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Abstract. For an optimal system design (OSD), data envelopment
analysis (DEA) treats companies as black boxes disregarding their in-
ternal processes. Including the effects of these processes into companies,
internal mechanisms promote optimal budgeting allocation. The inter-
nal processes can be defined as series and parallel networks or a combina-
tion of them. In the literature, DEA is utilized as a way for OSD in order
to determine the optimal budget for companys activities in a system of
series network production; but it is not yet provided a method for the
optimal budgeting of dynamic systems. To fill this gap, a new model is
presented in this paper to evaluate a company’s optimal budgeting hav-
ing dynamic network system and allocates the optimal budget to each of
the internal processes of the Decision Making Units (DMUs), based on
the efficiency of internal processes. The advantages of this model (which
can be regarded as the first accomplishment) are expounded through the
research body. Within the framework of the dynamic network systems,
the optimal budgeting, the budget deficit and the budget congestion
along with superior features of the proposed model are also investigated
for dynamic systems. We have also used some theorems to theoretically
examine the feasibility of the model. Two study cases on which the sug-
gested model is implemented are further presented. In one application,
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the OSD network of a business entity with 5 DMUs is addressed; while
in the other, a business venture with 24 DMUs is analyzed.

AMS Subject Classification: 90C08
Keywords and Phrases: Decision making unit (DMU), budgeting,

Parallel systems, series systems, dynamic network system model via
DEA

1. Introduction

Data envelopment analysis (DEA) is a nonparametric method applied in
diverse fields including economy, industrial engineering and operations
research whose major goal is to estimate the production frontiers. It
has been empirically utilized to measure the productive efficiency of
Decision making units (DMUs) regarded as the entity in diverse ar-
eas of application responsible for converting inputs into outputs and
whose performances are to be evaluated. Despite the strong link of DEA
with production theories in economics, this approach could be used for
benchmarking of operations management, where a set of measures is
selected to benchmark the performance of manufacturing and service
operations. Within DEA, predefined systems (DMUs) are considered
through LP models so as to make a distinction between optimizing a
predefined system and designing an optimal one [30] The introduced
data envelopment analysis methods take the homogeneous functioning
methods of organizations as granted. In fact, they are focused on calcu-
lating the initial inputs and the final outputs, that is, they fail to include
the internal processes ([1], [4],[5], [9], [10], [11], [23], [31]). To address
this issue, several models have been designated. Fare and Grosskopf pub-
lished a paper entitled “network DEA” in 2000 where they explained the
importance of this type of analysis. Castelli, Pesenti, and Ukovich [2]
addressed the issue of efficiency evaluation of specialized and interde-
pendent decision making subunits derived from bigger decision making
units. Lewis and Sexton [24] worked on a two-stage DEA method to
measure the efficiency of units manufacturing products. In [8], the re-
searchers published an article entitled “Network DEA: Efficiency analy-
sis of organizations with complex internal structures” which proposed a
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were still used by other sub-units. They formulated the network DEA
for reverse output and input [19]. In the same year, Castelli, Pesenti,
and Ukovich published a paper which evaluated the efficiency of hier-
archically organized units. Prieto and Zofio [21] evaluated the potential
technical efficiency via comparing appropriate technologies for different
economies. Yu and Lin [28] explored the efficiency and effectiveness in
railway performance using multi-activity network DEA model. The ef-
ficiency decomposition in the DEA network was explored by Kao in [13]
which set up a relational network DEA model considering the interre-
lationship of the processes to simultaneously measure the efficiency of
the system and processes. Indeed, since 1998, numerous researches have
been dedicated to the measurement and analysis of the profit efficiency
via DEA methods in the network systems ([8], [12], [14], [15], [16], [17],
[22]). These methods, which require price data, have attracted a lot of
attention. Wei and Chang [26], instead of measuring the profit efficiency
of the existing network system, developed an optimal system design
(OSD) of DEA model for the optimal design of DMUs with series net-
work. They showed that by resorting to network OSD via DEA model,
DMUs can face with the notorious economic phenomenon of budget con-
gestion, implying the higher the injected budget, the lower the maximum
profit gain will be. In order to verify the optimal budget and the budget
congestion, Wei and Chang [25], developed a method for the accurate
extraction of the DMU optimal budget which checks the existence of
budget congestion in the OSD via DEA models. Their method was not
however apt for the network OSD via DEA models. Fang [7] developed
a new approach to derive the DMUs corresponding optimal budgets; it
checked the existence of budget congestion not only for the OSD via
DEA models but also for the OSD series network DEA models. Kou,
M. et al [18] proposed a new formulation for the dynamic network DEA
(DN-DEA) models based on systemic thinking to measure and decom-
pose the overall efficiency of multi-period and multi-division systems
(MPMDS). They adopted a general approach applicable to both radial
and non-radial measures. Interestingly, it presents a weighted average
decomposition of the overall efficiency score into component parts by a
set of endogenous weight sets. These sets were the highly appropriate for
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measuring the overall efficiency of the MPMDS tested as a whole, ensur-
ing the consistency in comparing the overall and the component efciency
scores. S. Lozano and B. Adenso [20] considered a multiproduct supply
network by network data envelopment analysis (NDEA) approach to as-
sess the efficiency of the product flows in varying periods. S.H. Zegordi
and A. Omid, [29], presented the DEA network to create a model for
the complete analysis of the Iranian handmade carpet company (IHCC)
at the same time. Bai-Chen et al. [27], applied the dynamic network
slacks-based measure model to analyze the environmental efficiency of
both the power systems and their divisions of provincial administrative
areas in China. Moreover, Shih-Liang Chao et al. [3] took advantage of
a dynamic network data envelopment analysis and proposed a model for
decomposing the shipping service production for a container shipping
company (CSC) into two processes: multiple evaluation periods linked
through a carry-over process.

Budgeting of the dynamic networks has found extensive applications in
industrial and service sectors and can cover a wider range of compa-
nies. Thus, solving these problems in these sectors is of crucial impor-
tance. A review of the literature reveals that no method has been so far
proposed for budgeting of the dynamic systems. The present paper is
thus the new attempt to develop a new method which can accomplish
optimal budgeting for the DMUs in a dynamic network system which is
one of the measure novelty of the paper: therefore, this paper presents
a method for optimal budgeting in dynamical DMUs system based on
DEA for the first time. In this regard, the feasibility of the model and
the existence of budget congestion in network OSD (NOSD) via DEA
models were investigated through some theorems (theoretically) and two
applied examples. Moreover, owing to the simultaneous use of series and
parallel networks, the proposed method is more effective as it reduced
the amount of the requisite budget and the budget spoilage.

The rest of this paper is organized as follows: In the next section, the
concept of NOSD DEA is explained. Section 3 discusses the optimal
budgeting and budgeting congestion for the dynamic network OSD DEA
models.
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Two examples are provided in Section 4 to elucidate the notion of the
proposed model. The final section is devoted to discussing the results
and conclusions.

2. Optimal System Design in DEA Dynamic
Network Models

The network internal processes can be defined as series and parallel
networks or their combination [13]. Systems with combined processes
(series and parallel) are called dynamic networks. The structures of a
dynamic network carry out identical operations for a DMU in each stage
where every two consecutive stages are connected via a carryover. Figure
1 depicts a dynamic network where the Z C’zj_l carryover is used in the

k-th input stage to produce the Zgj carryover (the values employed in
Figure 1 are provided in 2.1). In this research, the researchers developed
a special mode of dynamic networks. As can be seen, this system is
a series of horizontal systems where each process uses the carryover
produced by the previous one to produce similar products for use in
subsequent processes. It is also a parallel system vertically in which
each parallel process independently produces a stage with similar inputs
and outputs. The output of each process does not depend on the inputs
or outputs of the other parallel process.

~k ak-1 ak
] a1 ak-1 = AT AT
Z 1 Z 1 £y A Y ! i B
o | subDMU} | .., | Sub-DMU{ |—p . — | SUBDMUL | —p,
3 G B B zy
2 2 " L 2 P
L | subDMUL | .. | Sub-DMUS |—s .. —p| SUBDMU; | —p
% =2 s
f T E . Ak aK—1 = ~F B
mul> i % ‘ Zy Iy 2y e Y=
di dj df - =
Sub-DMU} Sub-DMUE sub-DMUE | |
a0 : al ak-1 : A't_ -1 = 21‘-‘
Z o Z oj Z oj Z oy 4 ] — ul
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Figure 1. Dynamic systems DMU ;s
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2.1 Notation

Below is a list of the required variables used in representation of the

dynamic network model in Figure 1 to determine the optimal budgeting:

3

number of DMUs ;

Total number of inputs;

Total number of outputs;

number of parallel systems used in each DMU;(j = 1,2,...,n);

number of series systems used in each DMU ;(j = 1,2,...,n);
number of independent inputs for DMU]; (k=1,2, ... ,K),
(d=1,2,...,D);
number of independent outputs for DMU'; (k=1,2, ... |K),
(d=1,2,...,D);

X =2°=(2%29,...,2% > 0 the input vector of m xnD
for the DMUs;
Y = 2K = (ZK,ZK, ..., ZK) > 0 the input vector of s xn.D
for the DMUs;
Xj=2)=(23;,29;,...,29;) >0(j =1,2,...,n) the
input vector for the j —th DMU;
V=25 = (285, 255,...,2f5;) > 0(j = 1,2,...,n) the
input vector for the j — th DMU;

D 7o : .
> _d—1 Zg4; number of input measures;

D 7K .
> a1 Z, 4 number of output measures;

T
7

A
C
P

B

Production possibility sets;

Generalized dynamic system production possibility sets for
DMU; (j=1,2,...,K),(j =1,2,...,K);

(nD)x1vector A = A1, Ag, ..., Ap) € R"P Ny = (AL, A2, ... A7)
€ R,

m x 1 vector CT = (C1,Cs,...,Cp)T > 0 representing the
input;

s x 1 vector PT = (P, P,,..., Pp)T > 0, representing the
output prices;

Total accessible budget.
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2.2 The proposed model: An explanation

Let a production system comprise n DMUs in which each DMU;(j =
1,2,...,n) has a dynamic system comprising D x K sub-DMUs; this
network system has a K sub-process of series and a D sub-process of
parallel independently, DMU¥(d = 1,2,...,D),(k = 1,2,..., K) have
k series sub-process and d parallel sub-processes.

Let us further assume that Xj = Z;) = (Z%,Zgj, .. .,Z%j) > 0, Zf =
(D25 Z5) > 0, Y = 2K = (ZE 2K, ZK) > o =
1,2,...,n) are the input, carryover and output vectors of DMU;(j =
1,2,...,n), respectively. Fig. 1 depicts the case of DMU; where in each
of its sub-DMUs, the total inputs consumed and outputs produced by
the D sub-DMUs of DMUj are X; = Y20, 23, and V; = S0, ZK(j =
1,2,...,n), respectively. Note that parallel systems do not have inter-

mediate products for connecting different processes.

To develop the dynamic network system via DEA model, first, the sys-
tem production possibility set T and the generalized dynamic network
system production possibility set T C]fare presented as provided in( [11],
[25], [27]):

T={xzy| X =z, YA>y, eFA<1,A >0, A e R"}. (1)

Tk = {(Xg,yd’“,zj;) | XENE = XE VRN > vk Zhlkel < gk
ZENE > zE eTAR <1, M >0, Ak e R} (2)

Let CT = (Cl,CQ,...,CD)T > 0 and PT = (Pl,PQ,...,PD)T > 0 be
the unit price vector of inputs and outputs, respectively. If the DMUs
total available budget B is known, then the following dynamic network
system OSD via DEA model is suggested by maximizing the profit. Thus
wise:

'Some [2], [8] investigated the best possible ways for allocating inputs X; of
a DMU; to its different sub-DMUs to optimize the systems.



8 A. FAKHARZADEH JAHROMI AND M. H. MOJTABAEI

f(B) = Max (PTZEXF — €T Z0\Y)

(a)
S.to:ZE "INk — ZETINEL <0k =2,3,... K, d=1,2,...,D;(

b)

X<, k=1,2,...,K, d=1,2,...,D; (c)
CTZO\' < B; (d)
MN>0 k=1,2...,Kd=1,2,...,D, (3)

wheree? = (1,1,...,1)T € R*, Zk = (251 252,...,2§n),kzo,l,...,K,
d=1,2,...,D.

The objective function of problem (3) shows the model’s maximum profit
i.e. the difference between the revenues and the costs in the optimal
solution. For calculating the revenue, the last output process and the
cost, the first input of each DMU was considered. In model (3), for
each parallel process, there are K-1 series constraints. The total num-
ber of constraints (3b) equals to D x (K — 1). Relation (3d) indicates
the budget constraint; while relation (3c) characterizes the proposed
model providing the optimal budgeting for similar parallel processes in
DMUs. Indeed, this relation shows that for each £k = 0,1,..., K, there
are D number of parallel constraints. Constraint (3e) includes the vari-
ables of the model. It should be noted that the feasible set of (3) is not
an empty set and has at least a trivial solution. Moreover, Relation (2)
shows that we are faced with a variable return to the scale model.

Assuming K = 1 andD = 1, the model of (3) changes to OSD DEA
with Equation (4) given by [25].

f(B) = Maxz (PTYX—CTX)\) (4)
S.to:eA<1;
cTZx\ < B;
A>0,

where e = (1,1,..., D)7, X = (X1, Xo,..., X,),Y = (Y1, Ya,..., V}).
If we consider D=1, using Equation (3) of the series network OSD DEA
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model by Lei Fang [7], we will have:

f(B) = Max (PTZEXNE — cTZ0\1)

S.to:ZFINF — ZF-IN-L <0, K =2,3,.. ., K;
eI\ <1, k=1,2,... K; (5)
cTZ0\' < B;
MN>0 k=12 K,

where ¢ = (1,1,..., 1) e R", Zk = (ZF, 2k ..., ZF), k=0,1,... K.
If K =1, the parallel network OSD DEA model (3) provides:

f(B) = Max (PTZXx—CTZ)) (6)
ef\g<1,d=1,2,...,D;
CTZ\ < B;

AN >0,d=1,2,...,D,

where e = (1,1,...,1)" € R", Z% = (Zn, Zao, - - ., Zan),d = 0,1,..., D.
The present paper assumes that the inputs of parallel processes are sepa-
rate. For the cases with shared inputs, prior to modeling of the problem,
the percentage of the shared input usage in each process should be de-
termined using the previous data or some experts opinion [1].

3. Determining the Optimal Budget

Here, we try to show the optimal budget determination method and
the budget congestion checking with regard to the dynamic network
OSD DEA model. In order to determine the optimal solution for model
(3), the following procedures were indicated. The procedure stages are
presented and proven based on some theorems.

First, regardless of the budget constraints, the dynamic network of the
OSD DEA model in (3) was set up and its relevant optimal solutions
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were obtained:

f(B) = Maxz (PTZEXE — T ZO0\1) (7)
S.to:ZFINF — ZF-INCL <0k =2,3,.. . K;
N1, k=1,2,... K, d=1,2,...,D;
MN>0k=12...K,d=1,2,...,D.

Let f (B***) be the optimal value for model (7). If model (7) has multiple
optimal solutions, we solve models (8) and (9) to obtain the minimum
budget and the maximum budget, respectively. From (8) and (9), the
minimum cost B} and the maximum cost By; can be obtained based on
the optimal value f (B***) from (7) (see the second constraint of (8) and

(9))-

Min By, (8)
S.to:ZF Nk — ZF-INE-L <0, £k =2,3,...,K,d=1,2,...,D;
PTZENK _ 0T 50,1 = f(B™);
CTZO\' = By;
N <1, k=1,2,... K, d=1,2,...,D;
MN>0k=1,2...,K,d=1,2,...,D;

Maz By (9)
S to :ZFINe — ZETINL <0, £ =2,3,...,K,d=1,2,...,D;
PTZENK _ 0T 70,1 = f(B*™);
CTZ\' = By;
X<, k=1,2,...,K, d=1,2,...,D;
MNe>0,k=1,2,...,K,d=1,2,...,D.

Let us assume that B} and By; are the optimal values of objective func-
tions of models (8) and (9) respectively; if it is assumed that the avail-
able budget B has been consumed completely, the dynamic network OSD
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DEA of (3) can be expressed as:

f(B) = Max (PTZEXNE — cTZ0\1) (10)
S.to: ZFINE — ZFIN-L <0, k=2,3,...,K,d=1,2,...,D;
X<, k=1,2,...,K, d=1,2,...,D;
CTZO)\l —
AE >0, k::l,2,...,K, d=1,2,...,D.
In the following theorem, we are going to search among the allocated
budget B to the model (10) in [B}, Bf;] for different cases.

Theorem 3.1. For the available budget B, if B} < B < Bf;, then the
optimal value for model (10) is f(B***).

Proof. we follow [7] and for B} < B < B{;, we can define B = B} +

a(Bfy — B;),0 < a < 1. Let A} = (A3, A5, ...,A ), and \}J =
(M7, MY, ...  ABy) be the optimal solutions for models (8) and (9) ,

respectively. We define A\! = )\1L* + oz(/\%]* — )\1L*), 0 < a < 1; and the
following obtains:

CTZON =CT 200\ + a(\f — Ab))
= aCT 200 + (1 — )CT 200}
=aB; + (1 —«a)B], = B;
"N =e" (NI + o\ — ML)
=aef M 4+ (1—a)ef M <1,d=1,2,...,D, k=1,2,..., K.

Also we have:

Zk—l)\k* _ Zk:—l)\(kfl)*

= ZFL Ol a0\l — M) — ZE T oA )

— a(ZE Ak — 26D (1= a)(Zh ks — 2 e ) <0,
d=1,2,....D, k=1,2,... K.
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Thus, A! is a feasible solution for model (3), and:

f(B) =PTZE K — T 20\
= PTZAOE + a0 — M) — CTZ00) + a0 — M)
= a(PTZENE* — CTZON) + (1 — ) (PTZENE — 0T 2001
—af(B) + (1 - a)f(B™) = [(B™).

According to the above relation, when f(B) equals f(B***), A! is an

optimal solution for model (3) , and f(B) = f(B***) for B} < B <
By. O

Theorem 3.2. When B < B}, the optimal value for model (10) , f(B)
is a monotonically increasing function of B.

Proof. we follow [7] assuming thatB; < By < Bj ; let /\’12,*1 and )\lfg*z be
the optimal solutions for model (10) subject to the budget equaling Byand
Bj | respectively. In case of By < By < Bj, determine By = B1+((Ba—
B1),0 < 8 < 1. Specify )\1352* = Agj%—ﬁ(kgﬁ‘—)@f); then, the verification
that A5* is a feasible solution for model (10) will be straight forward.
f(By) =PTZFNEr — CTZONg,

= PTZROBS + BOES = AB)) — CTZ°(N, + B0 — AB))

= B(PTZRNE: = CTZON5) + (1 = B)(PTZ5Nr — €T 200}

= Bf(BL) + (1 = B)f(B).

Indubitably, f(Bj) > f(Bi); then, f(Bz) = Bf(B1) + (1 — B)f(B1) =
f(B1); hence f(B) is a function of B which monotonically increases for

B<Bi O
Theorem 3.3. When B > By;, the optimal value for model (10), f(B)

is a monotonically decreasing function of B.

Proof. The proof is similar to that of Theorem 3.2. [

If f(B) is defined via the entire domain @ = {B|B > 0, B € R}, then
the optimal budget (3) is defined as:

Definition 3.4. Let B** € Q. If f(B) < f(B**) for anyB € Q, that is,
Mazgeaf(B) = f(B*), the B**) is called the optimal budget for (3).



AN OPTIMAL BUDGETING MODEL FOR DYNAMIC ... 13

Theorem 3.5. f(B) is a monotonically non-decreasing concave function
of B over domain ), here f(B) > 0, and f(0) = 0.

Proof. As indicated by [25], it is not a difficult to verify that f(B) is
a monotonically non-decreasing function i.e., f(B) > 0, and f(0) = 0.
Thus, all we need to show is thatf(B) is a concave function. The dual
problem (11) of (3) can be stated as:

D K
f(B)=Min(wB+»_ Y uk) (11)

d=1k=1
S. to: —(UCII)TZAC% + ule” + wCTZ% > —c"2%d=1,2,...,D;

(W5 25— () ZE e >0, k=23 K -1,

d=1,2,...,D;

1T A5 A
WE Y ZE 1 ulfe > PTZE d=1,2,...,D;
u}l,u?l,...,uff20,@5,03,...,1}5‘1>O,w>0,d:1,2,...,D,

where uf € R,w € R,v% € R*. R is defined as a feasible set of (11),
specifically,
R ={(uy,u,...,Ug,v1,v2,...,05_1,w)|
— (W' 2+ ube” + w0TZ20 > 0720, d=1,2,...,D,
WY ZE oy 2 b >0k =23, K —1,d=1,2,....D,
WK ZE el > PTZK g =19, D,

1,2 K 12 K-1
Ug, ug, ..., ug = 0,v3,v5,...,v;  =20,w>0,d=12,...,D}.

Then, for any By > 0, By > 0, a € [0, 1], we have:
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flaB1+ (1 —a)By) =

D K
Minglw(aBy + (1 - a)By) + > Y ul] =

d=1 k=1
D K D K
Ming[a(wB; + Z Zulj) + (1 — a)(wBs2 + Z Zu’j)] >
d=1k=1 d=1k=1
D K D K
Mingla(wBy + > Y uf)] + Ming[(1 — o)(wBa + Y > uf] =
=1 k=1 d=1 k=1

hence, f(B) is a concave function. [

Now we can illustrate the relationship between the dynamic networks
OSD DEA model (3) and models (8)and (9) , as well as Theorems 3.1,
3.2 and 3.2 as follow:

(i) If B < Bj, then according to Theorem 3.2, the optimal value for
model (10), f(B), is a monotonically increasing function based on B;
then f(B) < f(Bj). On the other hand, based on model (8), f(B}) =
f(B**); therefore, f(B) < f(B**). In addition, since the objective
function f(B) of model (10) is a monotonically increasing function of B,
according to Theorem 3.2, the constraint inequity CTZ\' < B , which
is related to model (3), is an active constraint which makes the models
(3) and (8) equivalent. In this case, the maximum profit for model (3)
is £(B) < f(B™).

(ii) If B} < B < By, then, based on Theorem 3.1, the optimal value for
model (10) isf(B}) = f(B***); thus f(B) > f(B) = f(B**). Moreover,
f(B**) is the optimal value for model (7) in dynamic network OSD
DEA model (3) without the budget constraint, then f(B) > f(B**).
Thus, f(B) = f(B**) and according to model (8), B} = min{B|f(B) =
f(B**)}; therefore, in this case, the optimal budget for model (3) is B7,
whose maximum profit is f(B***).

(iii) If B > By, then, based on Theorem 3.3, the optimal value of f(B)
for model (3) is a monotonically non-decreasing function and f(B) >
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f(Byf;). For model (9), f(Bf;) = f(B**) and f(B) > f(B**). Ad-
ditionally, since f(B***) is the optimal value for (7), which is indeed
the dynamic network OSD DEA model (3) without the budget con-
straints, f(B) < f(B**) , thus, f(B) = f(B*™*). Based on model
(8), B} = min{B|f(B) = f(B**)}; in this case, the optimal bud-
get for model (3) is B*. Based on Theorem 3.3, the optimal value of
model (10) is a monotonically decreasing function in terms of B where
f(B) < f(Byy) = f(B**). Thus, DMU will face with budget congestion
when B > Byj.

In accordance with the above analyses, the following corollary can be

obtained.

Corollary 3.6. The optimal budget for model (3) is B} and the max-
imum profit is f(B***). Also, whenB > B{;, DMU faces with budget
congestion.

Theorem 3.7. Let the optimal solution \* = (A, \2*, ..., \E*) of (3)
satisfy CTZON* < B, and let B** = CTZO\'*. Then, for any B > B**,
we have f (B) = f (B*) = Maz(PTZENE* — 0T Z0X*1Y. Thus, B** is
the optimal budget of the target organization.

Proof. Following [25], let (u*,v*,w*) be the optimal solution to (11).
Then, the following complementary conditions hold:

(k) (Zh—Iake — ZE=1\=Dy _ 0 k=23 .. K, d=1,2,...,D;
uk (A~ 1) =0,k=1,2,...,K, d=1,2,...,D;

wH(CT 20\ — B) = 0;

(—(v 1*)Tzd +ubel +wCTZ° + T2\ =0, d=1,2,...,D;
(WD ZE=1 ()T 2k pubreT )N =0, k=2,3,..., K -1, d =
1,2,...,D;

(v fi )TZK VpulteT — pTZEVK* =0, d=1,2,...,D.

(

Since CTZ0\* < B, thus by the third equations above, we have w* = 0.
Now consider the linear programming problem of (12) and its dual prob-
lem (13) with a total available budget of B:
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f(B) = Max(PTZENKE — cT 20\ (12)
S.to: ZETINE — ZEINETL <0,k =2,3,... K, d=1,2,...,D;
eINE<1 k=1,2,...,K,d=1,2,...,D;
cTZO\' < B
MNe>0k=1,2,....,K,d=1,2,...,D.

D K
f(B) = Min(wB+Y > uk) (13)
d=1 k=1
(—(vé)TZAé + ulel + wCTZ2% > -c"2° d=1,2,...,D;

(05 257 = o) ZE " > 0.k = 2.3, K, d =

1,2,...,D;
(WEHTZE  pulfe > PTZE d=1,2,...,D;
ué,uﬁ,...,uff}O,vé,vﬁ,.. vfl 0,w>0,d=1,2,...,D.

Since CTZO\* < B, and A* is the optimal solution of (3) , then, \* is
a feasible solution to (12) and (u*,v*,w*) is a feasible solution to (13).
In addition, since w* = 0, the following complementary conditions hold:

(d Wkt \ke _ gh=1\G=Dy g k=93 K, d=1,2,...,D;
ulb (A —1)=0,k=1,2,...,K, d=1,2,...,D;

w*(CTZAO)\l*_ *):0;

(—(v 1*)TZI+u1*eT+w*CTZO+CTZO))\1* =0,d=1,2,...,D;
(FIT Zh=1 (k)T 25 4 ubeT )N =0, k=2,3,..., K -1, d=
1,2,...,D;

((UC(IK 1)*)TZK 1+uff*eT PTZCIZ())\ff*:O, d=1,2,...,D.

Therefore, \* is also the optimal solution to (12), and thus f(B) =
PTZENKx _ CT 70\ = f(B**) for any B > CTZ\'* = B**. Besides,
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f(B) < f(B**) for any B € Q,B < B** since f(B) is a monotonically
non-decreasing function by Theorem 3.5. In this regard, B** = CT ZO\!*
can be considered as the optimal budget. [

Using Theorem 3.7, it can be concluded that the optimal budget B** for
the target DMU and the optimal values of inputs and outputs are the
expected results of (3) regardless of the budget constraints. Incidentally,
the procedure of finding the optimal budget is shown through a flowchart
in the Appendix.

4. Empirical Illustration

Two numerical cases were used to illustrate model (3). Input-based DEA
techniques were used for the dynamic network OSD DEA model. The
first example included 5 DMUs and the second one was an applied case
containing 24 DMUs. In order to solve the relevant problems, LINGO
10.0 on a 2.20 GHz Intel Core Dual E2200 PC having a 1.98 GB RAM
was employed. The CPU time for solving the problem given below was
1 second.

4.1 Example 1

Consider 5 DMU data from Kao [15]. The relevant data are listed in
Table 1.

Table 1: Dynamic network system

Process 1 Process 2

DMU 23 21 2 :23 22 22

B | dy [ a3 [ A [ 5 | g1 [ 9 [ #7125 |25 | 25 | 97 |95
1 9 |50 1 {2010 (100 |35| 7 [35] 2 (35|10 | 90 | 35
2 10|40 4 |10 |15 8 | 10| 7 [ 30| 5 |10 |25 | 100 | 25
3 9 130 3|8 |20 96 [30|12]40| 4 |20 |25 | 120 |10
4 8 |25 1 |10|10| 60 |15] 9 | 25| 2 [10| 10| 110 | 15
5 10|40 5 | 15|20 | 85 ‘ 25110 (50| 1 (20|15 | 80 | 20

If, for example, C' = (0.5,0.1,0.5), P = (0.2,1) and B = 100 are the
cost and price vector coefficients, then the dynamic network OSD DEA
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model for this example includes K = 2, D =2, m = 6, s = 4. Fig 2
shows the information. In the exemplified case, the optimal budgeting

for the dynamic network system related to the data from 5 DMUs was

conducted; each of which contained two parallel processes in which each

parallel process included two series processes.

Ej zh
— bMU! |—
z=2 ;.
i Z5 7
— pMU;  |—»

72
Zy;

DMU}

DMU3

Figure 2. Dynamic Systems DMU;

As for this case, model (14) was executed using Equation (3).

f(B) = Max (PTZ2)\? — CT 20\

(14)

S.to: ZF7INE — ZFTINETL <0, k=2, d = 1,2
X<, k=1,2, d=1,2;
cTZ\!' < B;
MNe>0,k=1,2,d=1,2.

Table 2 summarizes the results obtained by solving the problem. Some

of the results are analyzed in the following.

Table 2: Optimal solutions using model (3) for 5 DMUs

Dynamic model B = 100
Row Process 1 Process 2 F(B) B** B — B**

Mg =0/7142857, | A3, =1, 90/28571 | 17/7143 | 82/2857

1 AL =0/2857143, | A} =1,
A =1,

2 N =1, A3y =1, 81,/00000 19 63,/2857
AL =1, Ay =1,

3 N, =1, A, =1, 51/66667 | 12/3333 | 50/9524
A, =1, A, = 0/4444,

4 Ay =1, A3, =1, 46/00000 17 33/9524
Moy =1, A = 0/5714286,

5 This process has no | A3, = 1, 29/00000 8 25/9524
optimal solution. Ay =1,




AN OPTIMAL BUDGETING MODEL FOR DYNAMIC ... 19

Some of the advantages of the proposed dynamic network OSD DEA for
the exemplified case are:

1- This is the first attempt to allocate budget to the dynamic network
systems. The relevant results are summarized in Table 2.

2- Optimal budgeting in a dynamic network system was considered in
the allocation of the budget to DMUs which contained both parallel and
series processes. This model provides a visual impression of the effects of
the parallel processes and the intermediate processes on the series pro-
cesses in the budgeting. As Table 2 suggests, the first budgeting priority
had the profit equal to f(B) = 90.28571 and a budget consumption of
B* = 17.7143 for the first processes of DMUs 3 and 5 and the second
process of DMUIL. If the conventional model (4) were used, only one
DMU would receive the budget, and the intermediate and the parallel
processes, which might play a significant role in the optimal budgeting,
would be most likely overlooked.

3- Due to the inherent constraints associated with Equations (3b) and
(3¢) in the optimal budgeting method for the dynamic networks, it can
easily be recognized in case of one sub-process incurs losses.

4- If there is a limited budgeting, the budget can be allocated specifically
for the parallel processes in one DMU or in the series processes depending
on the intermediate procedures. In this case, the optimal budgets are
allocated based on the data provided in rows in Table 2.

4.2 Example 2

Suppose a service company with two counts of investments on two par-
allel independent business ventures: the international tourist hotels and
non-life insurance companies.

The data presented in Table 3 comes from Hsieh and Lin [10] and are
related to the first parallel process comprising 24 Taiwan’s international
tourist hotels. Their relevant inputs which are also inputs to the first
stage are: accommodation costs (X7), employees of the accommodations
department (X3), catering costs (X3) and employees of the catering
department (X4). The outputs of the system (which are also the outputs
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of the second stage) are: the revenue of the accommodations (Y7) and the
catering departments (Y3). The two intermediate products in the system
(the outputs of the first stage as well as the inputs for the second stage)
are: the rooms (Z7) and the catering floors (Z3). The price vectors for
the inputs and the outputs are C' = (1,0.24,1,0.48) and p = (1,1),
respectively.

On the other hand, the second parallel process consisted of 24 non-life
insurance companies. The data of these companies were derived from
Hwang and Kao [17] as listed in Table 3. Their respective inputs are as
follows: operation expenses (X1): salaries of the employees and various
types of costs occurring during their daily operations; insurance expenses
(X2) are the expenses paid to the agencies, brokers, and solicitors and
other expenses associated with marketing the insurance service. The
outputs of the system (also the outputs to the second stage) are un-
derwriting profit (Y7): profit earned from the insurance business and in-
vestment profit (Y2): profit earned from the investment portfolio. There
are also two intermediate products in the system (constituting the out-
puts of the marketing sub-process as well as the inputs to the investment
sub-process): direct written premiums (Z;) (premiums received from the
insured clients) and reinsurance premiums (Z3) (premiums received from
the ceding companies).

The efficiency of the first stage measures the performance in marketing
the insurance service, while the efficiency of the second stage evaluates
the performance in generating profit from the premiums. The product
of the efficiencies of the two sub-processes is the total efficiency of the
process. These data are also presented in Table 3. The data were taken
from Hwang and Kao [11], and the averages were obtained between 2001
and 2002. The price vectors for the inputs and outputs are C' = (1,1)
and P = (1,1), respectively.

The total available budget for the 24-DMU-unit sector was predicted
to be B = $48,000,000. The purpose of the dynamic system optimal
budgeting is defined as the data envelopment analysis of the dynamic
network OSD DEA via model (3). The optimum budget outcomes as
well as the initial budget of $25,000,000 to $55,000,000 are presented
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in Table 4. This table also shows the range of optimal budget, or the
range in which it has a deficit or congestion.

Table 3: Input, intermediate and output data for dynamic systems

Process 1
DMU a1 2 I3 £ N Z 0 U2 E B 2 2 0N 92

1 251708/2 | 190000 | 688564,/1 | 451000 | 873000 | 193500 | 1332495 | 1044862 | 1,178,744 | 673,512 ‘ 7.451,757 | 856,735 984,143 681,687
2 215692/4 | 260000 | 621045/2 | 512000 | 686000 | 232000 | 799749/3 | 989555/8 | 1,381,822 | 1,352,755 ‘ 10,020,274 | 1,812,894 | 1,228,502 | 834,754
3 / 214000 | 491793/9 | 298000 | 422000 | 270000 | 720400/8 | 720999/8 | 1,177,494 | 592,790 ‘ 4,776,548 560,244 203,613 J
4 474292/ 182000 | 837118/6 | 342000 | 569000 | 230100 | 757776,/2 | 1032715 601,320 594,259 3,174,851 371,863 248,709
5 277457/9 | 214000 | 604081 /8 | 411000 | 606000 | 152000 | 637248/3 | 656468 | 6,699,063 | 3,531,614 | 37,392,862 7,851,229 | 3
6 112866/8 | 134000
7 398321/1 | 211000

Process 2

340400/4 | 230000 | 288000

2,627,707 | 668,363
1,942,833 | 1

8 [ 219183/2 | 146000

9 110000 250000 | 85000

10 751000 | 240134/8 | 211000 | 345000 | 56900

11 69000 | 143161/9 | 81000 | 220000 | 46400 146915 160459/4 672,414
12 86000 | 263655/4 [ 200000 | 268000 | 64500 | 251241/7 | 347052 650,952

13 69167/55 | 41000 | 185515/8 | 136000 | 209000 | 47700 | 223481/6 | 234118/8 | 2 )41 | 136,802
14 118717/8 | 83000 | 189168/4 | 93000 | 336000 | 115000 | 188142/4 | 187872/1 | 1,396,002 | 988,888 7,396,396
15 62196,/25 | 69000 | 179051/2 | 133000 | 202000 | 69400 | 238299/8 | 208562/8 [ 2,184,944 | 651,063 | 10,422,297 | 749,893
16 153422 75000 [ 172270/9 [ 98000 | 388000 | 137100 | 336526/1 | 206683/8 | 1,211,716 [ 415,071 5,606,013 102,881
17 120982/8 | 79000 [ 123667/9 | 101000 | 228000 | 41000 195102 | 106¢ 1,453,797 | 1,085,019 | 7,695,461
18 79332/69 | 83000 / 79000 | 287000 | 84000 | 121322/7 | 89347/ 757,515 547,997 | 3,631,484

19 53000 79000 | 215000 | 70000 113419/5 | 159,422 182,338

20 75000 [ 80618/43 | 65000 | 304000 | 75700 | 104180/2 | 65479/56 | 145,442 53,518 26,

21 68000 [ 46489/84 ‘ 45000 [ 243000 | 26500 | 147662/1 | 42248/13 84,171 26,224 40,542 51,950 6,491
22 46000 | 67006/04 | 44000 | 201000 | 102300 | 92087.87 /3 15,993 10,502 14,57 82,141 4,181
23 33000 [ 8904/455 | 11000 | 97000 4800 | 34923/62 54,693 28,408 49,864 0 18,980
24 173000 | 727949/1 ‘ 383000 | 436000 | 301000 | 444194/9 | 742426/4 | 163,297 235,094 476,419 644,816 142,370 16,97

The optimal budgeting of the DEA dynamic network for all DMUs is
summarized in Table 5 as follows.

The first column of Table 5 (left to right) shows the budget allocation
priorities. The second column presents the optimal solution X{?, k =
1,2,7=1,2,...,24 for the first process (24-DMU Taiwan’s international
tourist hotels). The third column shows the optimal solutionAgf,k =
1,2, =1,2,...,24 for the second process (24-DMU non-life insurance
companies) with X{jl., X{?, )\5} and XQ? where the first two ()\*1‘}, X{?) re-
spectively relate to optimal budget and revenue of the first process (col-
umn 2), while the second two ()\gjl-,
budget and revenue of the second process(column 3). In the first pri-
ority, according to theorems, we have A\j3; = 1 and A\5l; = 1, i.e. the
optimal budget is allocated to the first process of DMU1 and the second
process of DMU13. The last five columns illustrate f(B**), By, By, B**

and B — B**, which in the order mentioned relate to model the op-

)\EJQ) respectively relate to optimal

timal profit, minimum budget, maximum budget, optimal budget and
congestion budget.

Table 4: Optimal value w.r.t. different values for budget B

[ 5500000 [ 5000000 | 4500000 [ 4000000 | 3949095 [ 3949095 | 3540000 | 3000000 | 2500000 | 2000000 [ B |
[ 3514810 | 3581722 | 3648634 | 3715546 | 3722290 | 3722290 | 3587084 | 3395668 | 3183574 | 2971480 | f(B) |
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In this regard, the first process is the hoteling sector which had the first
priority with an allocated budget of $1202352 and a profit of $1174970;
the second process is the non-life insurance industry recognized as the
first priority with an allocated budget of $2746743 and a profit of $2547320.

Table 5: Dynamic Network OSD DEA results using model (3) for 24

DMUs

Parallel model B = $43000000
ROW Process 1 Process 2 F(B) By, By B** B — B**
Mg =1 A, =1 3722290 | 3949095 | 3949099 | 3949095 | 44050905
1 Ao1 = 0.9999713 | A3, = 0/2152085 | 3722290 | 3949095 | 3949099 | 3949095 | 44050905
A3,; = 0/7847915, | 3722290 | 3949095 | 3949099 | 3949095 | 44050905
Mie=1 Moo = 0/9999998 | 2947431 | 2908910 | 2908916 | 2908910 | 41141994
2 M2, = 0.2745565 | Mg = 0/1279882 | 2047431 | 2008910 | 2908916 | 2908910 | 41141994
)\‘f% = 0.7254435 )\517 = 0/8720118 | 2947431 | 2908910 2908916 2908910 | 41141994
Algo = 0/2208805 )\%02 =1 2635943 | 3678728 3678728 3678728 | 37463266
3 Alge = 0/7791195 by 05 = 0/1219985 | 2635943 | 3678728 3678728 3678728 | 37463266
AMos =1 A317 = 0/8780015 | 2635943 | 3678728 | 3678728 | 3678728 | 37463266
Al1a = 0/9999999 | Ajp; = 0/9999999 | 2508958 | 2224702 | 2224717 | 2224702 | 35238564
4 Afos = 0/0783691 )\g 5 = 0/00869663 | 2508958 | 2224702 2224717 2224702 | 35238564
Afos = 0/9216309 A3z = 0/9913034 | 2508958 | 2224702 2224717 2224702 | 35238564
Aoz =1 Ados = 0/9999997 | 2317277 | 11051223 | 11051323 | 11051223 | 24187342
5 Afos = 0/7164416 A\ 05 = 0/9999997 | 2317277 | 11051223 | 11051323 | 11051223 | 24187342
X{O(‘) = 0/2835584, 2317277 | 11051223 | 11051323 | 11051223 | 24187342
Afo7r = 0/1228890 Asis = 0/6717024 | 2241727 | 2364151 2364152 2364151 | 21823191
6 Alig = 0/8771110 As1g = 0/3282976 | 2241727 | 2364151 2364152 2364151 | 21823191
Alos = 0/9990009 A7 =1 2241727 | 2364151 2364152 2364151 | 21823191
Alos = 0/2578919 Az0s = 0/1637263 | 1913133 | 2691670 | 2691675 | 2691670 | 19131520
7 Algp = 0/7421081 Aj16 = 0/8362737 | 1913133 | 2691670 | 2691675 | 2691670 | 19131520
Aog = 0/9980148 Agr=1 1913133 | 2691670 | 2691675 | 2691670 | 19131520
Alg; = 0/2578919 Azor = 0/1637263 | 2017444 | 2587359 | 2587365 | 2587359 | 16544161
8 Algy = 0/7421081 Adig = 0/8362737 | 2017444 | 2587359 | 2587365 | 2587359 | 16544161
Aog = 0/9980148 A, =1 2017444 | 2587359 | 2587365 | 2587359 | 16544161
Mo =0/2590584 [ AL, =0/9195919 | 1620666 | 2977973 | 2977980 | 2977973 | 13566188
9 )\1119 = 0/7409416 X303 = 0/080408 1620666 | 2977973 2977980 2977973 | 13566188
M2y, = 0/9923633 | M, =1 1620666 | 2077973 | 2077980 | 2977973 | 13566188
)‘}Ob‘ = 0.9949648 Az12 = 0.0654201 | 1569631 | 3035317 3035319 3035317 | 10530871
10 )‘hl = 0.0.005035 Az14 = 0.9345798 | 1569631 | 3035317 3035319 3035317 | 10530871
X{OG = 0.9981479 A\ 17=1 1569631 | 3035317 3035319 3035317 | 10530871
| M, =1 Mo = 0/7511937 | 1241821 | 2788078 | 2788081 | 2788078 | 7742793
A2 = 0/6693207 | A3;; =0/9999998 | 1241821 | 2788078 | 2788081 | 2788078 | 7742793
12 Az =1 Az = 0/9999999 | 1174016 | 2860463 2860464 2860463 4882330
Ao = 0/6752924 A317 = 0/9999999 | 1174016 | 2860463 2860464 2860463 4882330
13 Atz = 0/9999029 Ag03 = 0/0840859 393441 478627 478628 478627 4403703
AT19 = 0/6386541 Ao =1 393441 478627 478628 478627 4403703
At = 0/9932118 | A3y, = 0/0570524 | 383387 630416 630421 630416 3773287
14 Alag = 0/0067819 | A5y =1 383387 630416 630421 630416 3773287
A2y, = 0/8234236 383387 630416 630421 630416 3773287
15 Aos = 0/9996235 Aoy = 0/1265253 | 353463 | 1059486 | 1059486 | 1059486 | 2713801
A20s = 0/9996235 AJgp =1 353463 | 1059486 | 1059486 | 1059486 | 2713801
16 Al1o = 0/9988397 Agyg =1 287121 861243 861243 861244 1852559
AT1p = 0/9988397 A\ o0 = 1 287121 861243 861243 861244 1852559
17 - My =1 183201 198960 198960 198960 1653599
- Ay =1 183201 198960 198960 198960 1653599
18 Aoy =1 59827 26495 26495 26495 1627104
— 22, =1 59827 | 26495 26495 26495 | 1627104
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After allocating optimal budget to the first priority of the first process
from DMU1 and the second process from DMU13, these two processes
are removed from the latter DMUs and re-budgeting (B — B**) is ex-
ecuted for other remaining DMUs. In this second priority, the optimal
budget B** = $2908910 is allocated to the first process of the DMU16
and the second process of the DMUO9. In the last rows, only the second
process of DMU22 is allocated a budget of $26495. Besides the advan-
tages gained through model (3) in Example 4.1, it is worth mentioning
that despite available budget, since the first process of DMU9 and the
second process of DMU21 are not profit making, no budget is allocated
to them.

Using a dynamic network OSD DEA model in (3), in this example the
budget allocation was simultaneously affected by two parallel processes
for a company displaying a dynamic system of 24 DMUs. From a total
predicted budget of $48000000, $1627104 was surplus. If the allocated
budget is less than $48372896, the company will naturally face deficit
and budget allocation priorities are exhibited in Table 5. Accordingly,
the model is applicable to any numbers of DMUs that have a dynamic
network system.

5. Concluding Remarks

In order to solve the problems related to the dynamic network systems,
it is impracticable to resort to series or parallel problem solving meth-
ods. In case of using conventional methods, these can be interpreted
as disregarding series or parallel processes which can play crucial roles
in the optimal budgeting. To address the issue, the present study in-
troduced a new model of OSD modeling adopting DEA framework, ac-
companied by a new technique promoting the optimal design of the
DMUs network systems. To establish the model, the following was im-
plemented: optimal design of the network system, optimal budgeting
of the DMUs networks via entering series or parallel processes of each
DMU and optimal allocation of the budget at the process level based
on the limited budget of the organization. Meanwhile, a new technique
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for budgeting of the dynamic DMUs organization network is presented
based on DEA. Besides that, by prioritizing the DMUs in allocating the
budget, the proposed model managed to recognize the budget conges-
tions and deficits of the DMUs. The model was concurrently carried out
considering series and parallel processes of budgeting. Using the pro-
pounded dynamic network OSD DEA model, the budgeting of series
or parallel processes was also accomplished. In each DMU, the process
with higher returns was allocated with the optimal budget, while sugges-
tions were made to eliminate or increase the efficiency of the loss-making
processes. The presented two numerical and applied cases were also em-
ployed to illustrate both the feasibility and the efficiency of the proposed
model.
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6 Appendix

For optimal budgeting of the dynamic network in each priority, the fol-
lowing flowchart is executed. After determining the optimal budgeting,
the processes which have been allocated the budget, are removed and
the flowchart is performed again [6].

Model(7) and de-
termining f(B***)

\Yes
oes Model(7)have multiple optimal solutions

4
‘ Determine B} |

‘ Implementing |

and Bjf; by using
Relations (8) and (9)

)
B = 0T Z0)\1* ,
f(B**) — PTZKAK* _
CTZO\™* (Theorem 5)






