2t, Vo € X,Vy1,72 €T,Vs,t € S and
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(17) zy11 = x.

Dually, we can define a left I'g-system.
Definition 2.2. Let S be a I'-semigroup, T' be a I'-semigroup and X
be a non-empty set. Then X is said to be (I'g, I'},)-bisystem if X is left
I"-system and right I'/-system. Moreover,

sy (z7"t) = (sy'x)y"t, Ve e X,v eV, 4" el" Vse S,teT.

Note 1. If X is (I'y, I'7.)-bisystem, then we write X € I"g-ENS-T7.
Definition 2.3. Let X and Y be left ['g-systems. Then a map ¢ :

X — Y satisfying (syz)¢ = sy(x¢), Vo € X,s € S,v € T is called
I's-map from X to Y.

Definition 2.4. A relation p on a left I'g-system X is called a congru-
ence if p is an equivalence relation on X such that for all z,y € X,y €T
and s € S, zpy = (syx)p(s7y).

Let X/p ={xp | z € X}. Then it can be easily verified that X/p is
a left I'g-system, where action is defined by sy(zp) = (syx)p.

Definition 2.5. Let X be left I"g-system and Y be right I'/-system. We
see that X x Y is a (I, I'/.)-bisystem. Define sv/(z,y) = (s7'x,y) and
(z,y)7"t = (x,yy"t) where (z,y) € X XY~ €IV €T s € S,t €T.

One can easily verify that X x Y is a (I'gq,I')-bisystem with re-
spective to the above action.

Definition 2.6. Let A € I',-ENS-T'}, B € I',-ENS-T'J, and C € I'/-
ENS-I'//. Amap : Ax B — C is said to be (I'/,,I'//) map if for all
acAbe B,y el 4y el teTandueclU
(t7'(a,b))8 = t7'((a,b))B and ((a, b)y"u)s = (a,b)Sy" u.
Definition 2.7. A (I'7,,I'}}) map f: A x B — C'is called a bimap if
(av"s,b)8 = (a,s7{b)B, Vae€ Abe B,~v",4) eT”.

Definition 2.8. A pair (p, ) consisting of a ((I',I'{}))-bisystem P and
a bimap ¢ : A x B — P will be called a tensor product of A and B if
for every (I, T'}})-bisystem C' and every bimap 3 : A x B — C, there
exists a unique (I',, ') map B: P —s C such that the diagram
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comimutes.

Moreover , when C' = P and 8 = 1, the unique B is tp (identity
map)

AxB

P

Lemma 2.9. If a tensor product of A and B over S exists then it is
unique upto isomophism.

Proof. It follows on the lines similar to the lines of the proof lemma
8.17 [2]. O

Define A® B = A x B/7, where 7 is the equivance relation on A x B
generated by the relation

T = {(avs,b),(a,syb) | a € A,be B,s€ S,y €T}

We denote the 7 class of (a,b) by (a,b)T = a ®r4 b.
Note 2. ays @ryb=a®rg sybforallac A,bec B,sc S,y

Proposition 2.10. Let a®rg b, c®ryd € A®rg B. Then a®b = c®d iff

there existay,az, - an—1 € A, b1,ba, - bp_1,bn € B, 51,82, Sp—1, 8pn, L1, t2, -

“tp—1 €
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S such that
a = avysy, s1vb = 1701,
ajyty = azysa, 527b1 = toyba
asyty = azyss, 5377bg = tayb3
(n—1Vtn—1 = CY8y, SpYbp—1 = d.
Proof.
a®prgb = a1ys1®0b
= a1 ®s1yb
= a1 ®t1vh
= a17t1 ® by
= a2vs2 ®by
= a2 ® s2vby
= ay @ tayby

= ap1® tn—lVbn—l

an—thn—l ® bn—l

CcYSp & b1
= c®spYbp1
= cQrg d.

Conversely suppose that a ® b = ¢ ® d, then by Theorem 1.4.10 [2],

(a,b) = (p1.q1) = (P2, 42) = -+ = (Pn—1,@n-1) = (Pn, @n) = (c,d),

Where ((pi—1,qi—1), (Pix1,qiv1)) € T UT~L. We can assume that the
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sequence begins and end with right move (a,b) — (a7b).

(a,b) = (p1, 1) (a1vs1,b) — (a1, s17b)
= (a1,t1vb1) = (a1yt1,b1)
= (agys2,b1) — (a2, s2vb1)
= (a2, t27b2) — (a27t2, b2)
= (azyss,b2) — (a2, s37b2)
= (a3, t37b3) — (a37ts, bs)

= (an—1,tn—17bn-1) = (@n—17tn—1,bn-1)
= (evSn,bn—1) = (¢, $pYbn—1) = (¢, d).

This gives
a=aysi, 517b = t17yby,
aiyt; = agysa, s97vb1 = toyba
asyta = asyss, 537vby = toyb3
ap—1Ytn—1 = CYSn, SpYbp—1 = d.
O

Proposition 2.11. The equivalence T defined on A x B is a (I's,I's)-
congruence and ty(a ® b) = (tya) ® b, (a ® b)ya = a ® (bya).

Proof. Suppose (a,b)7(c,d) = (a,b)7 = (¢,d)T = a®b = c®d. Then,
by Proposition 2.10, we have

ty(a®b) = (tya) ® b and (a ® b)ya = a ® (bya)
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for all s,t € S,;a,c € A and b,d € B. This implies

(tya) @ b= (tye) ®d
= ((tya),b)T = ((tye), d)7
= (ty(a,b))T = (ty(c,d)).
Similarly

((a,b)ys)T = ((¢,d)ys)T.
So T is a congruence. O

Proposition 2.12. Let A, B € I's-ENS-T's. Then (A ®rg B,7%) is a
tensor product of A and B over S.

Proof. We have 7# : A x B — (A x B)/T =A ®ry B defined by
(a,b)7# = (a,b)T = a @p, b. We have
(a, b)T# = (sva, b)T#
= (sya)®Db
— sy(a®b)
= sy(a,b)r?

and

(a,b)ys7™ = (a,bys)T”
=a® (bys)
= (a®b)ys
= (a,b)77~s.

Therefore 77 is a (I's,I's) map. Again

(ays,b)7" =ays @b
=a® svyb
= (a, syb)r7.

Therefore 77 is a bimap. Now let C' € I's-ENS-I's and let 3: Ax B —
C be a bimap. Define 8: A®ry, B — C by

(a®b)B = (a,b)p (1)
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By using Proposition 2.10, we can easily verify that 3 is well defined
and the diagram

#
AxB—— A®ry B

C

commutes.
Since ((a,b)7#) = a ® b, from (1), we have

((avb)T#)B = (avb)ﬁ = /B = g.

Thus (A ®rg B,7%) is a tensor product. [

3 Isbell zigzag theorem for I'-semigroups

In [1], Isbell gave the characterisation of semigroup dominion. In the
next theorem, we generalize the Isbell zigzag theorem for I'-semigroups
and give the charaterization of I'-semigroup dominion. Infact we prove
the following:

Theorem 3.1. Let U be a I'-submonoid of a I'-monoid S. Then d € T'-
Dom(U,S) iff d € U or there exists a series of factorization for d as
follows:

d = apyt1 = y1yaryhy = y1yaxytz = yayazyle

== ym’7a2m71’7t2m = Ym7Ya2m
Where m > 1,a; € U (1 =0,1,2,....2m), y;,t; €S (1 =1,2,...,m) and
ag = yi1vax, A2m—1Ytm = a2m,
a2i—17t; = a2ivtit1, YiYa2i = Yi+1702i+1

where 1 <1 < m — 1. Such a series of factorization is called a zigzag
m S over U with value d, length m and spines ag, a1, as, ..., G2 -
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To prove theorem, we first prove the following lemma:

Lemma 3.2. Let U be a I'-submonoid of a I'-monoid S. Then d € T'-
Dom(U,S) iﬁd@p 1=1 ®Fd mn S®FU S.

Proof. Suppose d ®r 1 = 1 ®p d. Let T be a I'-monoid and a, 3 :
S — T and o, : ' — I" such that ua = uf Yu € U and (o) =
v(B') Vy € T. We show that daw = df. To, show for this, first we show
that T is (I'y, 'y )-bisystem. Define

uy't = (ua)y't [= (u)By4] and tv'u = tv/(uB) [ty (ua)]

Define ¢ : S x S — T by (s,5' ) = (sa)y'(s'B). Then ¢ is a (T'y,T'y)
map and is also a bimap.

(uy(s, 80 = (uvs, ')
= (wys)ay'(s")B
= (Wa(y)d/(s)ar/'(s')B
wyi(sa)y'(s")B
= uvi(s, 8.

Similarly,

((s, ") ya)y = (s, 5")¢7'u where 7'a’ = 1.

(s7u,8 )Y = (syu)ary's'
= (sa)7)(ua)y's'B
= (sa)vi(uB)Y's'8
= (sa)vi(uys)B
= ( s

s,uys')ip.

Therefore (T,1)) is a tensor product. But (S ®r S,7%) is also tensor
product. Therefore by Proposition 2.12, there exists a map ¢ : .S ®rp
S — T such that

(s® ) = (s,8)h = (sa)y(s'8) (Vs®s €S ®rS). (2)
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Now,

S
Q
I

I I
A~~~ N /N A/~ /N
= U
Q
~— ~— ~—

1
&/—\
—_
=2
\Q\
SN
ey

Therefore dao = df = d € I'-Dom(U, S).
Conversely suppose d € I-Dom(U, S). Let A =S ®r, S. Then A is a
(I's, I's)-bisystem as

sy(z ®@y) = (s77) ®y and (z @ y)ys = 2 ® (y7s).
Let (Z(A),+) be a free abelian group on A i.e.
Z(A) ={3za; : z € Z,a; € A}.
Then Z(A) is also a (I'g, I's)-bisystem defined by
sv(Xzia;) = Xzi(sya;) and (Xz;a;)vs = Xz (a;ys).

Now we show that S x Z(A) is a I'-semigroup. Define a map ¢ : (5 x

Z(A)) xI'x (S x Z(A)) — S x Z(A) by ((p,x)v(q,9))¢ = (pyy, xyq +
pYYy), where p,q € S,x,y € Z(A) and v € T. Then S x Z(A) is a
I'-semigroup.

Define o : S — S x Z(A) by sa = (s5,0) and 5 : S — S x Z(A)
by sf=(s,s®1—1®s). Since u® 1 = 1® u, therefore

ua = (u,0) = (lu,u® 1 —-1®u) =up (Vu e U).
This implies that da = df (since d € T'-Dom(U, S)). So

(d,0)=(ddol-10d =dol=1xd.
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To complete the proof of the theorem, take any d € I'-Dom(U, S). By
above lemma d ® 1 = 1 ® d. Now, by Proposition 2.10, the proof of the
zigzag theorem is completed. U

Now we show that Isbell’s theorem is also aplicable to I'-semigroups
as well as to I'-monoids.

Theorem 3.3. Let U be a I'-subsemigroup of a I'-semigroup S and let
d e S. Then d € T'-Dom(U, S) if and only if d € U or there ezists a
series of factorizations of d as follows:

d = agyty = y1ya1yts = yr1yaxyta = y2yazyta

= = YmY2m—-1Vtm = YmYa2m

wherem > 1, a; €U (i=0,1,...,2m), y;,t; € S (1 =1,2,...,m), and

ap = yi1vai, A2m—1Ytm = a2m,
azi—1vti = agivtit1, Yivaz = Yiy1Ya2i41 (1 <i<m—1).

Such a series of factorization is called a zigzag in S over U with
value d, length m and spine ag,aq, ..., Gom.

Proof. We begin by adjoining an identity element 1 to the I'-semigroup
S whether or not it already has one. If we call the resultant I'-monoid
and write UU1 as U*, then we can easily verify that an element d € S\ U
isin I-Dom(U, S) iff d € T-Dom(U*, S*) and hence, if d®1 = 1®d in the
tensor product of S* ® S*. Then to obtain Isbell’s theorem, we simply
observe the zigzag in which the element 1 appears can be shorten. For
example, if as; = 1, then the equalities

a2i—37ti—1 = agi—27t;, Yi—1702—2 = YiYa2i—1

a2;—17tir1 = agiYtiga, YiY02i = Yi+1702i+1

a2i41Yti+1 = a2i427ti+2, Yit1702i42 = Yit2YA2i+3
can be collapsed to

a2;—3vti—1 = azi—27t;, Yi—1702i—2 = Yi+17A2+17A2i—1

(2i+102i—1Vt; = 02417i+1 = 2427842,  Yit17YA2i+2 = Yi+27Y02+3-

11
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Similarly, if ag;11 = 1, the length of the zigzag can be reduced.

Similarly ¢; # 1, for if t{ = 1, then d = agyl = ap € U which is a
contradiction. Now suppose that ¢;(k>1) is the first variable such that
t;, = 1, then

aopyt

y1ya1vty
y1yazvta
Yy2ya3Yts

YreYa2k—-17k
YeYa2k—1-

is a zigzag by length k with value d in which every t; is in S. Therefore
all t;’s and as;’s are members of S. Similarly, all y;’s and a9;_1’s are in
S. Hence the theorem follows.

g
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