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were still used by other sub-units. They formulated the network DEA
for reverse output and input [19]. In the same year, Castelli, Pesenti,
and Ukovich published a paper which evaluated the efficiency of hier-
archically organized units. Prieto and Zofio [21] evaluated the potential
technical efficiency via comparing appropriate technologies for different
economies. Yu and Lin [28] explored the efficiency and effectiveness in
railway performance using multi-activity network DEA model. The ef-
ficiency decomposition in the DEA network was explored by Kao in [13]
which set up a relational network DEA model considering the interre-
lationship of the processes to simultaneously measure the efficiency of
the system and processes. Indeed, since 1998, numerous researches have
been dedicated to the measurement and analysis of the profit efficiency
via DEA methods in the network systems ([8], [12], [14], [15], [16], [17],
[22]). These methods, which require price data, have attracted a lot of
attention. Wei and Chang [26], instead of measuring the profit efficiency
of the existing network system, developed an optimal system design
(OSD) of DEA model for the optimal design of DMUs with series net-
work. They showed that by resorting to network OSD via DEA model,
DMUs can face with the notorious economic phenomenon of budget con-
gestion, implying the higher the injected budget, the lower the maximum
profit gain will be. In order to verify the optimal budget and the budget
congestion, Wei and Chang [25], developed a method for the accurate
extraction of the DMU optimal budget which checks the existence of
budget congestion in the OSD via DEA models. Their method was not
however apt for the network OSD via DEA models. Fang [7] developed
a new approach to derive the DMUs corresponding optimal budgets; it
checked the existence of budget congestion not only for the OSD via
DEA models but also for the OSD series network DEA models. Kou,
M. et al [18] proposed a new formulation for the dynamic network DEA
(DN-DEA) models based on systemic thinking to measure and decom-
pose the overall efficiency of multi-period and multi-division systems
(MPMDS). They adopted a general approach applicable to both radial
and non-radial measures. Interestingly, it presents a weighted average
decomposition of the overall efficiency score into component parts by a
set of endogenous weight sets. These sets were the highly appropriate for
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measuring the overall efficiency of the MPMDS tested as a whole, ensur-
ing the consistency in comparing the overall and the component efciency
scores. S. Lozano and B. Adenso [20] considered a multiproduct supply
network by network data envelopment analysis (NDEA) approach to as-
sess the efficiency of the product flows in varying periods. S.H. Zegordi
and A. Omid, [29], presented the DEA network to create a model for
the complete analysis of the Iranian handmade carpet company (IHCC)
at the same time. Bai-Chen et al. [27], applied the dynamic network
slacks-based measure model to analyze the environmental efficiency of
both the power systems and their divisions of provincial administrative
areas in China. Moreover, Shih-Liang Chao et al. [3] took advantage of
a dynamic network data envelopment analysis and proposed a model for
decomposing the shipping service production for a container shipping
company (CSC) into two processes: multiple evaluation periods linked
through a carry-over process.

Budgeting of the dynamic networks has found extensive applications in
industrial and service sectors and can cover a wider range of compa-
nies. Thus, solving these problems in these sectors is of crucial impor-
tance. A review of the literature reveals that no method has been so far
proposed for budgeting of the dynamic systems. The present paper is
thus the new attempt to develop a new method which can accomplish
optimal budgeting for the DMUs in a dynamic network system which is
one of the measure novelty of the paper: therefore, this paper presents
a method for optimal budgeting in dynamical DMUs system based on
DEA for the first time. In this regard, the feasibility of the model and
the existence of budget congestion in network OSD (NOSD) via DEA
models were investigated through some theorems (theoretically) and two
applied examples. Moreover, owing to the simultaneous use of series and
parallel networks, the proposed method is more effective as it reduced
the amount of the requisite budget and the budget spoilage.

The rest of this paper is organized as follows: In the next section, the
concept of NOSD DEA is explained. Section 3 discusses the optimal
budgeting and budgeting congestion for the dynamic network OSD DEA
models.
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AN OPTIMAL BUDGETING MODEL FOR DYNAMIC ... 5

budgeting and budgeting congestion for the dynamic network OSD DEA
models.
Two examples are provided in Section 4 to elucidate the notion of the
proposed model. The final section is devoted to discussing the results
and conclusions.

2. Optimal System Design in DEA Dynamic
Network Models

The network internal processes can be defined as series and parallel
networks or their combination [13]. Systems with combined processes
(series and parallel) are called dynamic networks. The structures of a
dynamic network carry out identical operations for a DMU in each stage
where every two consecutive stages are connected via a carryover. Fig-
ure 1 depicts a dynamic network where the Ẑk−1dj carryover is used in
the k-th input stage to produce the Ẑkdj carryover (the values employed
in Figure 1 are provided in 2.1). In this research, the researchers devel-
oped a special mode of dynamic networks. As can be seen, this system
is a series of horizontal systems where each process uses the carryover
produced by the previous one to produce similar products for use in sub-
sequent processes. It is also a parallel system vertically in which each
parallel process independently produces a stage with similar inputs and
outputs. The output of each process does not depend on the inputs or
outputs of the other parallel process.

Figure 1. Dynamic systems DMU js

AN OPTIMAL BUDGETING MODEL FOR DYNAMIC ... 5

budgeting and budgeting congestion for the dynamic network OSD DEA
models.
Two examples are provided in Section 4 to elucidate the notion of the
proposed model. The final section is devoted to discussing the results
and conclusions.

2. Optimal System Design in DEA Dynamic
Network Models

The network internal processes can be defined as series and parallel
networks or their combination [13]. Systems with combined processes
(series and parallel) are called dynamic networks. The structures of a
dynamic network carry out identical operations for a DMU in each stage
where every two consecutive stages are connected via a carryover. Fig-
ure 1 depicts a dynamic network where the Ẑk−1dj carryover is used in
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6 A. FAKHARZADEH JAHROMI AND M. H. MOJTABAEI

2.1 Notation

Below is a list of the required variables used in representation of the
dynamic network model in Figure 1 to determine the optimal budgeting:

n number of DMUs ;
m Total number of inputs;
s Total number of outputs;
D number of parallel systems used in eachDMU j(j = 1, 2, . . . , n);
K number of series systems used in eachDMU j(j = 1, 2, . . . , n);
Ẑk−1dj number of independent inputs for DMUkd (k = 1, 2, . . . ,K),

(d = 1, 2, . . . , D);
Ẑkdj number of independent outputs forDMUkd (k = 1, 2, . . . ,K),

(d = 1, 2, . . . , D);
X̂ X̂ = Ẑ0 = (Ẑ01 , Ẑ

0
2 , . . . , Ẑ

0
n) > 0 the input vector ofm×nD

for the DMUs;
Ŷ Ŷ = ẐK = (ẐK1 , ẐK2 , . . . , ẐKn ) > 0 the input vector of s×nD

for the DMUs;
X̂j X̂j = Ẑ0j = (Ẑ

0
1j , Ẑ

0
2j , . . . , Ẑ

0
Dj) > 0(j = 1, 2, . . . , n) the

input vector for the j − th DMU;
Ŷj Ŷj = ẐKj = (ẐK1j , Ẑ

K
2j , . . . , Ẑ

K
Dj) > 0(j = 1, 2, . . . , n) the

input vector for the j − th DMU;D
d=1

Z0dj number of input measures;D
d=1

ZKdj number of output measures;
T Production possibility sets;
T kd Generalized dynamic system production possibility sets for

DMU j (j = 1, 2, . . . ,K), (j = 1, 2, . . . ,K);
λ (nD)×1 vector λ = λ1, λ2, . . . , λD) ∈ nD, λd = (λ1d, λ2d, . . . , λnd )

∈ n;
C m× 1 vector CT = (C1, C2, . . . , CD)T > 0 representing the

input;
P s× 1 vector P T = (P1, P2, . . . , PD)T > 0, representing the

output prices;
B Total accessible budget.
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K
Dj) > 0(j = 1, 2, . . . , n) the

input vector for the j − th DMU;D
d=1

Z0dj number of input measures;D
d=1

ZKdj number of output measures;
T Production possibility sets;
T kd Generalized dynamic system production possibility sets for

DMU j (j = 1, 2, . . . ,K), (j = 1, 2, . . . ,K);
λ (nD)×1 vector λ = λ1, λ2, . . . , λD) ∈ nD, λd = (λ1d, λ2d, . . . , λnd )

∈ n;
C m× 1 vector CT = (C1, C2, . . . , CD)T > 0 representing the

input;
P s× 1 vector P T = (P1, P2, . . . , PD)T > 0, representing the

output prices;
B Total accessible budget.

6 A. FAKHARZADEH JAHROMI AND M. H. MOJTABAEI

2.1 Notation

Below is a list of the required variables used in representation of the
dynamic network model in Figure 1 to determine the optimal budgeting:

n number of DMUs ;
m Total number of inputs;
s Total number of outputs;
D number of parallel systems used in eachDMU j(j = 1, 2, . . . , n);
K number of series systems used in eachDMU j(j = 1, 2, . . . , n);
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f(B) =Max (P T ẐKλk − CT Ẑ0λ1) (a)

S. to :Ẑk−1d λkd − Ẑk−1d λk−1d  0, k = 2, 3, . . . ,K, d = 1, 2, . . . , D; (b)

eTλkd  1, k = 1, 2, . . . ,K, d = 1, 2, . . . , D; (c)

CT Ẑ0λ1  B; (d)

λkd  0, k = 1, 2, . . . ,K, d = 1, 2, . . . , D, (3)

where eT = (1, 1, . . . , 1)T ∈ Rn, Zkd =

Zkd1 Zkd2, . . . , Zkdn


, k = 0, 1, . . . ,K,

d = 1, 2, . . . , D.

The objective function of problem (3) shows the model’s maximum profit
i.e. the difference between the revenues and the costs in the optimal
solution. For calculating the revenue, the last output process and the
cost, the first input of each DMU was considered. In model (3), for
each parallel process, there are K-1 series constraints. The total num-
ber of constraints (3b) equals to D × (K − 1). Relation (3d) indicates
the budget constraint; while relation (3c) characterizes the proposed
model providing the optimal budgeting for similar parallel processes in
DMUs. Indeed, this relation shows that for each k = 0, 1, . . . ,K, there
are D number of parallel constraints. Constraint (3e) includes the vari-
ables of the model. It should be noted that the feasible set of (3) is not
an empty set and has at least a trivial solution. Moreover, Relation (2)
shows that we are faced with a variable return to the scale model.

Assuming K = 1 andD = 1, the model of (3) changes to OSD DEA
with Equation (4) given by [25].

f(B) =Max (P T Ŷ λ− CT X̂λ) (4)

S. to :eTλ  1;
CT Ẑλ  B;

λ  0,

where eT = (1, 1, . . . , 1)T , X̂ = (X̂1, X̂2, . . . , X̂n), Ŷ = (Ŷ1, Ŷ2, . . . , Ŷn).

If we consider D=1, using Equation (3) of the series network OSD DEA
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model by Lei Fang [7], we will have:

f(B) =Max (P T ẐKλK − CT Ẑ0λ1)

S. to :Ẑk−1λk − Ẑk−1λk−1  0, k = 2, 3, . . . ,K;
eTλk  1, k = 1, 2, . . . ,K; (5)

CT Ẑ0λ1  B;

λk  0, k = 1, 2, . . . ,K,

where eT = (1, 1, . . . , 1)T ∈ Rn, Ẑk = (Ẑk1 , Ẑ
k
2 , . . . , Ẑ

k
n), k = 0, 1, . . . ,K.

If K = 1, the parallel network OSD DEA model (3) provides:

f(B) =Max (P T Ẑλ− CT Ẑλ) (6)

eTλd  1, d = 1, 2, . . . , D;
CT Ẑλ  B;

λd  0, d = 1, 2, . . . , D,

where eT = (1, 1, . . . , 1)T ∈ Rn, Ẑkd = (Ẑd1, Ẑd2, . . . , Ẑdn), d = 0, 1, . . . , D.

The present paper assumes that the inputs of parallel processes are sepa-
rate. For the cases with shared inputs, prior to modeling of the problem,
the percentage of the shared input usage in each process should be de-
termined using the previous data or some experts opinion [1].

3. Determining the Optimal Budget

Here, we try to show the optimal budget determination method and
the budget congestion checking with regard to the dynamic network
OSD DEA model. In order to determine the optimal solution for model
(3), the following procedures were indicated. The procedure stages are
presented and proven based on some theorems.

First, regardless of the budget constraints, the dynamic network of the
OSD DEA model in (3) was set up and its relevant optimal solutions
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were obtained:

f(B) =Max (P T ẐKλk − CT Ẑ0λ1) (7)

S. to :Ẑk−1λk − Ẑk−1λk−1  0, k = 2, 3, . . . ,K;
eTλkd  1, k = 1, 2, . . . ,K, d = 1, 2, . . . , D;

λkd  0, k = 1, 2, . . . ,K, d = 1, 2, . . . , D.

Letf (B∗∗∗) be the optimal value for model (7). If model (7) has multiple
optimal solutions, we solve models (8) and (9) to obtain the minimum
budget and the maximum budget, respectively. From (8) and (9), the
minimum cost B∗L and the maximum cost B

∗
U can be obtained based on

the optimal value f (B∗∗∗) from (7) (see the second constraint of (8) and
(9)).

Min BL (8)

S. to :Ẑk−1λk − Ẑk−1λk−1  0, k = 2, 3, . . . ,K, d = 1, 2, . . . , D;

P T ẐKλK − CT Ẑ0λ1 = f (B∗∗∗) ;

CT Ẑ0λ1 = BL;

eTλkd  1, k = 1, 2, . . . ,K, d = 1, 2, . . . , D;

λkd  0, k = 1, 2, . . . ,K, d = 1, 2, . . . , D;

Max BU (9)

S .to :Ẑk−1λk − Ẑk−1λk−1  0, k = 2, 3, . . . ,K, d = 1, 2, . . . , D;

P T ẐKλK − CT Ẑ0λ1 = f (B∗∗∗) ;

CT Ẑ0λ1 = BU ;

eTλkd  1, k = 1, 2, . . . ,K, d = 1, 2, . . . , D;

λkd  0, k = 1, 2, . . . ,K, d = 1, 2, . . . , D.

Let us assume that B∗L and B∗U are the optimal values of objective func-
tions of models (8) and (9) respectively; if it is assumed that the avail-
able budget B has been consumed completely, the dynamic network OSD
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DEA of (3) can be expressed as:

f(B) =Max (P T ẐKλK − CT Ẑ0λ1) (10)

S. to : Ẑk−1λk − Ẑk−1λk−1  0, k = 2, 3, . . . ,K, d = 1, 2, . . . , D;

eTλkd  1, k = 1, 2, . . . ,K, d = 1, 2, . . . , D;

CT Ẑ0λ1 = B;

λkd  0, k = 1, 2, . . . ,K, d = 1, 2, . . . , D.

In the following theorem, we are going to search among the allocated
budget B to the model (10) in [B∗L, B

∗
U ] for different cases.

Theorem 3.1. For the available budget B, if B∗L  B  B∗U , then the
optimal value for model (10) is f(B∗∗∗).

Proof. we follow [7] and for B∗L  B  B∗U , we can define B = B∗L +
α(B∗U − B∗L), 0  α  1 . Let λ1∗L = (λ1∗1L, λ

1∗
2L, . . . , λ

1∗
DL) , and λ1∗U =

(λ1∗1U , λ
1∗
2U , . . . , λ

1∗
DU ) be the optimal solutions for models (8) and (9) ,

respectively. We define λ1 = λ1∗L + α(λ1∗U − λ1∗L ), 0  α  1; and the
following obtains:

CT Ẑ0λ1 =CT Ẑ0(λ1∗L + α(λ1∗U − λ1∗L ))

= αCT Ẑ0λ1∗U + (1− α)CT Ẑ0λ1∗L
= αB∗U + (1− α)B∗L = B;

eTλk∗d =eT (λk∗dL + α(λk∗dU − λk∗dL))

= αeTλk∗dU + (1− α)eTλk∗dL  1, d = 1, 2, . . . , D, k = 1, 2, . . . ,K.

Also we have:

Ẑk−1d λk∗d − Ẑk−1d λ
(k−1)∗
d

= Ẑk−1d (λk∗dL + α(λk∗dU − λk∗dL))− Ẑk−1d (λ(k−1)∗dL + α(λ(k−1)∗dU − λ
(k−1)∗
dL ))

= α(Ẑk−1d λk∗dU − Ẑk−1d λ
(k−1)∗
dU ) + (1− α)(Ẑk−1d λk∗dL − Ẑk−1d λ

(k−1)∗
dL )  0,

d = 1, 2, . . . , D, k = 1, 2, . . . ,K.
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Thus, λ1 is a feasible solution for model (3), and:

f(B) =P T ẐKλK − CT Ẑ0λ1

= P T Ẑk(λK∗L + α(λK∗U − λK∗L ))− CT Ẑ0(λ1∗L + α(λ1∗U − λ1∗L ))

= α(P T ẐKλK∗U − CT Ẑ0λ1∗U ) + (1− α)(P T ẐKλK∗L − CT Ẑ0λ1∗L )

= αf(B∗∗∗) + (1− α)f(B∗∗∗) = f(B∗∗∗).

According to the above relation, when f(B) equals f(B∗∗∗), λ1 is an
optimal solution for model (3) , and f(B) = f(B∗∗∗) for B∗L  B 
B∗U . 

Theorem 3.2. When B < B∗L, the optimal value for model (10) , f(B)
is a monotonically increasing function of B.

Proof. we follow [7] assuming thatB1  B2  B∗L ; let λ
k∗
B1
and λk∗B∗

L
be

the optimal solutions for model (10) subject to the budget equalingB1and
B∗L , respectively. In case of B1  B2  B∗L, determine B2 = B1+β(B2−
B1),0 < β < 1. Specify λK∗B2

= λK∗B1
+β(λK∗B∗

L
−λK∗B1

); then, the verification
that λK∗B2

is a feasible solution for model (10) will be straight forward.

f(B2) =P T ẐKλK∗B2
− CT Ẑ0λ1∗B2

= P T Ẑk(λK∗B1
+ β(λK∗B∗

L
− λK∗B1

))− CT Ẑ0(λ1∗B1
+ β(λ1∗B∗

L
− λ1∗B1

))

= β(P T ẐKλK∗B∗
L
− CT Ẑ0λ1∗B∗

1
) + (1− β)(P T ẐKλK∗B∗

L
− CT Ẑ0λ1∗B1

)

= βf(B∗L) + (1− β)f(B1).

Indubitably, f(B∗L) > f(B1); then, f(B2) = βf(B1) + (1 − β)f(B1) =
f(B1); hence f(B) is a function of B which monotonically increases for
B < B∗L. 

Theorem 3.3. When B  B∗U , the optimal value for model (10), f(B)
is a monotonically decreasing function of B.

Proof. The proof is similar to that of Theorem 3.2. 
If f(B) is defined via the entire domain Ω = {B|B  0, B ∈ R}, then
the optimal budget (3) is defined as:

Definition 3.4. Let B∗∗ ∈ Ω. If f(B)  f(B∗∗) for anyB ∈ Ω, that is,
MaxB∈Ωf(B) = f(B∗∗), the B(∗∗) is called the optimal budget for (3).
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Theorem 3.5. f(B) is a monotonically non-decreasing concave function
of B over domain Ω, here f(B)  0, and f(0) = 0.

Proof. As indicated by [25], it is not a difficult to verify that f(B) is
a monotonically non-decreasing function i.e., f(B)  0, and f(0) = 0.
Thus, all we need to show is thatf(B) is a concave function. The dual
problem (11) of (3) can be stated as:

f (B) =Min(wB +
D

d=1

K

k=1

ukd) (11)

S. to : −(v1d)
T
Ẑ1d + u1de

T + wCT Ẑ0  −CT Ẑ0, d = 1, 2, . . . , D;

(vk−1d )
T
Ẑk−1d − (vkd)

T
Ẑkd + ukde

T  0, k = 2, 3, . . . ,K − 1,
d = 1, 2, . . . , D;

(vK−1d )
T
ẐK−1 + uKd eT  P T ẐKd , d = 1, 2, . . . , D;

u1d, u
2
d, . . . , u

K
d  0, v1d, v2d, . . . , vK−1d  0, w  0, d = 1, 2, . . . , D,

where ukd ∈ , w ∈ , vkd ∈ k. R is defined as a feasible set of (11),
specifically,

R ={(u1, u2, . . . , UK , v1, v2, . . . , vK−1, w)|
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T + wCT Ẑ0  −CT Ẑ0, d = 1, 2, . . . , D;

(vk−1d )
T
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Ẑkd + ukde

T  0, k = 2, 3, . . . ,K − 1, d = 1, 2, . . . , D,

(vK−1d )
T
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f (αB1 + (1− α)B2) =

MinR[w(αB1 + (1− α)B2) +
D

d=1

K

k=1

ukd] =

MinR[α(wB1 +
D

d=1

K

k=1

ukd) + (1− α)(wB2 +
D

d=1

K

k=1

ukd)] 

MinR[α(wB1 +
D

d=1

K

k=1

ukd)] +MinR[(1− α)(wB2 +
D

d=1

K

k=1

ukd] =

αf(B1) + (1− α)f(B2).

hence, f(B) is a concave function. 
Now we can illustrate the relationship between the dynamic networks
OSD DEA model (3) and models (8)and (9) , as well as Theorems 3.1,
3.2 and 3.2 as follow:

(i) If B < B∗L, then according to Theorem 3.2, the optimal value for
model (10), f(B), is a monotonically increasing function based on B;
then f(B) < f(B∗L). On the other hand, based on model (8), f(B

∗
L) =

f(B∗∗∗); therefore, f(B) < f(B∗∗∗). In addition, since the objective
function f(B) of model (10) is a monotonically increasing function of B,
according to Theorem 3.2, the constraint inequity CT Ẑ0λ1  B, which
is related to model (3), is an active constraint which makes the models
(3) and (8) equivalent. In this case, the maximum profit for model (3)
is f(B) < f(B∗∗∗).

(ii) If B∗L  B  B∗U , then, based on Theorem 3.1, the optimal value for
model (10) isf(B∗L) = f(B∗∗∗); thus f(B)  f (B) = f(B∗∗∗). Moreover,
f(B∗∗∗) is the optimal value for model (7) in dynamic network OSD
DEA model (3) without the budget constraint, then f(B)  f(B∗∗∗).
Thus, f(B) = f(B∗∗∗) and according to model (8), B∗L = min{B|f(B) =
f(B∗∗)}; therefore, in this case, the optimal budget for model (3) is B∗L,
whose maximum profit is f(B∗∗∗).

(iii) If B > B∗U , then, based on Theorem 3.3, the optimal value of f(B)
for model (3) is a monotonically non-decreasing function and f(B) >



AN OPTIMAL BUDGETING MODEL FOR DYNAMIC ... 15

f(B∗U ). For model (9), f (B
∗
U ) = f(B∗∗∗) and f(B)  f(B∗∗∗). Ad-

ditionally, since f(B∗∗∗) is the optimal value for (7), which is indeed
the dynamic network OSD DEA model (3) without the budget con-
straints, f(B)  f(B∗∗∗) , thus, f(B) = f(B∗∗∗). Based on model
(8), B∗L = min{B|f(B) = f(B∗∗)}; in this case, the optimal bud-
get for model (3) is B∗L. Based on Theorem 3.3, the optimal value of
model (10) is a monotonically decreasing function in terms of B where
f(B) < f(B∗U ) = f(B∗∗∗). Thus, DMU will face with budget congestion
when B > B∗U .

In accordance with the above analyses, the following corollary can be
obtained.

Corollary 3.6. The optimal budget for model (3) is B∗L and the max-
imum profit is f(B∗∗∗). Also, whenB > B∗U , DMU faces with budget
congestion.

Theorem 3.7. Let the optimal solution λ∗ = (λ1∗, λ2∗, . . . , λK∗) of (3)
satisfy CT Ẑ0λ1∗ < B , and let B∗∗ = CT Ẑ0λ1∗. Then, for any B  B∗∗,
we have f

�
B

= f (B∗∗) =Max(P T ẐKλK∗ − CT Ẑ0λ∗1). Thus, B∗∗ is

the optimal budget of the target organization.

Proof. Following [25], let (u∗, v∗, w∗) be the optimal solution to (11).
Then, the following complementary conditions hold:

(vk−1d )
T
(Ẑk−1d λk∗d − Ẑk−1d λ

(k−1)∗
d ) = 0, k = 2, 3, . . . ,K, d = 1, 2, . . . , D;

uk∗d (e
Tλk∗d − 1) = 0, k = 1, 2, . . . ,K, d = 1, 2, . . . , D;

w∗(CT Ẑ0λ1∗ −B) = 0;

(−(v1∗d )T Ẑ1d + u1∗d eT + w∗CT Ẑ0 + CT Ẑ0)λ1∗d = 0, d = 1, 2, . . . , D;

((v(k−1)∗d )T Ẑk−1d − (vk∗d )T Ẑkd + uk∗d eT )λk∗d = 0, k = 2, 3, . . . ,K − 1, d =
1, 2, . . . , D;

((v(K−1)∗d )T ẐK−1d + uK∗d eT − P T ẐKd )λ
K∗
d = 0, d = 1, 2, . . . , D.

Since CT Ẑ0λ1∗ < B, thus by the third equations above, we have w∗ = 0.
Now consider the linear programming problem of (12) and its dual prob-
lem (13) with a total available budget of B̄:
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f(B̄) =Max(P T ẐKλK − CT Ẑ0λ1) (12)

S. to : Ẑk−1d λkd − Ẑk−1d λk−1d  0, k = 2, 3, . . . ,K, d = 1, 2, . . . , D;

eTλkd  1, k = 1, 2, . . . ,K, d = 1, 2, . . . , D;

CT Ẑ0λ1  B̄;

λkd  0, k = 1, 2, . . . ,K, d = 1, 2, . . . , D.

f(B̄) =Min(wB̄ +
D

d=1

K

k=1

ukd) (13)

(−(v1d)T Ẑ1d + u1de
T + wCT Ẑ0  −CT Ẑ0, d = 1, 2, . . . , D;

(vk−1d )
T
Ẑk−1d − (vkd)

T
Ẑkd + ukde

T  0, k = 2, 3, . . . ,K, d =

1, 2, . . . , D;

(vK−1d )T ẐK−1d + uKd eT  P T ẐKd , d = 1, 2, . . . , D;

u1d, u
2
d, . . . , u

K
d  0, v1d, v2d, . . . , vK−1d  0, w  0, d = 1, 2, . . . , D.

Since CT Ẑ0λ1∗  B̄, and λ∗ is the optimal solution of (3) , then, λ∗ is
a feasible solution to (12) and (u∗, v∗, w∗) is a feasible solution to (13).
In addition, since w∗ = 0, the following complementary conditions hold:
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w∗(CT Ẑ0λ1∗ − B̄) = 0;

(−(v1∗d )T Ẑ1d + u1∗d eT + w∗CT Ẑ0 + CT Ẑ0)λ1∗d = 0, d = 1, 2, . . . , D;
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Ẑk−1d − (vkd)

T
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(−(v1d)T Ẑ1d + u1de
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K∗
d = 0, d = 1, 2, . . . , D.
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eTλkd  1, k = 1, 2, . . . ,K, d = 1, 2, . . . , D;
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(−(v1d)T Ẑ1d + u1de
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2
d, . . . , u

K
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d = 0, d = 1, 2, . . . , D.

Therefore, λ∗ is also the optimal solution to (12), and thus f(B̄) =
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Some of the advantages of the proposed dynamic network OSD DEA for
the exemplified case are:

1- This is the first attempt to allocate budget to the dynamic network
systems. The relevant results are summarized in Table 2.

2- Optimal budgeting in a dynamic network system was considered in
the allocation of the budget to DMUs which contained both parallel and
series processes. This model provides a visual impression of the effects of
the parallel processes and the intermediate processes on the series pro-
cesses in the budgeting. As Table 2 suggests, the first budgeting priority
had the profit equal to f(B) = 90.28571 and a budget consumption of
B∗∗ = 17.7143 for the first processes of DMUs 3 and 5 and the second
process of DMU1. If the conventional model (4) were used, only one
DMU would receive the budget, and the intermediate and the parallel
processes, which might play a significant role in the optimal budgeting,
would be most likely overlooked.

3- Due to the inherent constraints associated with Equations (3b) and
(3c) in the optimal budgeting method for the dynamic networks, it can
easily be recognized in case of one sub-process incurs losses.

4- If there is a limited budgeting, the budget can be allocated specifically
for the parallel processes in one DMU or in the series processes depending
on the intermediate procedures. In this case, the optimal budgets are
allocated based on the data provided in rows in Table 2.

4.2 Example 2

Suppose a service company with two counts of investments on two par-
allel independent business ventures: the international tourist hotels and
non-life insurance companies.

The data presented in Table 3 comes from Hsieh and Lin [10] and are
related to the first parallel process comprising 24 Taiwan’s international
tourist hotels. Their relevant inputs which are also inputs to the first
stage are: accommodation costs (X1), employees of the accommodations
department (X2), catering costs (X3) and employees of the catering
department (X4). The outputs of the system (which are also the outputs
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of the second stage) are: the revenue of the accommodations (Y1) and the
catering departments (Y2). The two intermediate products in the system
(the outputs of the first stage as well as the inputs for the second stage)
are: the rooms (Z1) and the catering floors (Z2). The price vectors for
the inputs and the outputs are C = (1, 0.24, 1, 0.48) and p = (1, 1),
respectively.

On the other hand, the second parallel process consisted of 24 non-life
insurance companies. The data of these companies were derived from
Hwang and Kao [17] as listed in Table 3. Their respective inputs are as
follows: operation expenses (X1): salaries of the employees and various
types of costs occurring during their daily operations; insurance expenses
(X2) are the expenses paid to the agencies, brokers, and solicitors and
other expenses associated with marketing the insurance service. The
outputs of the system (also the outputs to the second stage) are un-
derwriting profit (Y1): profit earned from the insurance business and in-
vestment profit (Y2): profit earned from the investment portfolio. There
are also two intermediate products in the system (constituting the out-
puts of the marketing sub-process as well as the inputs to the investment
sub-process): direct written premiums (Z1) (premiums received from the
insured clients) and reinsurance premiums (Z2) (premiums received from
the ceding companies).

The efficiency of the first stage measures the performance in marketing
the insurance service, while the efficiency of the second stage evaluates
the performance in generating profit from the premiums. The product
of the efficiencies of the two sub-processes is the total efficiency of the
process. These data are also presented in Table 3. The data were taken
from Hwang and Kao [11], and the averages were obtained between 2001
and 2002. The price vectors for the inputs and outputs are C = (1, 1)
and P = (1, 1), respectively.

The total available budget for the 24-DMU-unit sector was predicted
to be B = $48, 000, 000. The purpose of the dynamic system optimal
budgeting is defined as the data envelopment analysis of the dynamic
network OSD DEA via model (3). The optimum budget outcomes as
well as the initial budget of $25, 000, 000 to $55, 000, 000 are presented
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After allocating optimal budget to the first priority of the first process
from DMU1 and the second process from DMU13, these two processes
are removed from the latter DMUs and re-budgeting (B − B∗∗) is ex-
ecuted for other remaining DMUs. In this second priority, the optimal
budget B∗∗ = $2908910 is allocated to the first process of the DMU16
and the second process of the DMU9. In the last rows, only the second
process of DMU22 is allocated a budget of $26495. Besides the advan-
tages gained through model (3) in Example 4.1, it is worth mentioning
that despite available budget, since the first process of DMU9 and the
second process of DMU21 are not profit making, no budget is allocated
to them.

Using a dynamic network OSD DEA model in (3), in this example the
budget allocation was simultaneously affected by two parallel processes
for a company displaying a dynamic system of 24 DMUs. From a total
predicted budget of $48000000, $1627104 was surplus. If the allocated
budget is less than $48372896, the company will naturally face deficit
and budget allocation priorities are exhibited in Table 5. Accordingly,
the model is applicable to any numbers of DMUs that have a dynamic
network system.

5. Concluding Remarks

In order to solve the problems related to the dynamic network systems,
it is impracticable to resort to series or parallel problem solving meth-
ods. In case of using conventional methods, these can be interpreted
as disregarding series or parallel processes which can play crucial roles
in the optimal budgeting. To address the issue, the present study in-
troduced a new model of OSD modeling adopting DEA framework, ac-
companied by a new technique promoting the optimal design of the
DMUs network systems. To establish the model, the following was im-
plemented: optimal design of the network system, optimal budgeting
of the DMUs networks via entering series or parallel processes of each
DMU and optimal allocation of the budget at the process level based
on the limited budget of the organization. Meanwhile, a new technique
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for budgeting of the dynamic DMUs organization network is presented
based on DEA. Besides that, by prioritizing the DMUs in allocating the
budget, the proposed model managed to recognize the budget conges-
tions and deficits of the DMUs. The model was concurrently carried out
considering series and parallel processes of budgeting. Using the pro-
pounded dynamic network OSD DEA model, the budgeting of series
or parallel processes was also accomplished. In each DMU, the process
with higher returns was allocated with the optimal budget, while sugges-
tions were made to eliminate or increase the efficiency of the loss-making
processes. The presented two numerical and applied cases were also em-
ployed to illustrate both the feasibility and the efficiency of the proposed
model.
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