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Abstract. Let G be a locally compact group and H be a closed
subgroup of G. It is well-known that G/H as a homogeneous space
admits a strongly quasi invariant measure and the linear mapping Tx of
L*(G) into L*(G/H) is bounded and surjective. In this note it is shown
that by means of complex interpolation theorem, that under restrictions
on weight function w, the mapping T of weighted spaces L? (G, w) into
L?(G/H,w) is well-defined, bounded linear and surjective, for 1 < p <
0.
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1. Introduction and Preliminaries

For a locally compact group G and closed subgroup H of G, Reiter in
7] has studied the bounded linear mapping Ty of L!(G) onto LY(G/H)

defined by

Tuf(ate) = [ Zoan 1)

where p is a strictly positive continuous function of G and 7 is a canon-
ical mapping of G onto G/H given by x — xH. Feichtinger in [3] has
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shown that the linear canonical mapping Ty maps a weighted LP-space,
LP(G,w) onto another weighted LP-space, LP(G/H,w), for 1 < p < oo,
when H is a closed normal subgroup of G. It is well-known that if H
is a closed normal subgroup of G, then G/H admits a Haar measure as
a quotient group. In this note, we consider H as a closed subgroup of
G and G/H as a quotient space. We take on this task in the general
case considering a relatively invariant measure y on G/H, when H is a
closed subgroup of G.

Throughout this note H is a closed subgroup of the locally compact
group G. The quotient space G/H on which G acts by left is called a
homogeneous space. For a pair (G, H) there is a continuous function
p: G — (0,00) satisfying

Ap(h)
Ag(h)

p(zh) = p(z) (z€G,heH), (2)

where Ag, A g are the modular functions on G and H, respectively. More-
over, it is worthwhile to recall that the Radon measure p on G/H is
called strongly quasi invariant if there is a positive continuous function
A of G x G/H such that du,(yH) = du(zyH) = Nz, yH)du(yH), for
x,y € G. If the function A(z,.) reduce to constants, the measure p is
called relatively invariant measure. For each rho-function p for the pair
(G, H) there is a strongly quasi invariant measure p on G/H such that

dpiy _ play)
dp (vH) p(y)’ )

for x,y € G. Every strongly quasi invariant measure on G/H arises
from a rho function and all such measures are strongly equivalent. It
is known that the existence of a homomorphism rho-function for the
pair (G, H) is a necessary and sufficient condition for the existence of
a relatively invariant measure on G/H. Assume that p is a relatively
invariant measure on G/H which arises from a rho-function p. It has
been shown that

play) = PP (4)
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and
du(zy)  p(z)

du(y) — ple)’
It is well known that the mapping Ty : L'(G) — L'(G/H) is a surjective
map such that for any ¢ € LY(G/H),

lell = inf{lIfl; f € LYG), Tu(f) = ¢}

Moreover, for f € LY(G) satisfy the following weil’s formula.

/f(:/v)dx:/ Ty (f)(zH)du(zH).
G G/H

(for more information about homogeneous spaces see [4, 7]).

For a convenience’s readers we recall that a real-valued function w on
locally compact group G is said to be a submultiplicative weight function
if it is a locally bounded and positive measurable function on G such
that

w(zy) Sw(@)w(y) (z,y €G).

It is immediately concluded w(e) > 1 in which e is a neutral element of
group G. A weight function m on G is w-moderate if

m(zy) < Cw(z)m(y),

for z,y € G. In [7, Theorem 3.7.5] has been shown that for every weight
function w; on a locally compact group G, there is a continuous weight
function w such that w,w; define the same subalgebra of L!(G) with
equivalent norms. Moreover, a function f belongs to LP(G,w) if f - w is
in LP(G). For 1 < p < oo, LP—space LP(G,w) is a Banach space with
the norm || f|lpw = || f - w|lp- (See more details about weight functions
in [2, 5, 6]).

In this note it is proven by complex interpolation, that under restrictions
on weight function w, the canonical mapping Ty maps weight LP-space
LP(G,w) to another weight LP-space LP(G/H,w), where w depende on
p. It should be emphasized that H has not considered normal necessarily,
so the homogeneous space G/H does not admit a group structure; con-
sequently, we do not expect a Haar measure on G/H!
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2. Main Result

In this section the image under the mapping Ty of weight spaces L*(G, w)
and L*°(G,w) is characterized and then it is investigated for weight LP-
space LP(G,w), 1 < p < oo, by the interpolation theorem.

For a closed subgroup H of G consider a relatively invariant measure
u on homogeneous space G/H which arises from a rho-function p. The
following condition on w is to be imposed occasionally:

p 1wy € LY(H) (5)

in which % + % = 1. Or equivalently,

1
(AG>q‘“1‘H € LY(H).
Ag

Throughout this section we assume that the condition (5) holds and the

following lemma shows that this condition is G-invariant.

Lemma 2.1.If pféw_1|H € LY(H), then prféw_lhq € LY(H), for
each x € G, where Ly is the left translation operator on G.

Proof. By the submultiplicativity of w and (5) we get,

w(h) < w(xh)w(x_l)
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By (5) we get,

1
Lop Y™ (n)|%dh = / —— |%dh
w(z=1)

FERI ArTrrm

|%dh.

Thus the proof is complete. [

Now we define a moderate weight function on homogeneous space G/H.

Definition 2.2. A weight function w on homogeneous space G/H is
defined as a locally bounded, positive measurable function on G/H such
that

w(m(z)) = infrenw(zh).
Moreover, a weight function on homogeneous space G/H is moderete if
satisfying

@(m(zy)) < w(z)w(n(y)), (6)

i which w is a submultiplicative weight function on G and 7 is the
canonical mapping of G onto G/H.

At first we show that the linear mapping Ty of L' (G, w) onto L' (G/H, @)
exists in which w is a weight on G such that w=!|y € L®(H).

Proposition 2.3. The mapping Ty : L' (G,w) — LY(G/H,w) defined
in (1) is well-defined and surjective linear map. Moreover,

1T (Pl < I ll1w
where w satisfy in (5) and wy(w(z)) = essinf{w(zh),h € H}.

Proof. It is straightforward to see w; is a Weight function on G/H. For
f € LYG,w) we have f-w € L'(G). So L, ( “) ¢ L'(H). Now we get,

f(zh) | f(xh)w(zh
p(ah) p(zh)w(zh)

B f (xh 1
= / oy

cw(z _
/H\p(xh))\dh.esssupheHw L(zh).

|dh

N
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Hence for f € LY(G,w), Ty (f) is well defined. Therefore by [7, Theorem
3.4.6] it can be concluded that the function H +— Ty (f)-w; defined al-
most every where on G/H is integrable in L!(G/H), in which @ (v H) =
essinfpey w(zh) = (esssupw™!(xh))~!. Then Ty(f) € LY(G/H,w).
Moreover, since

Ty (f) - (esssupw (eh)) " < T (f - w),

we get

1T (Nl = 1 Ta (F)willy <[ Ta(f-w)ll < [f-wlh = [[flle-

Now let ¢ € C.(G/H). Put L = supp ¢. So there exists a compact set
K in G such that 7(K) = L. Take a k € CH(G) is strictly positive on

K, then Tyk(xzH) > 0, for zH € L. Now define for z € G, Ry as a right
inverse Ty given by

pom(x)k(x)
Rpyp(x) = (Tyk) o (x) rek
0 otherwise

Then Ry is continuous and supp Ry is compact. So Ryp € C.(GQ)
and

TuRup(zH) = / pleH)k(zh) dh = p(zH).

1 pleh) Tik(zH)

Thus by density C.(G) in L}(G,w) with the norm ||. ||1 ., the mapping
Ty is surjective. [J

It is worthwhile that if X,Y be two dense subspaces of Banach spaces
X, and Y7, respectively. If T': X — Y is a linear bounded mapping such
that for z € X

IT(2)]| = inf{llzll; z € X, T(2) = T(x)},

then

(i) The quotient mapping T : X/kerT — Y defined as T'(x + kerT) =
T(z), is isometry. Also, If T is surjective, then T is isometric isomor-
phism.
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(ii) For the linear mapping 7" there exist a unique bounded linear exten-
sion T : X; — Y] such that kerT = kerT and for z € X,

1T ()|l = inf{llzll; 2 € X1, T(2) = T(x)}.

Also, T is surjective if T is surjective.

Secondly, we determine image under mapping Ty of L*°(G,w) in the
following proposition. In this case G is a o-compact group.

Proposition 2.4. Let w be a submultiplicative weight function on G such
that (pw)~ |y € LY(H). The mapping Ty : L°(G,w) — L>®(G/H, @wx)
1s linear and surjective. Also,

HTH(f)”OO7woo < ||f||m,wv
in which we = (Tw™ 1)L

Proof. Note that w—g is a submultiplicative weight function on G, then
Weo 18 a weight function on G/H. Indeed,

wl(x
Thw YzyH) = /Hp(:z(yz)h)dh

w ! (z)w ! (yh)
/H p(zyh) ah

WV

wHz)ple
- g )

Therefore, wo(zyH) < MWQQ(Z/H)- Now, since (p-w) !y €

p(e)
L'(H), then by Lemma 2.1 L, (p-w)~! in L'(H). Thus wy is well-

defined. Now for f € L>®(G,w)

f(ah)
Tusl < [ 118
Fah)o(zh)
S planyotan) ™

< Tu(w ) esssupyey f - w(zh).

Then by [7, Proposition 3.4.10] we have,
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1Ta (f)llcomoe = I Ta(f) - ool

esssuD,grecyul T f (@ H) o

N

esSSUD, e/ €55SUPper | f - w(wh)|

N

esssup,e | f - w()|
1f - wlloo
= ”f”oow

where ws, = (THw_l)_l. We show next that Ty is surjective. Define
Ry as a right inverse of Ty by

Ru(p) == ((p.wes) om)w™, @€ L®(G/H,ws). (7)

Then Ty Ry = ¢. Indeed,

ThRpp(xH) = /H(%woo)oﬂ(xh)'wl(ajh)dh

p(xh)
1
= o(cH)ms(cH) /H P

= p(zH).
Also

IRiPllocw = [REP wlloo = [l Toolloc = [llome- B (8)

Finally, the main theorem can be proven by the interpolation theo-
rem. Before that the Stein-Weiss interpolation theorem, which apply
for the proof of the main theorem, are explained.

Let k1, ko be two non-negative measurable functions on measure space
N. Also, let u1, us be two non-negative measurable functions on measure
space M. The following theorem has been proven by M. Stein in [8] (one
may see [8, Theorem2] and also, [1, Corollary 5.5.4].
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Theorem 2.5. Let T be a linear transformation defined on simple func—
tions ofM to measumble functwns on N. Suppose 1 < p1,p2,q1,q2 <

cmd}o = —+p—2 5 = +—, where 0 < t < 1. Assume that for szmple
f
1T killgy < Ml fvallp,,
and
1T f-Fallgy < Ma|[f.uzllp,-
Let k = ki7'kb,u = ui~'u}. The we may conclude that T may be

uniquely extended to a linear transformation on functions f, for which
| fullp < oo, so that
ITfkllq < Ml fullp,

in which My = M{ "M},

Theorem 2.6. Let G be a locally compact group and H be a closed
subgroup of G. The mapping Ty : LP(G,w) — LP(G/H,w), by f +— Ty f
1 a surjective linear map and

1T (Dl < N fllpw,

in which pféw_llH € LY(H).

Proof At first given 1 < p < oo and f € LP(G,w) we show that
f H zh) h) dh s convergent. By Lemma 2.1 and Holder’s inequality we ob-
tain that,

flxh) o |f(zh)| - w(zh)
p(zh) g = /H pr i (zh) - w(zh) ah

([ fet ety ([ )

By Propositions 2.3, 2.4 and Theorem 2.5 [1] we have a linear mapping

Ty : LP(G,w) — LP(G/H,w),

with
1T (N)llp, < [1fllpws
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for f € LP(G,w), 1 < p < oc in which w = wltw!, 0 < t < 1. Now,
we prove that T is surjective. By Proposition 2.3, Ry is a right inverse
for Ty of LY(G/H, ) such that |Ry(p)|1w = ||¢|l1.=. Infact, by the
weil’s formula we have |Rp¢|liw = [THRu?|1,0 = ||¢]l1,m,- Also, in
Proposition 2.4 Ry is a right inverse for Ty of L*°(G/H,ws) such
that [|[Ru(¢)|lcow = [|@lloc,me (see (8)). We apply again theorem 2.5
and get the right inverse Ry of LP(G/H,w),) such that [|[Ry(p)|pw =
lllp,w,- O

Remark 2.7. Let G, H,w,p,w be as in Theorem 2.6. Then Ty maps
LY(G)N LP(G,w) onto LY (G/H) N LP(G/H,w).

Remark 2.8. If u is a G-invariant measure on G/H, Then the mapping
Ty : LP(G,w) — LP(G/H,w), by f — [y f(zh)dh is a linear surjective
map. (for more details one may refer to [3])

Remark 2.9 If G is a locally compact group and H a compact subgroup
of G, then the mapping Ty : LP(G) — LP(G/H) is well-defined and also
Ty is a linear surjective map (note that since H is compact so the rho
function p =1 and the Haar measure on H is finite. Then the (5) holds
and the mapping Ty is well defined.)
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