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Abstract. Let G be a locally compact group and H be a closed
subgroup of G. It is well-known that G/H as a homogeneous space
admits a strongly quasi invariant measure and the linear mapping TH of
L1(G) into L1(G/H) is bounded and surjective. In this note it is shown
that by means of complex interpolation theorem, that under restrictions
on weight function ω, the mapping TH of weighted spaces Lp(G,ω) into
Lp(G/H,) is well-defined, bounded linear and surjective, for 1  p 
∞.
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1. Introduction and Preliminaries

For a locally compact group G and closed subgroup H of G, Reiter in
[7] has studied the bounded linear mapping TH of L1(G) onto L1(G/H)
defined by

THf(π(x)) =


H

f(xh)
ρ(xh)

dh, (1)

where ρ is a strictly positive continuous function of G and π is a canon-
ical mapping of G onto G/H given by x → xH. Feichtinger in [3] has
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shown that the linear canonical mapping TH maps a weighted Lp-space,
Lp(G,ω) onto another weighted Lp-space, Lp(G/H,), for 1  p ∞,
when H is a closed normal subgroup of G. It is well-known that if H
is a closed normal subgroup of G, then G/H admits a Haar measure as
a quotient group. In this note, we consider H as a closed subgroup of
G and G/H as a quotient space. We take on this task in the general
case considering a relatively invariant measure µ on G/H, when H is a
closed subgroup of G.

Throughout this note H is a closed subgroup of the locally compact
group G. The quotient space G/H on which G acts by left is called a
homogeneous space. For a pair (G,H) there is a continuous function
ρ : G→ (0,∞) satisfying

ρ(xh) =
∆H(h)
∆G(h)

ρ(x) (x ∈ G, h ∈ H), (2)

where ∆G,∆H are the modular functions onG andH, respectively. More-
over, it is worthwhile to recall that the Radon measure µ on G/H is
called strongly quasi invariant if there is a positive continuous function
λ of G × G/H such that dµx(yH) = dµ(xyH) = λ(x, yH)dµ(yH), for
x, y ∈ G. If the function λ(x, .) reduce to constants, the measure µ is
called relatively invariant measure. For each rho-function ρ for the pair
(G,H) there is a strongly quasi invariant measure µ on G/H such that

dµx
dµ

(yH) =
ρ(xy)
ρ(y)

, (3)

for x, y ∈ G. Every strongly quasi invariant measure on G/H arises
from a rho function and all such measures are strongly equivalent. It
is known that the existence of a homomorphism rho-function for the
pair (G,H) is a necessary and sufficient condition for the existence of
a relatively invariant measure on G/H. Assume that µ is a relatively
invariant measure on G/H which arises from a rho-function ρ. It has
been shown that

ρ(xy) =
ρ(x)ρ(y)
ρ(e)

, (4)
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and
dµ(xy)
dµ(y)

=
ρ(x)
ρ(e)

.

It is well known that the mapping TH : L1(G)→ L1(G/H) is a surjective
map such that for any ϕ ∈ L1(G/H),

ϕ = inf{f; f ∈ L1(G), TH(f) = ϕ}.

Moreover, for f ∈ L1(G) satisfy the following weil’s formula.


G
f(x)dx =



G/H
TH(f)(xH)dµ(xH).

(for more information about homogeneous spaces see [4, 7]).

For a convenience’s readers we recall that a real-valued function ω on
locally compact group G is said to be a submultiplicative weight function
if it is a locally bounded and positive measurable function on G such
that

ω(xy)  ω(x)ω(y) (x, y ∈ G).

It is immediately concluded ω(e)  1 in which e is a neutral element of
group G. A weight function m on G is ω-moderate if

m(xy)  Cω(x)m(y),

for x, y ∈ G. In [7, Theorem 3.7.5] has been shown that for every weight
function ω1 on a locally compact group G, there is a continuous weight
function ω such that ω, ω1 define the same subalgebra of L1(G) with
equivalent norms. Moreover, a function f belongs to Lp(G,ω) if f · ω is
in Lp(G). For 1  p  ∞, Lp−space Lp(G,ω) is a Banach space with
the norm fp,ω := f · ωp. (See more details about weight functions
in [2, 5, 6]).

In this note it is proven by complex interpolation, that under restrictions
on weight function ω, the canonical mapping TH maps weight Lp-space
Lp(G,ω) to another weight Lp-space Lp(G/H,), where  depende on
p. It should be emphasized thatH has not considered normal necessarily,
so the homogeneous space G/H does not admit a group structure; con-
sequently, we do not expect a Haar measure on G/H!
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2. Main Result

In this section the image under the mapping TH of weight spaces L1(G,ω)
and L∞(G,ω) is characterized and then it is investigated for weight Lp-
space Lp(G,ω), 1 < p <∞, by the interpolation theorem.

For a closed subgroup H of G consider a relatively invariant measure
µ on homogeneous space G/H which arises from a rho-function ρ. The
following condition on ω is to be imposed occasionally:

ρ
− 1
qω−1|H ∈ Lq(H) (5)

in which 1
q +

1
p = 1. Or equivalently,


∆G

∆H

 1
q

ω−1|H ∈ Lq(H).

Throughout this section we assume that the condition (5) holds and the
following lemma shows that this condition is G-invariant.

Lemma 2.1.If ρ−
1
qω−1|H ∈ Lq(H), then Lxρ

− 1
qω−1|H ∈ Lq(H), for

each x ∈ G, where Lx is the left translation operator on G.

Proof. By the submultiplicativity of ω and (5) we get,

ω(h)  ω(xh)ω(x−1)

1

ρ
1
q (xh)ω(xh)

 ω(x−1)

ρ
1
q (xh)ω(h)

1

ρ
1
q (xh)ω(xh)

 ω(x−1)

(∆H(h)∆G(h)
)
1
q ρ

1
q (x)ω(h)

1

ρ
1
q (xh)ω(xh)


ω(x−1)∆

1
q

G(h)

ρ
1
q (x)∆

1
q

H(h)ω(h)
.
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By (5) we get,


H
|Lxρ−1/qω−1(h)|qdh =



H
| 1
ρ1/q(xh)ω(xh)

|qdh

 ω(x−1)q

ρ(x)



H
| 1
ρ1/q(h)ω(h)

|qdh.

Thus the proof is complete. 
Now we define a moderate weight function on homogeneous space G/H.

Definition 2.2. A weight function  on homogeneous space G/H is
defined as a locally bounded, positive measurable function on G/H such
that

(π(x)) = infh∈Hω(xh).

Moreover, a weight function on homogeneous space G/H is moderete if
satisfying

(π(xy))  ω(x)(π(y)), (6)

in which ω is a submultiplicative weight function on G and π is the
canonical mapping of G onto G/H.

At first we show that the linear mapping TH of L1(G,ω) onto L1(G/H,1)
exists in which ω is a weight on G such that ω−1|H ∈ L∞(H).

Proposition 2.3. The mapping TH : L1(G,ω)→ L1(G/H,1) defined
in (1) is well-defined and surjective linear map. Moreover,

TH(f)1,1  f1,ω,

where ω satisfy in (5) and 1(π(x)) = essinf{ω(xh), h ∈ H}.

Proof. It is straightforward to see 1 is a weight function on G/H. For
f ∈ L1(G,ω) we have f · ω ∈ L1(G). So Lx(f ·ωρ ) ∈ L

1(H). Now we get,


H
|f(xh)
ρ(xh)

|dh =


H
|f(xh)ω(xh)
ρ(xh)ω(xh)

|dh

=


H
|f · ω(xh)
ρ(xh)

|. 1
ω(xh)

dh




H
|f · ω(xh)
ρ(xh)

|dh. esssuph∈H ω−1(xh).
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Hence for f ∈ L1(G,ω), TH(f) is well defined. Therefore by [7, Theorem
3.4.6] it can be concluded that the function xH → TH(f) ·1 defined al-
most every where on G/H is integrable in L1(G/H), in which 1(xH) =
essinfh∈H ω(xh) = (esssupω−1(xh))−1. Then TH(f) ∈ L1(G/H,1).
Moreover, since

TH(f) · (esssupω−1(xh))−1  TH(f · ω),

we get

TH(f)1,1 = TH(f).11  TH(f · ω)1  f · ω1 = f1,ω.

Now let ϕ ∈ Cc(G/H). Put L = suppϕ. So there exists a compact set
K in G such that π(K) = L. Take a k ∈ C+

c (G) is strictly positive on
K, then THk(xH) > 0, for xH ∈ L. Now define for x ∈ G, RH as a right
inverse TH given by

RHϕ(x) =






ϕ ◦ π(x)k(x)
(THk) ◦ π(x)

x ∈ K

0 otherwise

Then RHϕ is continuous and suppRHϕ is compact. So RHϕ ∈ Cc(G)
and

THRHϕ(xH) =


H

ϕ(xH)k(xh)
ρ(xh)THk(xH)

dh = ϕ(xH).

Thus by density Cc(G) in L1(G,ω) with the norm . 1,ω, the mapping
TH is surjective. 
It is worthwhile that if X,Y be two dense subspaces of Banach spaces
X1 and Y1, respectively. If T : X → Y is a linear bounded mapping such
that for x ∈ X

T (x) = inf{z; z ∈ X,T (z) = T (x)},

then

(i) The quotient mapping T̄ : X/kerT → Y defined as T̄ (x + kerT ) =
T (x), is isometry. Also, If T is surjective, then T̄ is isometric isomor-
phism.
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(ii) For the linear mapping T there exist a unique bounded linear exten-
sion T̄ : X1 → Y1 such that kerT = kerT̄ and for x ∈ X1,

T̄ (x) = inf{z; z ∈ X1, T̄ (z) = T̄ (x)}.

Also, T̄ is surjective if T is surjective.

Secondly, we determine image under mapping TH of L∞(G,ω) in the
following proposition. In this case G is a σ-compact group.

Proposition 2.4. Let ω be a submultiplicative weight function on G such
that (ρω)−1|H ∈ L1(H). The mapping TH : L∞(G,ω)→ L∞(G/H,∞)
is linear and surjective. Also,

TH(f)∞,∞  f∞,ω,

in which ∞ = (THω−1)−1.

Proof. Note that ωρ
ρ(e) is a submultiplicative weight function on G, then

∞ is a weight function on G/H. Indeed,

THω
−1(xyH) =



H

ω−1(xyh)
ρ(xyh)

dh




H

ω−1(x)ω−1(yh)
ρ(xyh)

dh

=
ω−1(x)ρ(e)

ρ(x)
THω

−1(yH).

Therefore, ∞(xyH)  ρ(x)ω(x)
ρ(e)

∞(yH). Now, since (ρ · ω)−1|H ∈

L1(H), then by Lemma 2.1 Lx(ρ · ω)−1 in L1(H). Thus ∞ is well-
defined. Now for f ∈ L∞(G,ω)

|THf(xH)| 


H
|f(xh)
ρ(xh)

|dh




H
|f(xh)ω(xh)
ρ(xh)ω(xh)

|dh

 TH(ω−1) esssuph∈H f · ω(xh).

Then by [7, Proposition 3.4.10] we have,
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TH(f)∞,∞ = TH(f) ·∞∞

= esssupxH∈G/H |THf(xH)|∞

 esssupxH∈G/H esssuph∈H |f · ω(xh)|

 esssupx∈G |f · ω(x)|

= f · ω∞

= f∞,ω

where ∞ = (THω−1)−1. We show next that TH is surjective. Define
RH as a right inverse of TH by

RH(ϕ) := ((ϕ.∞) ◦ π).ω−1, ϕ ∈ L∞(G/H,∞). (7)

Then THRHϕ = ϕ. Indeed,

THRHϕ(xH) =


H

(ϕ.∞) ◦ π)(xh).ω−1(xh)
ρ(xh)

dh

= ϕ(xH)∞(xH)


H

1
ρ(xh)ω(xh)

dh

= ϕ(xH).

Also

RHϕ∞,ω = RHϕ.ω∞ = ϕ.∞∞ = ϕ∞,∞ .  (8)

Finally, the main theorem can be proven by the interpolation theo-
rem. Before that the Stein-Weiss interpolation theorem, which apply
for the proof of the main theorem, are explained.

Let k1, k2 be two non-negative measurable functions on measure space
N . Also, let u1, u2 be two non-negative measurable functions on measure
spaceM . The following theorem has been proven by M. Stein in [8] (one
may see [8, Theorem2] and also, [1, Corollary 5.5.4].
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Theorem 2.5. Let T be a linear transformation defined on simple func-
tions of M to measurable functions on N . Suppose 1  p1, p2, q1, q2 ∞
and 1

p = 1−t
p1

+ t
p2
, 1q = 1−t

q1
+ t

q2
, where 0  t  1. Assume that for simple

f ,
Tf.k1q1 M1f.u1p1 ,

and
Tf.k2q2 M2f.u2p2 .

Let k = k1−t1 kt2, u = u1−t1 ut1. The we may conclude that T may be
uniquely extended to a linear transformation on functions f , for which
f.up <∞, so that

Tf.kq Mtf.up,

in which Mt =M1−t
1 M t

2.

Theorem 2.6. Let G be a locally compact group and H be a closed
subgroup of G. The mapping TH : Lp(G,ω)→ Lp(G/H,), by f → THf

is a surjective linear map and

TH(f)p,  fp,ω,

in which ρ−
1
qω−1|H ∈ Lq(H).

Proof. At first given 1 < p < ∞ and f ∈ Lp(G,ω) we show that
H

f(xh)
ρ(xh)dh is convergent. By Lemma 2.1 and Hölder’s inequality we ob-

tain that,


H
|f(xh)
ρ(xh)

|dh =


H

|f(xh)| · ω(xh)
ρ

1
p
+ 1
q (xh) · ω(xh)

dh




H

fp(xh) · ωp(xh)dh
ρ(xh)

 1
p


H

dh

ρ(xh) · ωq(xh)

 1
q

.

By Propositions 2.3, 2.4 and Theorem 2.5 [1] we have a linear mapping

TH : Lp(G,ω)→ Lp(G/H,),

with
TH(f)p,  fp,ω,
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for f ∈ Lp(G,ω), 1 < p < ∞ in which  = 1−t
∞ t

1, 0 < t < 1. Now,
we prove that TH is surjective. By Proposition 2.3, RH is a right inverse
for TH of L1(G/H,1) such that RH(ϕ)1,ω = ϕ1,. Infact, by the
weil’s formula we have RHϕ1,ω = THRHϕ1, = ϕ1,1 . Also, in
Proposition 2.4 RH is a right inverse for TH of L∞(G/H,∞) such
that RH(ϕ)∞,ω = ϕ∞,∞ (see (8)). We apply again theorem 2.5
and get the right inverse RH of Lp(G/H,p) such that RH(ϕ)p,ω =
ϕp,p . 

Remark 2.7. Let G,H, ω, p, be as in Theorem 2.6. Then TH maps
L1(G) ∩ Lp(G,ω) onto L1(G/H) ∩ Lp(G/H,).

Remark 2.8. If µ is a G-invariant measure on G/H, Then the mapping
TH : Lp(G,ω)→ Lp(G/H,), by f →


H f(xh)dh is a linear surjective

map.(for more details one may refer to [3])

Remark 2.9 If G is a locally compact group and H a compact subgroup
of G, then the mapping TH : Lp(G)→ Lp(G/H) is well-defined and also
TH is a linear surjective map (note that since H is compact so the rho
function ρ = 1 and the Haar measure on H is finite. Then the (5) holds
and the mapping TH is well defined.)
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