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1 Introduction

An evaluation of the mathematical model of a scientific observation leads
into a differential equation that sometimes equations are of the form
fractional order. We can mention engineering sciences, dynamic, chem-
istry and physics among which the equation occurs ([2]). Many studies
have investigated the existence and behavior of these equations in recent
decats ([3], [4]). Sometimes we lead to a differential system that have
singularity in some points, recently many works has been published on

∗Corresponding Author

1



2 A. Mansouri and M. Shabibi

the existence of the solutions for these singular systems ([9]).
In 2010, Agarwal, O’Regan and Stanek ([1]) studied the existence of
solutions for the problem Dαu(t) + f(t, u(t)) = 0 with boundary con-
ditions u′(0) = · · · = u(n−1) = 0 and u(1) =

∫ 1
0 u(s)dµ(s), where

n ≥ 2, α ∈ (n − 1, n), µ(s) is a functional of bounded variation with∫ 1
0 dµ(s) < 1, and f may have singularity at t = 0.
In 2015, Y. Liu and P. J. Y. Wong investigated the existence of solution
for the fractional problem cDαx(t) = f(t, x(t), Dβx(t)) with boundary
conditions x(0) + x′(0) = y(x),

∫ 1
0 x(t)dt = m and x′′(0) = x(3) =

· · · = x(n−1)(0) = 0 , where 0 < t < 1, m is a real number, n ≥ 2,
α ∈ (n− 1, n), 0 < β < 1, Dα and Dβ are the Caputo fractional deriva-
tives, y ∈ C([0, 1],R) → R and f : (0, 1]×R×R → R is continuous with
f(t, x, y) may be singular at t = 0 ([7]).
In 2016 M. Shabibi, M. Postolache, Sh. Rezapour and S. M. Vaezpour in-
vestigated the solution of the multi-singular pointwise defined fractional
integro-differential equation Dµx(t)+f(t, x(t), x′(t), Dβx(t), Ipx(t)) = 0
with boundary conditions x′(0) = x(ξ) and x(1) =

∫ η
0 x(s)ds when

µ ∈ [2, 3) and x′(0) = x(ξ), x(1) =
∫ η
0 x(s)ds and x(j)(0) = 0 for

j = 2, . . . , [µ] − 1 when µ ∈ [3,∞), where 0 ≤ t ≤ 1, x ∈ C1[0, 1],
µ ∈ [2,∞), β, ξ, η ∈ (0, 1), p > 1, Dµ is the Caputo fractional derivative
of order µ and f : [0, 1]× R5 → R is a function such that f(t, ., ., ., .) is
singular at some points t ∈ [0, 1]([8]) .
In 2018 D. Baleanu, Kh. Ghafarnezhad, Sh. Reazapour and M. Shabibi
reviewd the existence of solution for the pointwise defined three steps
crisis integro-differential equation

Dαx(t) + f(t, x(t), x′(t), Dβx(t),

∫ t

0
h(ξ)x(ξ)dξ, ϕ(x(t))) = 0

with boundary conditions x(1) = x(0) = x′′(0) = xn(0) = 0, where
α ≥ 2, λ, µ, β ∈ (0, 1), ϕ : X → X is a mapping such that ∥ϕ(x) −
ϕ(y)∥ ≤ θ0∥x − y∥ + θ1∥x′ − y′∥ for some non-negative real numbers
θ0 and θ1 ∈ [0,∞) and all x, y ∈ X, Dα is the Caputo fractional
derivative of order α, f(t, x1(t), ..., x5(t)) = f1(t, x1(t), ..., x5(t)) for all
t ∈ [0, λ), f(t, x1(t), ..., x5(t)) = f2(t, x1(t), ..., x5(t)) for all t ∈ [λ, µ] and
f(t, x1(t), ..., x5(t)) = f(t, x1(t), ..., x5(t)) for all t ∈ (µ, 1], f1(t, ., ., ., .)
and f3(t, ., ., ., .) are continuous on [0, λ) and (µ, 1] and f2(t, ., ., ., .) is
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multi-singular ([5]).
Using idea of these papers, we investigate the existence of solutions for
the folowing bi-dealing singular fractional intergro-differential equation

Dαx(t) + f(t, x(t), x′(t), Dβx(t),

∫ t

0
h(s)x(s)ds, ϕx(t)) = 0 (1)

with boundary conditions x′(µ) = x′(0) +
∫ λ
0 g(s)x(s)ds and x(1) =

x(j)(0) = 0 forj ≥ 2 where α ≥ 2, µ, λ ∈ (0, 1), g ∈ L1[0, λ], g(t) > 0
for a.e. t ∈ [0, λ], ϕ : [0, 1] → R+ is such that for all x, y ∈ C1[0, 1],
|ϕx(t)−ϕy(t)| ≤ b1|x(t)−y(t)|+b2|x′(t)−y′(t)| for some b1, b2 ∈ [0,∞),
h ∈ L1[0, 1], Dα is the Caputo fractional derivative of order α and
f(t, ., ., ., ., .) deals as a singular function on some set E ⊂ [0, 1] and deals
as a continuous function on Ec ⊂ [0, 1] . Recall that Dαx(t) = f(t) is a
pointwise defined equation on [0, 1] if there exists set D ⊂ [0, 1] such that
the measure of Dc is zero and the equation holds on D (see [8]). Here we
use ∥.∥1 for the norm of L1[0, 1], ∥.∥ for the sup norm of Y = C[0, 1] and
∥x∥∗ = max{∥x∥, ∥x′∥} for the norm of X = C1[0, 1]. The Riemann-
Liouville integral of order p with the lower limit a ≥ 0 for a function
f : (a,∞) → R is defined by Ip

a+
f(t) = 1

Γ(p)

∫ t
a(t− s)

p−1f(s)ds, provided

that the right-hand side is pointwise define on (a,∞) ([12]). we denote
Ip
0+
f(t) by Ipf(t). The Caputo fractional derivative of order α > 0 is

defined by cDαf(t) = 1
Γ(n−α)

∫ t
0

fn(s)
(t−s)α+1−nds, where n = [α] + 1 and

function f : (a,∞) → R is a function ([12]). Let Ψ be the family of
nondecreasing functions ψ : [0,∞) → [0,∞) such that

∑∞
n=1 ψ

n(t) <∞
for all t > 0 (see [11]). One can check that ψ(t) < t for all t > 0 ([11]).
Let T : X → X and α : X × X → [0,∞) be two maps. Then T is
called an α-admissible map whenever α(x, y) ≥ 1 implies α(Tx, Ty) ≥ 1
([11]). Let (X, d) be a metric space, ψ ∈ Ψ and α : X × X → [0,∞)
a map. A self-map T : X → X is called an α-ψ-contraction whenever
α(x, y)d(Tx, Ty) ≤ ψ(d(x, y)) for all x, y ∈ X ([11]). We need next
results.

Lemma 1.1. ([11]) Let (X, d) be a complete metric space, ψ ∈ Ψ, α :
X×X → [0,∞) a map and T : X → X an α-admissible α-ψ-contraction.
If T is continuous and there exists x0 ∈ X such that α(x0, Tx0) ≥ 1,
then T has a fixed point.



4 A. Mansouri and M. Shabibi

Lemma 1.2. ([14])Let X be a Banach space with C ⊆ X closed and
convex. Let Ω be a relatively open subset of C with 0 ∈ Omega and let
F : Ω → C be a continuous and compact mapping. Then either
i) the mapping F has a fixed point in Ω̄, or
ii) there exist y ∈ ∂Ω and lambda ∈ (0, 1) with y = λFy.

Lemma 1.3. ([6]) Let n − 1 ≤ α < n and x ∈ C(0, 1) ∩ L1(0, 1).
Then, we have IαDαx(t) = x(t) +

∑n−1
i=0 cit

i for some real constants
c0, . . . , cn−1.

2 Main Results

Lemma 2.1. Let α ≥ 2, n = [α]+1, µ, λ ∈ (0, 1), g ∈ L1[0, λ], g(t) > 0
for a.e. t ∈ [0, λ] and y ∈ L1[0, 1]. A map x is a solution for the
pointwise defined equation Dαx(t) + f(t) = 0 with boundary conditions

x′(µ) = x′(0) +
∫ λ
0 g(s)x(s)ds and x(1) = x(j)(0) = 0 for 2 ≤ j ≤ n, if

and only if x(t) =
∫ 1
0 G(t, s)y(s)ds for all t ∈ [0, 1], where

G(t, s) = −(t−s)α−1

Γ(α) + (1−t)H(s)+[(Aλ+Bλ)t−Bλ](1−s)α−1+α(t−1)(µ−s)α−2

AλΓ(α)
, when

0 ≤ s ≤ t ≤ 1 and s ≤ µ, λ,

G(t, s) = −(t−s)α−1

Γ(α) + [(Aλ+Bλ)t−Bλ](1−s)α−1+α(t−1)(µ−s)α−2

AλΓ(α)
, when

0 ≤ s ≤ t ≤ 1 and λ ≤ s ≤ µ,

G(t, s) = −(t−s)α−1

Γ(α) + (1−t)H(s)+[(Aλ+Bλ)t−Bλ](1−s)α−1

AλΓ(α)
, when 0 ≤ s ≤ t ≤ 1

and µ ≤ s ≤ λ,

G(t, s) = −(t−s)α−1

Γ(α) + [(Aλ+Bλ)t−Bλ](1−s)α−1

AλΓ(α)
, when 0 ≤ s ≤ t ≤ 1 and

s ≥ µ, λ,

G(t, s) = [(Aλ+Bλ)t−Bλ](1−s)α−1+(t−1)(µ−s)α−1

AλΓ(α)
, when 0 ≤ t ≤ s ≤ 1 and

s ≤ µ, λ,

G(t, s) = (1−t)H(s)+[(Aλ+Bλ)t−Bλ](1−s)α−1

AλΓ(α)
, when 0 ≤ t ≤ s ≤ 1 and

s ≥ µ, λ,

G(t, s) = [(Aλ+Bλ)t−Bλ](1−s)α−1

AλΓ(α)
, when 0 ≤ t ≤ s ≤ 1 and s ≥ µ, λ,

H(s) =
∫ λ
s (t− s)α−1g(t)dt, Aλ =

∫ λ
0 (1− t)g(t)dt and

Bλ =
∫ λ
0 tg(t)dt.

Proof. First by similar manner as [5] we conclude that lemma (1.3)
is valid on L1[0, 1]. Now let x(t) be a solution for the problem, since
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x(j)(0) = 0 for j ≥ 2, by using Lemma (1.3) we have x(t) = −1
Γ(α)

∫ t
0 (t−

s)α−1y(s)ds + c0 + c1t. By boundary condition x(1) = 0, we have so
c1 =

1
Γ(α)

∫ 1
0 (1− s)α−1y(s)ds− c0. On the other hand

g(t)x(t) = −g(t)
Γ(α)

∫ t
0 (t− s)α−1y(s)ds+ c0g(t) + c1tg(t), so∫ λ

0
g(t)x(t)dt =

−1

Γ(α)

∫ λ

0

∫ t

0
g(t)(t− s)α−1y(s)dsdt

+c0

∫ λ

0
g(t)dt+ c1

∫ λ

0
tg(t)dt.

Now since∫ λ

0

∫ t

0
g(t)(t− s)α−1y(s)dsdt =

∫ λ

0

∫ λ

s
g(t)(t− s)α−1y(s)dtds

=

∫ λ

0
(

∫ λ

s
(t− s)α−1g(t)dt)y(s)ds,

hence ∫ λ

0
g(t)x(t)dt =

−1

Γ(α)

∫ λ

0
(

∫ λ

s
(t− s)α−1g(t)dt)y(s)ds

+c0

∫ λ

0
g(t)dt+ c1

∫ λ

0
tg(t)dt.

Also we have

x′(µ) =
−1

Γ(α)

∫ µ

0
(µ− s)α−2y(s)ds+ c1

and x′(0) = c1, so by x′(µ) = x′(0) +
∫ λ
0 g(s)x(s)ds, we conclude that

−1

Γ(α− 1)

∫ µ

0
(µ− s)α−2y(s)ds =

−1

Γ(α)

∫ λ

0
(

∫ λ

s
(t− s)α−1g(t)dt)y(s)ds

+c0

∫ λ

0
g(t)dt+ c1

∫ λ

0
tg(t)dt

=
−1

Γ(α)

∫ λ

0
(

∫ λ

s
(t− s)α−1g(t)dt)y(s)ds+ c0

∫ λ

0
g(t)dt

+
1

Γ(α)
(

∫ λ

0
tg(t)dt)

∫ 1

0
(1− s)α−1y(s)ds− c0

∫ λ

0
tg(t)dt,
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so

c0(

∫ λ

0
g(t)dt−

∫ λ

0
tg(t)dt) =

1

Γ(α)

∫ λ

0
(

∫ λ

s
(t− s)α−1g(t)dt)y(s)ds

− 1

Γ(α)
(

∫ λ

0
tg(t)dt)

∫ 1

0
(1− s)α−1y(s)ds− 1

Γ(α− 1)

∫ µ

0
(µ− s)α−2y(s)ds,

therefore

c0 =
1

Γ(α)
∫ λ
0 (1− t)g(t)dt

∫ λ

0
(

∫ λ

s
(t− s)α−1g(t)dt)y(s)ds

−
∫ λ
0 tg(t)dt

Γ(α)
∫ λ
0 (1− t)g(t)dt

∫ 1

0
(1− s)α−1y(s)ds

− 1

Γ(α− 1)
∫ λ
0 tg(t)dt

∫ µ

0
(µ− s)α−2y(s)ds,

hence

c1 =

∫ 1

0
(1− s)α−1y(s)ds− c0

=

∫ 1

0
(1− s)α−1y(s)ds

− 1

Γ(α)
∫ λ
0 (1− t)g(t)dt

∫ λ

0
(

∫ λ

s
(t− s)α−1g(t)dt)y(s)ds

+

∫ λ
0 tg(t)dt

Γ(α)
∫ λ
0 (1− t)g(t)dt

∫ 1

0
(1− s)α−1y(s)ds

+
1

Γ(α− 1)
∫ λ
0 tg(t)dt

∫ µ

0
(µ− s)α−2y(s)ds.

So we have

x(t) =
−1

Γ(α)

∫ t

0
(t− s)α−1y(s)ds

+
1

Γ(α)
∫ λ
0 (1− t)g(t)dt

∫ λ

0
(

∫ λ

s
(t− s)α−1g(t)dt)y(s)ds
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−
∫ λ
0 tg(t)dt

Γ(α)
∫ λ
0 (1− t)g(t)dt

∫ 1

0
(1− s)α−1y(s)ds

− 1

Γ(α)
∫ λ
0 tg(t)dt

∫ µ

0
(µ− s)α−1y(s)ds,

+
t

Γ(α)

∫ 1

0
(1− s)α−1y(s)ds

− t

Γ(α)
∫ λ
0 (1− t)g(t)dt

∫ λ

0
(

∫ λ

s
(t− s)α−1g(t)dt)y(s)ds

+
t
∫ λ
0 tg(t)dt

Γ(α)
∫ λ
0 (1− t)g(t)dt

∫ 1

0
(1− s)α−1y(s)ds

+
t

Γ(α− 1)
∫ λ
0 tg(t)dt

∫ µ

0
(µ− s)α−2y(s)ds.

PutH(s) =
∫ λ
s (t−s)

α−1g(t)dt, Aλ =
∫ λ
0 (1−t)g(t)dt andBλ =

∫ λ
0 tg(t)dt,

so
Aλ +Bλ =

∫ λ
0 g(t)dt. Hence

x(t)

=
−1

Γ(α)

∫ t

0
(t− s)α−1y(s)ds+

1

AλΓ(α)

∫ λ

0
H(s)y(s)ds

− Bλ

AλΓ(α)

∫ 1

0
(1− s)α−1y(s)ds− 1

AλΓ(α)

∫ µ

0
(µ− s)α−1y(s)ds,

+
t

Γ(α)

∫ 1

0
(1− s)α−1y(s)ds− t

AλΓ(α)

∫ λ

0
H(s)y(s)ds

+
tBλ

AλΓ(α)

∫ 1

0
(1− s)α−1y(s)ds+

t

AλΓ(α− 1)

∫ µ

0
(µ− s)α−2y(s)ds.

Therefore

x(t) =
−1

Γ(α)

∫ t

0
(t− s)α−1y(s)ds+

1− t

AλΓ(α)

∫ λ

0
H(s)y(s)ds

+
(Aλ +Bλ)t−Bλ

AλΓ(α)

∫ 1

0
(1− s)α−1y(s)ds

+
t− 1

AλΓ(α− 1)

∫ µ

0
(µ− s)α−2y(s)ds.
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If t ≤ λ ≤ µ < 1 then

x(t) =
−1

Γ(α)

∫ t

0
(t− s)α−1y(s)ds+

1− t

AλΓ(α)
(

∫ t

0
+

∫ λ

t
)H(s)y(s)ds

+
(Aλ +Bλ)t−Bλ

AλΓ(α)
(

∫ t

0
+

∫ λ

t
+

∫ µ

λ
+

∫ 1

µ
)(1− s)α−1y(s)ds

+
t− 1

AλΓ(α− 1)
(

∫ t

0
+

∫ λ

t
+

∫ µ

λ
)(µ− s)α−2y(s)ds,

if t ≤ µ ≤ λ < 1 then we have

x(t)

=
−1

Γ(α)

∫ t

0
(t− s)α−1y(s)ds+

1− t

AλΓ(α)
(

∫ t

0
+

∫ µ

t
+

∫ λ

µ
)H(s)y(s)ds

+
(Aλ +Bλ)t−Bλ

AλΓ(α)
(

∫ t

0
+

∫ µ

t
+

∫ λ

µ
+

∫ 1

λ
)(1− s)α−1y(s)ds

+
t− 1

AλΓ(α− 1)
(

∫ t

0
+

∫ µ

t
)(µ− s)α−2y(s)ds,

when 0 < µ ≤ t ≤ λ < 1 we have

x(t) =
−1

Γ(α)
(

∫ µ

0
+

∫ t

µ
)(t− s)α−1y(s)ds

+
1− t

AλΓ(α)
(

∫ µ

0
+

∫ t

µ
+

∫ λ

t
)H(s)y(s)ds

+
(Aλ +Bλ)t−Bλ

AλΓ(α)
(

∫ µ

0
+

∫ t

µ
+

∫ λ

t
+

∫ 1

λ
)(1− s)α−1y(s)ds

+
t− 1

AλΓ(α− 1)

∫ µ

0
(µ− s)α−2y(s)ds,

when 0 < λ ≤ t ≤ µ < 1 then

x(t) =
−1

Γ(α)
(

∫ λ

0
+

∫ t

λ
)(t− s)α−1y(s)ds+

1− t

AλΓ(α)

∫ λ

0
H(s)y(s)ds

+
(Aλ +Bλ)t−Bλ

AλΓ(α)
(

∫ λ

0
+

∫ t

λ
+

∫ µ

t
+

∫ 1

µ
)(1− s)α−1y(s)ds

+
t− 1

AλΓ(α− 1)
(

∫ λ

0
+

∫ t

λ
+

∫ µ

t
)(µ− s)α−2y(s)ds.
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In the case 0 < λ ≤ µ ≤ t < 1 we have

x(t) =
−1

Γ(α)
(

∫ λ

0
+

∫ µ

λ
+

∫ t

µ
)(t− s)α−1y(s)ds

+
1− t

AλΓ(α)

∫ λ

0
H(s)y(s)ds

+
(Aλ +Bλ)t−Bλ

AλΓ(α)
(

∫ λ

0
+

∫ µ

λ
+

∫ t

µ
+

∫ 1

t
)(1− s)α−1y(s)ds

+
t− 1

AλΓ(α− 1)
(

∫ λ

0
+

∫ µ

λ
)(µ− s)α−2y(s)ds.

Finally if 0 < µ ≤ λ ≤ t < 1 we can write x(t) as

x(t) =
−1

Γ(α)
(

∫ µ

0
+

∫ λ

µ
+

∫ t

λ
)(t− s)α−1y(s)ds

+
1− t

AλΓ(α)
(

∫ µ

0
+

∫ λ

µ
)H(s)y(s)ds

+
(Aλ +Bλ)t−Bλ

AλΓ(α)
(

∫ µ

0
+

∫ λ

µ
+

∫ t

λ
+

∫ 1

t
)(1− s)α−1y(s)ds

+
t− 1

AλΓ(α− 1)

∫ µ

0
(µ− s)α−2y(s)ds.

So we have x(t) =
∫ 1
0 G(t, s)y(s)ds where

G(t, s) = −(t−s)α−1

Γ(α) + (1−t)H(s)+[(Aλ+Bλ)t−Bλ](1−s)α−1+α(t−1)(µ−s)α−2

AλΓ(α)
, when

0 ≤ s ≤ t ≤ 1 and s ≤ µ, λ,

G(t, s) = −(t−s)α−1

Γ(α) + [(Aλ+Bλ)t−Bλ](1−s)α−1+α(t−1)(µ−s)α−2

AλΓ(α)
, when

0 ≤ s ≤ t ≤ 1 and λ ≤ s ≤ µ,

G(t, s) = −(t−s)α−1

Γ(α) + (1−t)H(s)+[(Aλ+Bλ)t−Bλ](1−s)α−1

AλΓ(α)
, when 0 ≤ s ≤ t ≤ 1

and µ ≤ s ≤ λ,

G(t, s) = −(t−s)α−1

Γ(α) + [(Aλ+Bλ)t−Bλ](1−s)α−1

AλΓ(α)
, when 0 ≤ s ≤ t ≤ 1 and

s ≥ µ, λ,

G(t, s) = [(Aλ+Bλ)t−Bλ](1−s)α−1+(t−1)(µ−s)α−1

AλΓ(α)
, when 0 ≤ t ≤ s ≤ 1 and

s ≤ µ, λ,

G(t, s) = (1−t)H(s)+[(Aλ+Bλ)t−Bλ](1−s)α−1

AλΓ(α)
, when 0 ≤ t ≤ s ≤ 1 and

s ≥ µ, λ and
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G(t, s) = [(Aλ+Bλ)t−Bλ](1−s)α−1

AλΓ(α)
, when 0 ≤ t ≤ s ≤ 1 and s ≥ µ, λ, □

Note that, for the Green function G(t, s), ∂G
∂t (t, s) is given as

∂G
∂t (t, s) =

−(t−s)α−2

Γ(α−1) + −H(s)+(Aλ+Bλ)(1−s)α−1+α(µ−s)α−2

AλΓ(α)
,

when 0 ≤ s ≤ t ≤ 1 and s ≤ µ, λ,
∂G
∂t (t, s) =

−(t−s)α−2

Γ(α−1) + (Aλ+Bλ)(1−s)α−1+α(µ−s)α−2

AλΓ(α)
,

when 0 ≤ s ≤ t ≤ 1 and λ ≤ s ≤ µ,
∂G
∂t (t, s) =

−(t−s)α−2

Γ(α−1) + −H(s)+(Aλ+Bλ)(1−s)α−1

AλΓ(α)
,

when 0 ≤ s ≤ t ≤ 1 and µ ≤ s ≤ λ,
−(t−s)α−2

Γ(α−1) + (Aλ+Bλ)(1−s)α−1

AλΓ(α)
,

when 0 ≤ s ≤ t ≤ 1 and s ≥ µ, λ,
(Aλ+Bλ)(1−s)α−1+(µ−s)α−1

AλΓ(α)
,

when 0 ≤ t ≤ s ≤ 1 and s ≤ µ, λ,
−H(s)+(Aλ+Bλ)(1−s)α−1

AλΓ(α)
,

when 0 ≤ t ≤ s ≤ 1 and s ≥ µ, λ and
∂G
∂t (t, s) =

(Aλ+Bλ)(1−s)α−1

AλΓ(α)
, when 0 ≤ t ≤ s ≤ 1 and s ≥ µ, λ,

Also we can see G and ∂
∂tG are continuous respect to t. Consider the

space X = C1[0, 1] with the norm ∥.∥∗, where ∥x∥∗ = max{∥x∥, ∥x′∥}
and ∥.∥ is the supremum norm on C[0, 1]. Let f be a map on [0, 1]×X5

such that f is singular at some points of [0, 1]. Define the map
F : X → X by

Fx(t)

=

∫ 1

0
G(t, s)f(s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds

=
−1

Γ(α)

∫ t

0
(t− s)α−1f(s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ)x(ξ)dxi, ϕx(s))ds

+
1− t

AλΓ(α)

∫ λ

0
H(s)f(s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds

+
(Aλ +Bλ)t−Bλ

AλΓ(α)

∫ 1

0
(1− s)α−1f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds
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+
t− 1

AλΓ(α− 1)

∫ µ

0
(µ− s)α−2f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds,

for all t ∈ [0, 1]. Also F ′
x(t) is given as

F ′
x(t)

=

∫ 1

0

∂G

∂t
(t, s)f(s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds

=
−1

Γ(α− 1)

∫ t

0
(t− s)α−2f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds

− 1

AλΓ(α)

∫ λ

0
H(s)f(s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds

+
Aλ +Bλ

AλΓ(α)

∫ 1

0
(1− s)α−1f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds

+
1

AλΓ(α− 1)

∫ µ

0
(µ− s)α−2f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds.

Note that, the singular pointwise defined equation (1) has a solution
x0 ∈ X if and only if x0 a fixed point of the map F .

Theorem 2.2. Let α ≥ 2, β, µ, λ ∈ (0, 1) g ∈ L1[0, λ], g(t) > 0 for
a.e. t ∈ [0, λ], ϕ : [0, 1] → R+ is such that for all x, y ∈ C1[0, 1],
|ϕx(t)−ϕy(t)| ≤ b1|x(t)−y(t)|+b2|x′(t)−y′(t)| for some b1, b2 ∈ [0,∞),
h ∈ L1[0, 1] and f : [0, 1] ×X5 → R be a mapping which is singular on
some set E ⊂ [0, 1] such that for t ∈ E we have

|f(t, x1, x2, ..., x5)−f(t, y1, y2, ..., y5)| ≤
k0∑
i=1

ai(t)Λi(|x1−y1|, ..., |x5−y5|)
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and is continuous on Ec ⊂ [0, 1] such that for t ∈ Ec we have

|f(t, x1, x2, ..., x5)− f(t, y1, y2, ..., y5)| ≤
5∑

j=1

lj |xj − yj |

for all x1, ..., x5, y1, ..., y5 ∈ X , where k0 ∈ N, ai : [0, 1] → R+, âi ∈
L1(E), âi(s) = (1 − s)α−2ai(s), li ∈ [0,∞), Λi : X

5 → R+ is a nonde-

creasing mapping respect all their components such that limz→0+
Λi(z,...,z)

z =
qi for some qi ∈ [0,∞), and all 1 ≤ i ≤ k0. Also let for almost all
t ∈ [0, 1], f(t, 0, 0, 0, 0, 0) = 0, if

max{[
k0∑
i=1

(qi + ϵ)∆∥âi∥E ][
2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
]

+ M(Ec)[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]×

(
2

Γ(α+ 1)
+

∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
),

(

k0∑
i=1

(qi + ϵ)∆∥âi∥E)(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)(l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2)×

(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
)} < 1,

then

Dαx(t) + f(t, x(t), x′(t), Dβx(t),

∫ t

0
h(s)x(s)ds, ϕx(t)) = 0

with boundary conditions x′(µ) = x′(0) +
∫ λ
0 g(s)x(s)ds and x(1) =

x(j)(0) = 0 forj ≥ 2 has a solution.

Proof. First we show that F is continuous on X. Let x1, x2 ∈ X and
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t ∈ [0, 1], then we have

|Fx1(t)− Fx2(t)|

≤ |
∫ 1

0
G(t, s)f(s, x1(s), x

′
1(s), D

βx1(s),

∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))ds

−
∫ 1

0
G(t, s)f(s, x2(s), x

′
2(s), D

βx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))ds|

≤ |
∫ 1

0
G(t, s)(f(s, x1(s), x

′
1(s), D

βx1(s),

∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s)))ds|

≤ 1

Γ(α)

∫
E∩[0,t]

(t− s)α−1|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
1− t

AλΓ(α)

∫
E∩[0,λ]

H(s)|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
|t
∫ λ
0 g(ξ)dξ −

∫ λ
0 ξg(ξ)dξ|

AλΓ(α)

∫
E
(1− s)α−1|f(s, x1(s), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
1− t

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s)))ds|
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+
1

Γ(α)

∫
Ec∩[0,t]

(t− s)α−1|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
1− t

AλΓ(α)

∫
Ec∩[0,λ]

H(s)|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
|t
∫ λ
0 g(ξ)dξ −

∫ λ
0 ξg(ξ)dξ|

AλΓ(α)

∫
Ec

(1− s)α−1|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
1− t

AλΓ(α− 1)

∫
Ec∩[0,µ]

(µ− s)α−2|f(s, x1(t), x′1(s), Dβx1(s)

,

∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s)))ds|

≤ 1

Γ(α)

∫
E∩[0,t]

(t− s)α−1[

k0∑
i=1

ai(s)Λi(|x1(s)− x2(s)|,

|x′1(s)− x′2(s)|, |Dβ(x1 − x2)(s)|, |
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|,

|ϕx1(s)− ϕx2(s)|)]ds

+
1− t

AλΓ(α)

∫
E∩[0,λ]

H(s)[

k0∑
i=1

ai(s)Λi(|x1(s)− x2(s)|, |x′1(s)− x′2(s)|,

|Dβ(x1 − x2)(s)|, |
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|, |ϕx1(s)− ϕx2(s)|)]ds
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+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

∫
E
(1− s)α−1[

k0∑
i=1

ai(s)Λi(|x1(s)− x2(s)|,

|x′1(s)− x′2(s)|, |Dβ(x1 − x2)(s)|, |
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|,

|ϕx1(s)− ϕx2(s)|)]ds

+
1− t

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2[

k0∑
i=1

ai(s)Λi(|x1(s)− x2(s)|,

|x′1(s)− x′2(s)|, |Dβ(x1 − x2)(s)|, |
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|,

|ϕx1(s)− ϕx2(s)|)]ds

+
1

Γ(α)

∫
Ec∩[0,t]

(t− s)α−1[l1|x1(s)− x2(s)|+ l2|x′1(s)− x′2(s)|

+l3|Dβ(x1 − x2)(s)|+ l4|
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|

+l5|ϕx1(s)− ϕx2(s)|]ds

+
1− t

AλΓ(α)

∫
Ec∩[0,λ]

H(s)[l1|x1(s)− x2(s)|+ l2|x′1(s)− x′2(s)|

+l3|Dβ(x1 − x2)(s)|+ l4|
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|

+l5|ϕx1(s)− ϕx2(s)|]ds

+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

∫
Ec

(1− s)α−1[l1|x1(s)− x2(s)|+ l2|x′1(s)− x′2(s)|

+l3|Dβ(x1 − x2)(s)|+ l4|
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|

+l5|ϕx1(s)− ϕx2(s)|]ds

+
1− t

AλΓ(α− 1)

∫
Ec∩[0,µ]

(µ− s)α−2[l1|x1(s)− x2(s)|+ l2|x′1(s)− x′2(s)|

+l3|Dβ(x1 − x2)(s)|+ l4|
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|

+l5|ϕx1(s)− ϕx2(s)|]ds
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≤ 1

Γ(α)

k0∑
i=1

∫
E∩[0,t]

(t− s)α−1ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,

∥x′1 − x′2∥
Γ(2− β)

, ∥x1 − x2∥
∫ s

0
|h(ξ)|dξ, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+
1− t

AλΓ(α)

k0∑
i=1

∫
E∩[0,λ]

H(s)ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,

∥x′1 − x′2∥
Γ(2− β)

, ∥x1 − x2∥
∫ s

0
|h(ξ)|dξ, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

k0∑
i=1

∫
E
(1− s)α−1ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,

∥x′1 − x′2∥
Γ(2− β)

, ∥x1 − x2∥
∫ s

0
|h(ξ)|dξ, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+
1− t

AλΓ(α− 1)

k0∑
i=1

∫
E∩[0,µ]

(µ− s)α−2ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,

∥x′1 − x′2∥
Γ(2− β)

, ∥x1 − x2∥
∫ s

0
|h(ξ)|dξ, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+
1

Γ(α)

∫
Ec∩[0,t]

(t− s)α−1[l1∥x1 − x2∥+ l2∥x′1 − x′2∥+
l3∥x′1 − x′2∥
Γ(2− β)

+l4∥x1 − x2∥
∫ s

0
|h(ξ)|dξ + l5b1∥x1 − x2∥+ l5b2∥x′1 − x′2∥]ds

+
1− t

AλΓ(α)

∫
Ec∩[0,λ]

H(s)[l1∥x1 − x2∥+ l2∥x′1 − x′2∥+
l3∥x′1 − x′2∥
Γ(2− β)

+l4∥x1 − x2∥
∫ s

0
|h(ξ)|dξ + l5b1∥x1 − x2∥+ l5b2∥x′1 − x′2∥]ds

+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

∫
Ec

(1− s)α−1[l1∥x1 − x2∥+ l2∥x′1 − x′2∥

+
l3∥x′1 − x′2∥
Γ(2− β)

+ l4∥x1 − x2∥
∫ s

0
|h(ξ)|dξ + l5b1∥x1 − x2∥

+l5b2∥x′1 − x′2∥]ds
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+
1− t

AλΓ(α− 1)

∫
Ec∩[0,µ]

(µ− s)α−2[l1∥x1 − x2∥+ l2∥x′1 − x′2∥

+
l3∥x′1 − x′2∥
Γ(2− β)

+ l4∥x1 − x2∥
∫ s

0
|h(ξ)|dξ + l5b1∥x1 − x2∥

+l5b2∥x′1 − x′2∥]ds.

Note that ∥Dβx∥ ≤ ∥x′∥
Γ(2−β) , also we have

H(s) =

∫ λ

s
(t− s)α−1g(t)dt ≤

∫ λ

s
(λ− s)α−1g(t)dt ≤ (λ− s)α−1∥g∥[0,λ]

where ∥g∥[0,λ] =
∫ λ
0 g(t)dt. Let ∆ = max{1, 1

Γ(2−β) ,m, b1 + b2}, then by

the last inequality for all x1, x2 ∈ X and t ∈ [0, 1] we have

|Fx1(t)− Fx2(t)|

≤ 1

Γ(α)

k0∑
i=1

∫
E
(1− s)α−1ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,

∥x′1 − x′2∥
Γ(2− β)

, ∥x1 − x2∥
∫ s

0
|h(ξ)|dξ, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+
1− t

AλΓ(α)

k0∑
i=1

∫
E
(λ− s)α−1∥g∥[0,λ]ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,

∥x′1 − x′2∥
Γ(2− β)

, ∥x1 − x2∥
∫ s

0
|h(ξ)|dξ, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

k0∑
i=1

∫
E
(1− s)α−1ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,

∥x′1 − x′2∥
Γ(2− β)

, ∥x1 − x2∥
∫ s

0
|h(ξ)|dξ, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+
1− t

AλΓ(α− 1)

k0∑
i=1

∫
E
(µ− s)α−2ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,

∥x′1 − x′2∥
Γ(2− β)

, ∥x1 − x2∥
∫ s

0
|h(ξ)|dξ, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds
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+
1

Γ(α)

∫
Ec

(1− s)α−1[l1∥x1 − x2∥+ l2∥x′1 − x′2∥+
l3∥x′1 − x′2∥
Γ(2− β)

+l4∥x1 − x2∥
∫ s

0
|h(ξ)|dξ + l5b1∥x1 − x2∥+ l5b2∥x′1 − x′2∥]ds

+
1− t

AλΓ(α)

∫
Ec

(λ− s)α−1∥g∥[0,λ][l1∥x1 − x2∥+ l2∥x′1 − x′2∥

+
l3∥x′1 − x′2∥
Γ(2− β)

+ l4∥x1 − x2∥
∫ s

0
|h(ξ)|dξ + l5b1∥x1 − x2∥

+l5b2∥x′1 − x′2∥]ds

+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

∫
Ec

(1− s)α−1[l1∥x1 − x2∥+ l2∥x′1 − x′2∥

+
l3∥x′1 − x′2∥
Γ(2− β)

+ l4∥x1 − x2∥
∫ s

0
|h(ξ)|dξ + l5b1∥x1 − x2∥

+l5b2∥x′1 − x′2∥]ds

+
1− t

AλΓ(α− 1)

∫
Ec

(µ− s)α−2[l1∥x1 − x2∥+ l2∥x′1 − x′2∥

+
l3∥x′1 − x′2∥
Γ(2− β)

+ l4∥x1 − x2∥
∫ s

0
|h(ξ)|dξ + l5b1∥x1 − x2∥

+l5b2∥x′1 − x′2∥]ds

≤ 1

Γ(α)

k0∑
i=1

Λi(∆∥x1 − x2∥∗, ...,∆∥x1 − x2∥∗)
∫
E
(1− s)α−1ai(s)ds

+
(1− t)∥g∥[0,λ]

AλΓ(α)

k0∑
i=1

Λi(∆∥x1 − x2∥∗, ...,∆∥x1 − x2∥∗)×∫
E
(1− s)α−1ai(s)ds

+
1

Γ(α)

k0∑
i=1

Λi(∆∥x1 − x2∥∗, ...,∆∥x1 − x2∥∗)
∫
E
(1− s)α−1ai(s)ds

+
1− t

AλΓ(α− 1)

k0∑
i=1

Λi(∆∥x1 − x2∥∗, ...,∆∥x1 − x2∥∗)×∫
E
(1− s)α−2ai(s)ds
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+
1

Γ(α)
∥x1 − x2∥∗[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]×∫
Ec

(1− s)α−1ds

+
(1− t)∥g∥[0,λ]

AλΓ(α)
∥x1 − x2∥∗[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]×∫
Ec

(1− s)α−1ds

+
1

Γ(α)
∥x1 − x2∥∗[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]×∫
Ec

(1− s)α−1ds

+
1− t

AλΓ(α− 1)
∥x1 − x2∥∗[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]×∫
Ec

(1− s)α−2ds.

(2)

Now let ϵ > 0 be arbitary and x1 → x2 inX. Since limz→0+
Λi(z,...,z)

z = qi

for i = 1, ..., k0, so limz→0+
Λi(∆z,...,∆z)

∆z = qi, so for ϵ > 0 there exists
0 < δ ≤ ϵ such that 0 < z ≤ δ implies that

0 < Λi(∆z, ...,∆z) < (qi + ϵ)∆z,

for all i = 1, ..., k0, in particular

0 < Λi(∆δ, ...,∆δ) < (qi + ϵ)∆δ < (qi + ϵ)∆ϵ,

so when ∥x1 − x2∥ < δ, by (2) we have

|Fx1(t)− Fx2(t)|

≤ 1

Γ(α)

k0∑
i=1

Λi(∆δ, ...,∆δ)∥âi∥E

+
(1− t)∥g∥[0,λ]

AλΓ(α)

k0∑
i=1

Λi(∆δ, ...,∆δ)∥âi∥E
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+
1

Γ(α)

k0∑
i=1

Λi(∆δ, ...,∆δ)∥âi∥E

+
1− t

AλΓ(α− 1)

k0∑
i=1

Λi(∆δ, ...,∆δ)∥âi∥E

+
1

Γ(α)
δ[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]
M(Ec)

α

+
(1− t)∥g∥[0,λ]

AλΓ(α)
δ[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]
M(Ec)

α

+
1

Γ(α)
δ[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]
M(Ec)

α

+
1− t

AλΓ(α− 1)
δ[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]
M(Ec)

α− 1

≤ 1

Γ(α)

k0∑
i=1

(qi + ϵ)∆ϵ∥âi∥E +
(1− t)∥g∥[0,λ]

AλΓ(α)

k0∑
i=1

(qi + ϵ)∆ϵ∥âi∥E

+
1

Γ(α)

k0∑
i=1

(qi + ϵ)∆ϵ∥âi∥E +
1− t

AλΓ(α− 1)

k0∑
i=1

(qi + ϵ)∆ϵ∥âi∥E

+
M(Ec)

Γ(α+ 1)
[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]ϵ

+
(1− t)∥g∥[0,λ]M(Ec)

AλΓ(α+ 1)
[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]ϵ

+
M(Ec)

Γ(α+ 1)
[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]ϵ

+
(1− t)M(Ec)

AλΓ(α)
[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]ϵ

where M is the Lebesgue measure. Hence
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∥Fx1 − Fx2∥

≤ ([

k0∑
i=1

(qi + ϵ)∆∥âi∥E ][
2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
]

+ M(Ec)[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]×

[
2

Γ(α+ 1)
+

∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
])ϵ.

Also we have

|F ′
x1
(t)− F ′

x2
(t)|

≤ | −1

Γ(α− 1)

∫ t

0
(t− s)α−2(f(s, x1(t), x

′
1(s), D

βx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s)))ds

− 1

AλΓ(α)

∫ λ

0
H(s)(f(s, x1(t), x

′
1(s), D

βx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s)))ds

+
Aλ +Bλ

AλΓ(α)

∫ 1

0
(1− s)α−1(f(s, x1(t), x

′
1(s), D

βx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s)))ds

+
1

AλΓ(α− 1)

∫ µ

0
(µ− s)α−2(f(s, x1(t), x

′
1(s), D

βx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))
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−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s)))ds

≤ 1

Γ(α− 1)

∫
E∩[0,t]

(t− s)α−2|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
1

AλΓ(α)

∫
E∩[0,λ]

H(s)|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
Aλ +Bλ

AλΓ(α)

∫
E
(1− s)α−1|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
1

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s)))ds|

+
1

Γ(α− 1)

∫
Ec∩[0,t]

(t− s)α−2|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds
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+
1

AλΓ(α)

∫
Ec∩[0,λ]

H(s)|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
Aλ +Bλ

AλΓ(α)

∫
Ec

(1− s)α−1|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s))|ds

+
1

AλΓ(α− 1)

∫
Ec∩[0,µ]

(µ− s)α−2|f(s, x1(t), x′1(s), Dβx1(s),∫ s

0
h(ξ)x1(ξ)dξ, ϕx1(s))

−f(s, x2(s), x′2(s), Dβx2(s),

∫ s

0
h(ξ)x2(ξ)dξ, ϕx2(s)))ds|

≤ 1

Γ(α− 1)

∫
E∩[0,t]

(t− s)α−2[

k0∑
i=1

ai(s)Λi(|x1(s)− x2(s)|,

|x′1(s)− x′2(s)|, |Dβ(x1 − x2)(s)|, |
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|,

|ϕx1(s)− ϕx2(s)|)]ds

+
1

AλΓ(α)

∫
E∩[0,λ]

H(s)[

k0∑
i=1

ai(s)Λi(|x1(s)− x2(s)|, |x′1(s)− x′2(s)|,

|Dβ(x1 − x2)(s)|, |
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|, |ϕx1(s)− ϕx2(s)|)]ds

+

∫ λ
0 g(ξ)dξ

AλΓ(α)

∫
E
(1− s)α−1[

k0∑
i=1

ai(s)Λi(|x1(s)− x2(s)|, |x′1(s)− x′2(s)|,

|Dβ(x1 − x2)(s)|, |
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|, |ϕx1(s)− ϕx2(s)|)]ds
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+
1

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2[

k0∑
i=1

ai(s)Λi(|x1(s)− x2(s)|,

|x′1(s)− x′2(s)|, |Dβ(x1 − x2)(s)|, |
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|,

|ϕx1(s)− ϕx2(s)|)]ds

+
1

Γ(α− 1)

∫
Ec∩[0,t]

(t− s)α−2[l1|x1(s)− x2(s)|+ l2|x′1(s)− x′2(s)|

+l3|Dβ(x1 − x2)(s)|+ l4|
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|

+l5|ϕx1(s)− ϕx2(s)|]ds

+
1

AλΓ(α)

∫
Ec∩[0,λ]

H(s)[l1|x1(s)− x2(s)|+ l2|x′1(s)− x′2(s)|

+l3|Dβ(x1 − x2)(s)|+ l4|
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|

+l5|ϕx1(s)− ϕx2(s)|]ds

+

∫ λ
0 g(ξ)dξ

AλΓ(α)

∫
Ec

(1− s)α−1[l1|x1(s)− x2(s)|+ l2|x′1(s)− x′2(s)|

+l3|Dβ(x1 − x2)(s)|+ l4|
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|

+l5|ϕx1(s)− ϕx2(s)|]ds

+
1

AλΓ(α− 1)

∫
Ec∩[0,µ]

(µ− s)α−2[l1|x1(s)− x2(s)|

+l2|x′1(s)− x′2(s)|+ l3|Dβ(x1 − x2)(s)|+

l4|
∫ s

0
h(ξ)(x1(ξ)− x2(ξ))dξ|+ l5|ϕx1(s)− ϕx2(s)|]ds

≤ 1

Γ(α− 1)

k0∑
i=1

∫
E
(1− s)α−2ai(s)Λi(∥x1 − x2∥,

∥x′1 − x′2∥,
∥x′1 − x′2∥
Γ(2− β)

,m∥x1 − x2∥, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+
1

AλΓ(α)

k0∑
i=1

∫
E
∥g∥[0,λ](λ− s)α−1ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,
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∥x′1 − x′2∥
Γ(2− β)

,m∥x1 − x2∥, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+

∫ λ
0 g(ξ)dξ

AλΓ(α)

k0∑
i=1

∫
E
(1− s)α−1ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,

∥x′1 − x′2∥
Γ(2− β)

,m∥x1 − x2∥, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+
1

AλΓ(α− 1)

k0∑
i=1

∫
E
(1− s)α−2ai(s)Λi(∥x1 − x2∥, ∥x′1 − x′2∥,

∥x′1 − x′2∥
Γ(2− β)

,m∥x1 − x2∥, b1∥x1 − x2∥+ b2∥x′1 − x′2∥)ds

+
1

Γ(α− 1)

∫
Ec

(1− s)α−2[l1∥x1 − x2∥+ l2∥x′1 − x′2∥+
l3∥x′1 − x′2∥
Γ(2− β)

+l4m∥x1 − x2∥+ l5b1∥x1 − x2∥+ l5b2∥x′1 − x′2∥]ds

+
1

AλΓ(α)

∫
Ec

∥g∥[0,λ](λ− s)α−1[l1∥x1 − x2∥

+l2∥x′1 − x′2∥+
l3∥x′1 − x′2∥
Γ(2− β)

+ l4m∥x1 − x2∥+ l5b1∥x1 − x2∥

+l5b2∥x′1 − x′2∥]ds

+

∫ λ
0 g(ξ)dξ

AλΓ(α)

∫
Ec

(1− s)α−1[l1∥x1 − x2∥+ l2∥x′1 − x′2∥+
l3∥x′1 − x′2∥
Γ(2− β)

+l4m∥x1 − x2∥+ l5b1∥x1 − x2∥+ l5b2∥x′1 − x′2∥]ds

+
1

AλΓ(α− 1)

∫
Ec

(1− s)α−2[l1∥x1 − x2∥+ l2∥x′1 − x′2∥

+
l3∥x′1 − x′2∥
Γ(2− β)

+ l4m∥x1 − x2∥+ l5b1∥x1 − x2∥+ l5b2∥x′1 − x′2∥]ds

≤ 1

Γ(α− 1)

k0∑
i=1

Λi(∆∥x1 − x2∥∗, ...,∆∥x1 − x2∥∗)
∫
E
(1− s)α−2ai(s)ds

+
∥g∥[0,λ]
AλΓ(α)

k0∑
i=1

Λi(∆∥x1 − x2∥∗, ...,∆∥x1 − x2∥∗)×∫
E
(1− s)α−1ai(s)ds
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+

∫ λ
0 g(ξ)dξ

AλΓ(α)

k0∑
i=1

Λi(∆∥x1 − x2∥∗, ...,∆∥x1 − x2∥∗)×∫
E
(1− s)α−1ai(s)ds

+
1

AλΓ(α− 1)

k0∑
i=1

Λi(∆∥x1 − x2∥∗, ...,∆∥x1 − x2∥∗)×∫
E
(1− s)α−2ai(s)ds

+
1

Γ(α− 1)
∥x1 − x2∥∗[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5b1 + l5b2]×∫
Ec

(1− s)α−2ds

+
∥g∥[0,λ]
AλΓ(α)

∥x1 − x2∥∗[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2]×∫

Ec

(1− s)α−1ds

+

∫ λ
0 g(ξ)dξ

AλΓ(α)
∥x1 − x2∥∗[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5b1 + l5b2]×∫
Ec

(1− s)α−1ds

+
1

AλΓ(α− 1)
∥x1 − x2∥∗[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5b1 + l5b2]×∫
Ec

(1− s)α−2ds

≤ 1

Γ(α− 1)

k0∑
i=1

Λi(∆δ, ...,∆δ)∥âi∥E

+
∥g∥[0,λ]
AλΓ(α)

k0∑
i=1

Λi(∆δ, ...,∆δ)∥âi∥E

+

∫ λ
0 g(ξ)dξ

AλΓ(α)

k0∑
i=1

Λi(∆δ, ...,∆δ)∥âi∥E
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+
1

AλΓ(α− 1)

k0∑
i=1

Λi(∆δ, ...,∆δ)∥âi∥E

+
1

AλΓ(α− 1)
δ[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5b1 + l5b2]
M(Ec)

α− 1

+
∥g∥[0,λ]
AλΓ(α)

δ[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2]

M(Ec)

α

+

∫ λ
0 g(ξ)dξ

AλΓ(α)
δ[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5b1 + l5b2]
M(Ec)

α

+
1

AλΓ(α− 1)
δ[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5b1 + l5b2]
M(Ec)

α− 1

≤ 1

Γ(α− 1)

k0∑
i=1

(qi + ϵ)∆ϵ∥âi∥E +
∥g∥[0,λ]
AλΓ(α)

k0∑
i=1

(qi + ϵ)∆ϵ∥âi∥E

+
∥g∥[0,λ]
AλΓ(α)

k0∑
i=1

(qi + ϵ)∆ϵ∥âi∥E +
1

AλΓ(α− 1)

k0∑
i=1

(qi + ϵ)∆ϵ∥âi∥E

+
[l1 + l2 +

l3
Γ(2−β) + l4m+ l5b1 + l5b2]

AλΓ(α)
M(Ec)ϵ

+
∥g∥[0,λ][l1 + l2 +

l3
Γ(2−β) + l4m+ l5b1 + l5b2]

AλΓ(α+ 1)
M(Ec)ϵ

+
∥g∥[0,λ][l1 + l2 +

l3
Γ(2−β) + l4m+ l5b1 + l5b2]

AλΓ(α+ 1)
M(Ec)ϵ

+
[l1 + l2 +

l3
Γ(2−β) + l4m+ l5b1 + l5b2]

AλΓ(α)
M(Ec)ϵ

= [(

k0∑
i=1

(qi + ϵ)∆ϵ∥âi∥E)(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)(l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2)×

(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
)]ϵ.
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So

∥F ′
x1

− F ′
x2
∥

≤ [(

k0∑
i=1

(qi + ϵ)∆ϵ∥âi∥E)(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)(l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2)×

(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
)]ϵ.

Hence

∥Fx1 − Fx2∥∗ ≤ Qϵ

where

Q = max{[
k0∑
i=1

(qi + ϵ)∆∥âi∥E ][
2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
]

+ M(Ec)[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]×

[
2

Γ(α+ 1)
+

∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
],

(

k0∑
i=1

(qi + ϵ)∆∥âi∥E)(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)(l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2)×

(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
)} <∞.

Since ϵ > 0 is arbitrary then ∥Fx1 − Fx2∥∗ → 0 as x1 → x2 in X, this

shows that F is continuous in X. Since limz→0+
Λi(∆z,...,∆z)

∆z = qi, so for
ϵ > 0 there is δ > 0 such that z ∈ (0, δ] implies that
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Λi(∆z, ...,∆z) < (qi + ϵ)∆z, for all 1 ≤ i ≤ k0. Also since

max{[
k0∑
i=1

qi∆∥âi∥E ][
2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
]

+ M(Ec)[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]×

[
2

Γ(α+ 1)
+

∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
],

(

k0∑
i=1

qi∆∥âi∥E)(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)(l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2)×

(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
)} < 1,

there is ϵ0 > 0 such that

max{[
k0∑
i=1

(qi + ϵ0)∆∥âi∥E ][
2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
]

+ M(Ec)[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]×

[
2

Γ(α+ 1)
+

∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
],

(

k0∑
i=1

(qi + ϵ0)∆∥âi∥E)(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)(l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2)×

(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
)} < 1.

Let δ0 = δ(ϵ0), R = min{δ0, 1}, C = {x ∈ X : ∥x∥∗ ≤ R} and define
α : X2 → [0,∞) as α(x, y) = 1 for x, y ∈ X, other wise let α(x, y) = 0,
so for all 1 ≤ i ≤ k0 Λi(∆∥x∥∗, ...,∆∥x∥∗) < (qi + ϵ0)∆R. Let x ∈ C,
then for all t ∈ [0, 1] we have
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|Fx(t)|

≤ |
∫ 1

0
G(t, s)f(s, x(t), x′(t), Dβx(t),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds|

≤
∫ 1

0
|G(t, s)||f(s, x(t), x′(t), Dβx(t),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))|ds

=

∫ 1

0
|G(t, s)||f(s, x(t), x′(t), Dβx(t),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, 0, ..., 0)|ds

=

∫
E
|G(t, s)||f(s, x(t), x′(t), Dβx(t),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, 0, ..., 0)|ds

+

∫
Ec

|G(t, s)||f(s, x(t), x′(t), Dβx(t),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, 0, ..., 0)|ds

≤
∫
E
|G(t, s)|

k0∑
i=1

ai(s)Λi(|x(s)|, |x′(s)|, |Dβx(s)|,

|
∫ s

0
h(ξ)x(ξ)dξ|, |ϕx(s)− ϕ0(s)|)ds

+

∫
Ec

|G(t, s)|[l1|x(s)|+ l2|x′(s)|+ l3|Dβx(s)|

+ l4|
∫ s

0
h(ξ)x(ξ)dξ|+ l5|ϕx(s)− ϕ0(s)|]ds

≤ 1

Γ(α)

∫
E∩[0,t]

(t− s)α−1
k0∑
i=1

ai(s)Λi(|x(s)|, |x′(s)|, |Dβx(s)|,

|
∫ s

0
h(ξ)x(ξ)dξ|, |ϕx(s)− ϕ0(s)|)ds

+
1− t

AλΓ(α)

∫
E∩[0,λ]

H(s)

k0∑
i=1

ai(s)Λi(|x(s)|, |x′(s)|, |Dβx(s)|,

|
∫ s

0
h(ξ)x(ξ)dξ|, |ϕx(s)− ϕ0(s)|)ds
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+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

∫
E
(1− s)α−1

k0∑
i=1

ai(s)Λi(|x(s)|, |x′(s)|, |Dβx(s)|,

|
∫ s

0
h(ξ)x(ξ)dξ|, |ϕx(s)− ϕ0(s)|)ds

+
1− t

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2
k0∑
i=1

ai(s)Λi(|x(s)|, |x′(s)|, |Dβx(s)|,

|
∫ s

0
h(ξ)x(ξ)dξ|, |ϕx(s)− ϕ0(s)|)ds

+
1

Γ(α)

∫
Ec∩[0,t]

(t− s)α−1[l1|x(s)|+ l2|x′(s)|+ l3|Dβx(s)|

+ l4|
∫ s

0
h(ξ)x(ξ)dξ|+ l5|ϕx(s)− ϕ0(s)|]ds

+
1− t

AλΓ(α)

∫
Ec∩[0,λ]

H(s)[l1|x(s)|+ l2|x′(s)|+ l3|Dβx(s)|

+ l4|
∫ s

0
h(ξ)x(ξ)dξ|+ l5|ϕx(s)− ϕ0(s)|]ds

+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

∫
Ec

(1− s)α−1[l1|x(s)|+ l2|x′(s)|+ l3|Dβx(s)|

+ l4|
∫ s

0
h(ξ)x(ξ)dξ|+ l5|ϕx(s)− ϕ0(s)|]ds

+
1− t

AλΓ(α− 1)

∫
Ec∩[0,µ]

(µ− s)α−2[l1|x(s)|+ l2|x′(s)|+ l3|Dβx(s)|

+ l4|
∫ s

0
h(ξ)x(ξ)dξ|+ l5|ϕx(s)− ϕ0(s)|]ds

≤ 1

Γ(α)

k0∑
i=1

∫
E∩[0,t]

(t− s)α−1ai(s)Λi(∥x∥, ∥x′∥,
∥x′∥

Γ(2− β)
,

m∥x∥, b1∥x∥+ b2∥x′∥)ds

+
1− t

AλΓ(α)

k0∑
i=1

∫
E∩[0,λ]

H(s)ai(s)Λi(∥x∥, ∥x′∥,
∥x′∥

Γ(2− β)
,

m∥x∥, b1∥x∥+ b2∥x′∥)ds
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+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

k0∑
i=1

∫
E
(1− s)α−1ai(s)Λi(∥x∥, ∥x′∥,

∥x′∥
Γ(2− β)

,

m∥x∥, b1∥x∥+ b2∥x′∥)ds

+
1− t

AλΓ(α− 1)

k0∑
i=1

∫
E∩[0,µ]

(µ− s)α−2ai(s)Λi(∥x∥, ∥x′∥,
∥x′∥

Γ(2− β)
,

m∥x∥, b1∥x∥+ b2∥x′∥)ds

+
1

Γ(α)

∫
Ec∩[0,t]

(t− s)α−1[l1∥x∥+ l2∥x′∥+
l3∥x′∥

Γ(2− β)

+l4m∥x∥+ l5b1∥x∥+ l5b2∥x′∥]ds

+
1− t

AλΓ(α)

∫
Ec∩[0,λ]

H(s)[l1∥x∥+ l2∥x′∥+
l3∥x′∥

Γ(2− β)

+l4m∥x∥+ l5b1∥x∥+ l5b2∥x′∥]ds

+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

∫
Ec

(1− s)α−1[l1∥x∥+ l2∥x′∥+
l3∥x′∥

Γ(2− β)

+l4m∥x∥+ l5b1∥x∥+ l5b2∥x′∥]ds

+
1− t

AλΓ(α− 1)

∫
Ec∩[0,µ]

(µ− s)α−2[l1∥x∥+ l2∥x′∥+
l3∥x′∥

Γ(2− β)

+l4m∥x∥+ l5b1∥x∥+ l5b2∥x′∥]ds

≤ 1

Γ(α)

k0∑
i=1

∫
E
(1− s)α−1ai(s)Λi(∆∥x∥∗, ...,∆∥x∥∗)ds

+
1− t

AλΓ(α)

k0∑
i=1

∫
E
∥g∥[0,λ](λ− s)α−1ai(s)Λi(∆∥x∥∗, ...,∆∥x∥∗)ds

+
1

Γ(α)

k0∑
i=1

∫
E
(1− s)α−1ai(s)Λi(∆∥x∥∗, ...,∆∥x∥∗)ds

+
1− t

AλΓ(α− 1)

k0∑
i=1

∫
E
(1− s)α−2ai(s)Λi(∆∥x∥∗, ...,∆∥x∥∗)ds

+
1

Γ(α)

∫
Ec

(1− s)α−1∥x∥∗[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2]ds
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+
1− t

AλΓ(α)

∫
Ec

∥g∥[0,λ](λ− s)α−1∥x∥∗[l1 + l2 +
l3

Γ(2− β)

+l4m+ l5b1 + l5b2]ds

+
1

Γ(α)

∫
Ec

(1− s)α−1∥x∥∗[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2]ds

+
1− t

AλΓ(α− 1)

∫
Ec

(1− s)α−2∥x∥∗[l1 + l2 +
l3

Γ(2− β)

+l4m+ l5b1 + l5b2]ds

≤ 1

Γ(α)

k0∑
i=1

(qi + ϵ0)∆R∥âi∥E +
(1− t)∥g∥[0,λ]

AλΓ(α)

k0∑
i=1

(qi + ϵ0)∆R∥âi∥E

+
1

Γ(α)

k0∑
i=1

(qi + ϵ0)∆R∥âi∥E +
1− t

AλΓ(α− 1)

k0∑
i=1

(qi + ϵ0)∆R∥âi∥E

+
1

Γ(α+ 1)
[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]M(Ec)R

+
(1− t)∥g∥[0,λ]
AλΓ(α+ 1)

[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]M(Ec)R

+
1

Γ(α+ 1)
[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]M(Ec)R

+
1− t

AλΓ(α)
[l1 + l2 +

l3
Γ(2− β)

+ l4m+ l5(b1 + b2)]M(Ec)R.

Hence

∥Fx∥ ≤ ((qi + ϵ0)∆∥âi∥E(
2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]×

(
2

Γ(α+ 1)
+

∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
))R ≤ R.

Using similar proof we conclude that
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∥F ′
x∥ ≤ ((

k0∑
i=1

(qi + ϵ0)∆ϵ∥âi∥E)(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]×

(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
))R ≤ R.

Therefore ∥Fx∥∗ = max{∥Fx∥, ∥F ′
x∥} ≤ R, so ∥F ′

x∥ ≤ r so ∥Fx∥∗ ≤ r
therefore Fx ∈ C. By similar manner we conclude that Fy ∈ C, hence
α(Fx, Fy) ≥ 1, so F is α- admissible. It’s obvious that C ̸= ϕ, hence
there exists x0 ∈ C such that Fx0 ∈ C and therefore α(x0, Fx0) ≥ 1. Let

γ := max{[
k0∑
i=1

(qi + ϵ)∆∥âi∥E ][
2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
]

+ M(Ec)[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]×

[
2

Γ(α+ 1)
+

∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
],

(

k0∑
i=1

(qi + ϵ)∆∥âi∥E)(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)(l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2)×

(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
)} < 1,

then define ψ : [0,∞) → [0,∞) as ψ(t) = γt, then ψ is nondecreasing
and

∞∑
n=1

ψn(t) =
γ

1− γ
<∞,

so ψ ∈ Ψ. Also for x, y ∈ C we have
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∥Fx − Fy∥ ≤ ([

k0∑
i=1

(qi + ϵ)∆∥âi∥E ][
2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
]

+ M(Ec)[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]×

[
2

Γ(α+ 1)
+

∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
])∥x− y∥∗ ≤ γ∥x− y∥∗

and

∥F ′
x − F ′

y∥ ≤ (

k0∑
i=1

qi∆∥âi∥E)(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)(l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2)×

(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
)∥x− y∥∗

≤ γ∥x− y∥∗
so

∥Fx − Fy∥∗ ≤ γ∥x− y∥∗.

Hence for all x, y ∈ X we have

α(x, y)∥Fx − Fy∥∗ ≤ γ∥x− y∥∗ = Ψ(∥x− y∥∗).

Now, using lemma (1.3) we conclude that F has a fixed point in X which
is a solution for the problem. □
Example 2.3. Consider the problem

D
5
2x(t) + f(t, x(t), x′(t), D

1
2x(t),

∫ t

0
ξx(ξ)dξ,D

1
3x(t)) = 0, (3)

with boundary conditions x′(13) = x′(0)+
∫ 1

2
0 sx(s)ds and x(1) = x(j)(0) =

0 for 2 ≤ j ≤ 3, where

f(t, x1, ..., x5) =


1

10
√
1−tp(t)

Σ5
i=1|xi t ∈ E := [0, 13 ]

1
20(1− t)Σ5

i=1|xi| t ∈ Ec := (13 , 1]
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and p(t) = 0 whenever t ∈ E ∩ Q and p(t) = 1 whenever t ∈ E ∩ Qc.
Put α = 5

2 , β = 1
2 , Λi(x1, ..., x5) =

1
10Σ

5
i=1|xi|, ai(t) = 1√

1−tp(t)
, g(t) =

h(t) = t, λ = 1
2 , µ = 1

2 , m = 1
2 , ϕx(t) = D

1
3x(t), b1 = 0, b2 = 1

Γ( 5
3
)
,

qi = 5, l1 = ... = l5 = 2
60 and k0 = 1 for all 1 ≤ i ≤ k0. Note that for

t ∈ Ec

|f(t, x1, ..., x5)−f(t, y1, ..., y5)| =
1

20
(1−t)|Σ5

i=1|xi|−|yi| ≤
2

60
Σ5
i=1|xi−yi|,

and for t ∈ E we have

|f(t, x1, ..., x5) − f(t, y1, ..., y5)| =
1√

1− tp(t)
|Σ5

i=1|xi| − |yi||

≤ 1

10
√
1− tp(t)

|xi − yi| = ai(t)Σ
k0
i=1Λi(|xi − yi|),

limz→0+
Λi(z,z,z,z,z)

z = 1
2 = qi, (1 − t)α−2ai(t) ∈ L1(E), ∥âi∥ = 1

3 ,

∥g∥[0,λ] = 1
18 , for all 1 ≤ i ≤ k0, |ϕx(t) − ϕy(t)| ≤ D

1
3 |x(t) − y(t)| ≤

1
Γ( 5

3
)
|x(t)− y(t)|,

∫ 1
0 h(t)dt =

1
2 = m,

∆ = max{1, 1

Γ(2− β)
,m, b1 + b2} = max{1, 1

Γ(32)
,
1

2
,

1

Γ(53)
} =

2√
π
,

Aλ =

∫ λ

0
(1− t)g(t)dt =

∫ 1
2

0
(1− t)tdt =

1

12
,

M(Ec) = 2
3 and
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max{[
k0∑
i=1

(qi + ϵ)∆∥âi∥E ][
2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
]

+ M(Ec)[l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5(b1 + b2)]×

[
2

Γ(α+ 1)
+

∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
],

(

k0∑
i=1

(qi + ϵ)∆∥âi∥E)(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)

+ M(Ec)(l1 + l2 +
l3

Γ(2− β)
+ l4m+ l5b1 + l5b2)×

(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
)}

≤ max{(1
2
.
2√
π
.
1

3
)[

2

Γ(52)
+

1
18

1
2Γ(

5
2)

+
1

1
2Γ(

3
2)
]

+
2

3
[
2

60
+

2

60
+

2
60

Γ(32)
+

2

60
.
1

2
+

2

60
.

1

Γ(53)
][

2

Γ(72)
+

1
18

1
2 .Γ(

7
2)

+
1

1
2 .Γ(

5
2)
],

(
1

2
.
2√
π
.
1

3
)(

1

Γ(32)
+

2. 118
1
2Γ(

5
2)

+
1

1
2Γ(

3
2)
)

+
2

3
[
2

60
+

2

60
+

2
60

Γ(32)
+

2

60
.
1

2
+

2

60
.

1

Γ(53)
]×

(
1

Γ(52)
+

2. 118
1
2 .Γ(

7
2)

+
1

1
2 .Γ(

5
2)
)} < 1.

Now by using Theorem (2.2), problem (3) has a solution.

Theorem 2.4. Let α ≥ 2, β, µ, λ ∈ (0, 1) g ∈ L1[0, λ], g(t) > 0 for
a.e. t ∈ [0, λ], ϕ : [0, 1] → R+ is such that for all x, y ∈ C1[0, 1],
|ϕx(t)−ϕy(t)| ≤ b1|x(t)−y(t)|+b2|x′(t)−y′(t)| for some b1, b2 ∈ [0,∞),
h ∈ L1[0, 1] and f : [0, 1] ×X5 → R be a mapping which is singular on
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some set E ⊂ [0, 1] such that for t ∈ E we have

|f(t, x1, x2, ..., x5)− f(t, y1, y2, ..., y5)| ≤
5∑

i=1

ai(t)Λi(|xi − yi|)

and is continuous on Ec ⊂ [0, 1] for all x1, ..., x5, y1, ..., y5 ∈ X , where
ai : [0, 1] → R+, âi ∈ L1(E), âi(s) = (1 − s)α−2ai(s), Λi : X → R+ is

a nondecreasing mapping such that limz→0+
Λi(z)
zγi = qi for some γi, qi ∈

[0,∞), and all 1 ≤ i ≤ 5. Also let q > 0, ∆ = max{1, 2
Γ(2−β) ,m, b1+ b2}

and for almost all t ∈ [0, 1] and (x1, ..., x5) ∈ X5 we have

|f(t, x1, x2, ..., x5)| ≤ b(t)L(x1, x2, ..., x5) +K(x1, x2, ..., x5)

where b : [0, 1] → R+, L,K : R5 → [0,∞) are such that (1− t)α−2b(t) ∈
L1[0, 1], L,K are such that

lim
z→∞

L(z, z, z, z, z)

z
= q

and
lim
z→∞

K(z, z, z, z, z) <∞.

If

max{ 2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)

,
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)}q∥b̂∥[0,1] ∈ [0,

1

∆
),

then

Dαx(t) + f(t, x(t), x′(t), Dβx(t),

∫ t

0
h(s)x(s)ds, ϕx(t)) = 0

with boundary conditions x′(µ) = x′(0) +
∫ λ
0 g(s)x(s)ds and x(1) =

x(j)(0) = 0 forj ≥ 2 has a solution.

Proof. Define F1, F2 : X → R as
F1x(t) =

∫
Ec G(t, s)f(s, x(s), x

′(s), Dβx(s),
∫ s
0 h(ξ)x(ξ)dξ, ϕx(s))ds and
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F2x(t) =
∫
E G(t, s)f(s, x(s), x

′(s), Dβx(s),
∫ s
0 h(ξ)x(ξ)dξ, ϕx(s))ds,

so Fx = F1X + F2x. Now to show that F is continuous, we will prove
that F1, F2 are continuous. Let ϵ > 0 be arbitary and t ∈ Ec be fixed
for a moment, then there exists δ > 0 such that√

(x1 − y1)2 + ...+ (x5 − y5)2 < δ implies that

|f(t, x1, ..., x5)− f(t, y1, ..., y5)| < ϵ. (4)

Now let {xn} be a sequence such that xn → x0 in X for some x0 ∈ X,
then there exists n0 ∈ N such that n ≥ n0 implies that ∥xn−x0∥∗ < δ

∆
√
5

where ∆ = max{1, 2
Γ(2−β) ,m, b1 + b2}, then ∥xn − x0∥ < δ

∆
√
5
≤ δ√

5
and

∥x′n − x′0∥ < δ
∆
√
5
≤ δ√

5
, hence for t ∈ Ec, |xn(t) − x0(t)| < δ√

5
and

|x′n(t)− x′0(t)| < δ√
5
, so if n ≥ n0, then since ∥Dβxn −Dβx0∥ ≤ ∥x′

n−x′
0∥

Γ(2−β)

we have

|Dβxn(t)−Dβx0(t)| ≤
δ

∆
√
5

Γ(2− β)
≤ δ√

5

and

|
∫ t

0
h(ξ)xn(ξ)dξ −

∫ t

0
h(ξ)x0(ξ)dξ| ≤

∫ t

0
|h(ξ)||xn(ξ)− x0(ξ)|dξ

<
δ

∆
√
5

∫ t

0
|h(ξ)|dξ = m

δ

∆
√
5
≤ δ√

5
.

Also we have

|ϕxn(t)− ϕx0(t)| ≤ b1|xn(t)− x0(t)|+ b2|x′n(t)− x′0(t)|

< (b1 + b2)
δ

∆
√
5
≤ δ√

5
,

hence

(|xn(t)− x0(t)|2 + |x′n(t)− x′0(t)|2 + |Dβxn(t)−Dβx0(t)|2

+|
∫ t

0
h(ξ)xn(ξ)dξ −

∫ t

0
h(ξ)x0(ξ)dξ|2 + |ϕxn(t)− ϕx0(t)|2)

1
2

<

√
δ2

5
+ ...+

δ2

5
=

√
δ2 = δ
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so by (4) we conclude that

|f(t, xn(t), x′n(t), Dβxn(t),

∫ t

0
h(ξ)xn(ξ)dξ, ϕxn(t))

−f(t, x0(t), x′0(t), Dβx0(t),

∫ t

0
h(s)x0(s)ds, ϕx0(t))| < ϵ

as n ≥ n0. So

f(t, xn(s), x
′
n(s), D

βxn(s),

∫ s

0
h(ξ)xn(ξ)dξ, ϕxn(s)) →

f(t, x0(s), x
′
0(s), D

βx0(s),

∫ s

0
h(ξ)xn(ξ)dξ, ϕx0(s))

as xn(t) → x0(t) for s ∈ Ec. In other hand G(t, s) and ∂G(t,s)
∂t are bonded

and in L1(Ec) respect to s, hence
F1xn(t) =

∫
Ec G(t, s)f(s, xn(s), x

′
n(s), D

βxn(s),
∫ s
0 h(ξ)xn(ξ)dξ, ϕxn(s))ds

tends to
F1x0(t) =

∫
Ec G(t, s)f(s, x0(s), x

′
0(s), D

βx0(s),
∫ s
0 h(ξ)x0(ξ)dξ, ϕx0(s))ds

and
F ′
1xn(t) =

∫
Ec

∂G(t,s)
∂t f(s, xn(s), x

′
n(s), D

βxn(s),
∫ s
0 h(ξ)xn(ξ)dξ, ϕxn(s))ds

tends to
F1x0(t) =

∫
Ec

∂G(t,s)
∂t f(s, x0(s), x

′
0(s), D

βx0(s),
∫ s
0 h(ξ)x0(ξ)dξ, ϕx0(s))ds

as n→ ∞, so F1 is continuous in X. Now we will prove that F2 is con-
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tinuous in X. Let x, y ∈ X, then for all t ∈ [0, 1] we have

|F2x(t)− F2y(t)|

≤ |
∫
E
G(t, s)[f(s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))]ds|

≤ 1

Γ(α)

∫
E∩[0,t]

(t− s)α−1|f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))|ds

+
1− t

AλΓ(α)

∫
E∩[0,λ]

H(s)|f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))|ds

+
|t
∫ λ
0 g(ξ)dξ −

∫ λ
0 ξg(ξ)dξ|

AλΓ(α)

∫
E
(1− s)α−1|f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))|ds

+
1− t

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2|f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))|ds

≤ 1

Γ(α)

∫
E∩[0,t]

(t− s)α−1[a1(s)Λ1(|x(s)− y(s)|)

+a2(s)Λ2(|x′(s)− y′(s)|) + a3(s)Λ3(|Dβ(x− y)(s)|)
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+a4(s)Λ4(|
∫ s

0
h(ξ)(x(ξ)− y(ξ))dξ|) + a5(s)Λ5(|ϕx(s)− ϕy(s)|)]ds

+
1− t

AλΓ(α)

∫
E∩[0,λ]

H(s)[a1(s)Λ1(|x(s)− y(s)|)

+a2(s)Λ2(|x′(s)− y′(s)|) + a3(s)Λ3(|Dβ(x− y)(s)|)

+a4(s)Λ4(|
∫ s

0
h(ξ)(x(ξ)− y(ξ))dξ|) + a5(s)Λ5(|ϕx(s)− ϕy(s)|)]ds

+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

∫
E
(1− s)α−1[a1(s)Λ1(|x(s)− y(s)|)

+a2(s)Λ2(|x′(s)− y′(s)|) + a3(s)Λ3(|Dβ(x− y)(s)|)

+a4(s)Λ4(|
∫ s

0
h(ξ)(x(ξ)− y(ξ))dξ|) + a5(s)Λ5(|ϕx(s)− ϕy(s)|)]ds

+
1− t

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2[a1(s)Λ1(|x(s)− y(s)|)

+a2(s)Λ2(|x′(s)− y′(s)|) + a3(s)Λ3(|Dβ(x− y)(s)|)

+a4(s)Λ4(|
∫ s

0
h(ξ)(x(ξ)− y(ξ))dξ|) + a5(s)Λ5(|ϕx(s)− ϕy(s)|)]ds

≤ 1

Γ(α)

∫
E∩[0,t]

(t− s)α−1[a1(s)Λ1(∥x− y∥) + a2(s)Λ2(∥x′ − y′∥)

+a3(s)Λ3(
∥x′ − y′∥
Γ(2− β)

) + a4(s)Λ4(m∥x− y∥)

+a5(s)Λ5(b1∥x− y∥+ b2∥x′ − y′∥)]ds

+
1− t

AλΓ(α)

∫
E∩[0,λ]

H(s)[a1(s)Λ1(∥x− y∥) + a2(s)Λ2(∥x′ − y′∥)

+a3(s)Λ3(
∥x′ − y′∥
Γ(2− β)

) + a4(s)Λ4(m∥x− y∥)

+a5(s)Λ5(b1∥x− y∥+ b2∥x′ − y′∥)]ds

+

∫ λ
0 |t− ξ|g(ξ)dξ
AλΓ(α)

∫
E
(1− s)α−1[a1(s)Λ1(∥x− y∥)

+a2(s)Λ2(∥x′ − y′∥) + a3(s)Λ3(
∥x′ − y′∥
Γ(2− β)

)

+a4(s)Λ4(m∥x− y∥) + a5(s)Λ5(b1∥x− y∥+ b2∥x′ − y′∥)]ds



On the existence of a solution for a bi-dealing singular fractional
intergro-differential equation 43

+
1− t

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2[a1(s)Λ1(∥x− y∥)

+a2(s)Λ2(∥x′ − y′∥) + a3(s)Λ3(
∥x′ − y′∥
Γ(2− β)

)

+a4(s)Λ4(m∥x− y∥) + a5(s)Λ5(b1∥x− y∥+ b2∥x′ − y′∥)]ds

≤ 1

Γ(α)

∫
E
(1− s)α−1[a1(s)Λ1(∆∥x− y∥∗)

+...+ a5(s)Λ5(∆∥x− y∥∗)]ds

+
1− t

AλΓ(α)

∫
E
∥g∥[0,λ](λ− s)α−1[a1(s)Λ1(∆∥x− y∥∗)

+...+ a5(s)Λ5(∆∥x− y∥∗)]ds

+
1

Γ(α)

∫
E
(1− s)α−1[a1(s)Λ1(∆∥x− y∥∗)

+...+ a5(s)Λ5(∆∥x− y∥∗)]ds

+
1− t

AλΓ(α− 1)

∫
E
(1− s)α−2[a1(s)Λ1(∆∥x− y∥∗)

+...+ a5(s)Λ5(∆∥x− y∥∗)]ds.

Now Let 0 < ϵ < 1 be arbitry and ∥x−y∥∗ < ϵ. Since for each i = 1, ..., 5,

limz→0+
Λi(∆z)
(∆z)γi = qi, hence there exists δ > 0 such that 0 < z < δ implies

that Λi(∆z)
(∆z)γi − qi < ϵ, so

Λi(∆z) < ∆γi(qi + ϵ)zγi . Let ∥x− y∥∗ < min{ϵ, δ}, then we have

Λi(∆∥x− y∥∗) < ∆γi(qi + ϵ)∥x− y∥γi∗ < ∆γi(qi + ϵ)ϵγi

for each i = 1, ..., 5. So ∥x− y∥∗ < min{ϵ, δ} implies that

|F2x(t) − F2y(t)| ≤
1

Γ(α)

∫
E
(1− s)α−1[a1(s)∆

γ1(q1 + ϵ)ϵγ1

+...+ a5(s)∆
γ5(q5 + ϵ)ϵγ5 ]ds

+
1− t

AλΓ(α)

∫
E
∥g∥[0,λ](1− s)α−1[a1(s)∆

γ1(q1 + ϵ)ϵγ1

+...+ a5(s)∆
γ5(q5 + ϵ)ϵγ5 ]ds
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+
1

Γ(α)

∫
E
(1− s)α−1[a1(s)∆

γ1(q1 + ϵ)ϵγ1

+...+ a5(s)∆
γ5(q5 + ϵ)ϵγ5 ]ds

+
1− t

AλΓ(α− 1)

∫
E
(1− s)α−2[a1(s)∆

γ1(q1 + ϵ)ϵγ1

+...+ a5(s)∆
γ5(q5 + ϵ)ϵγ5 ]ds.

Let γ0 := min{γ1, ..., γ5}, then for all 1 ≤ i ≤ 5, ϵγi ≤ ϵγ0 , so we have

∥F2x − F2y∥ ≤ [
1

Γ(α)

5∑
i=1

∫
E
(1− s)α−2ai(s)∆

γi(qi + ϵ)ds

+
∥g∥[0,λ]
AλΓ(α)

5∑
i=1

∫
E
(1− s)α−2ai(s)∆

γi(qi + ϵ)ds

+
1

Γ(α)

5∑
i=1

∫
E
(1− s)α−2ai(s)∆

γi(qi + ϵ)ds

+
1

AλΓ(α− 1)

5∑
i=1

∫
E
(1− s)α−2ai(s)∆

γi(qi + ϵ)ds]ϵγ0 . (5)

Now since (1−s)α−2ai(s) ∈ L1(E), so (1−s)α−2ai(s)∆
γi(qi+ϵ) ∈ L1(E)

and since ϵ > 0 was arbitary, by (5) we conclude that ∥F2x− F2y∥ → 0
as x→ y. By the similar way we conclude that

|F ′
2x(t)− F ′

2y(t)|

≤ |
∫
E

∂G

∂t
(t, s)[f(s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))]ds|

≤ 1

Γ(α− 1)

∫
E∩[0,t]

(t− s)α−2|f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))
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−f(s, y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))|ds

+
1

AλΓ(α)

∫
E∩[0,λ]

H(s)|f(s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))|ds

+
Aλ +Bλ

AλΓ(α)

∫
E
(1− s)α−1|f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))− f(s, y(s), y′(s), Dβy(s),∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))|ds

+
1

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2|f(s, x(s), x′(s), Dβx(s),∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))

−f(s, y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))|ds

≤ 1

Γ(α− 1)

∫
E∩[0,t]

(t− s)α−2[a1(s)Λ1(|x(s)− y(s)|)

+a2(s)Λ2(|x′(s)− y′(s)|) + a3(s)Λ3(|Dβ(x− y)(s)|)

+a4(s)Λ4(|
∫ s

0
h(ξ)(x(ξ)− y(ξ))dξ|) + a5(s)Λ5(|ϕx(s)− ϕy(s)|)]ds

+
1

AλΓ(α)

∫
E∩[0,λ]

H(s)[a1(s)Λ1(|x(s)− y(s)|)

+a2(s)Λ2(|x′(s)− y′(s)|) + a3(s)Λ3(|Dβ(x− y)(s)|)

+a4(s)Λ4(|
∫ s

0
h(ξ)(x(ξ)− y(ξ))dξ|) + a5(s)Λ5(|ϕx(s)− ϕy(s)|)]ds

+
Aλ +Bλ

AλΓ(α)

∫
E
(1− s)α−1[a1(s)Λ1(|x(s)− y(s)|)

+a2(s)Λ2(|x′(s)− y′(s)|) + a3(s)Λ3(|Dβ(x− y)(s)|)

+a4(s)Λ4(|
∫ s

0
h(ξ)(x(ξ)− y(ξ))dξ|) + a5(s)Λ5(|ϕx(s)− ϕy(s)|)]ds
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+
1

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2[a1(s)Λ1(|x(s)− y(s)|)

+a2(s)Λ2(|x′(s)− y′(s)|) + a3(s)Λ3(|Dβ(x− y)(s)|)

+a4(s)Λ4(|
∫ s

0
h(ξ)(x(ξ)− y(ξ))dξ|) + a5(s)Λ5(|ϕx(s)− ϕy(s)|)]ds

≤ 1

Γ(α− 1)

∫
E∩[0,t]

(t− s)α−2[a1(s)Λ1(∥x− y∥) + a2(s)Λ2(∥x′ − y′∥)

+a3(s)Λ3(
∥x′ − y′∥
Γ(2− β)

) + a4(s)Λ4(m∥x− y∥)

+a5(s)Λ5(b1∥x− y∥+ b2∥x′ − y′∥)]ds

+
1

AλΓ(α)

∫
E∩[0,λ]

H(s)[a1(s)Λ1(∥x− y∥) + a2(s)Λ2(∥x′ − y′∥)

+a3(s)Λ3(
∥x′ − y′∥
Γ(2− β)

) + a4(s)Λ4(m∥x− y∥)

+a5(s)Λ5(b1∥x− y∥+ b2∥x′ − y′∥)]ds

+

∫ λ
0 g(ξ)dξ

AλΓ(α)

∫
E
(1− s)α−1[a1(s)Λ1(∥x− y∥) + a2(s)Λ2(∥x′ − y′∥)

+a3(s)Λ3(
∥x′ − y′∥
Γ(2− β)

) + a4(s)Λ4(m∥x− y∥)

+a5(s)Λ5(b1∥x− y∥+ b2∥x′ − y′∥)]ds

+
1

AλΓ(α− 1)

∫
E∩[0,µ]

(µ− s)α−2[a1(s)Λ1(∥x− y∥)

+a2(s)Λ2(∥x′ − y′∥) + a3(s)Λ3(
∥x′ − y′∥
Γ(2− β)

) + a4(s)Λ4(m∥x− y∥)

+a5(s)Λ5(b1∥x− y∥+ b2∥x′ − y′∥)]ds

≤ 1

Γ(α− 1)

∫
E
(1− s)α−2(1− s)α−2[a1(s)Λ1(∆∥x− y∥∗)

+...+ a5(s)Λ5(∆∥x− y∥∗)]ds

+
∥g∥[0,λ]
AλΓ(α)

∫
E
(1− s)α−2[a1(s)Λ1(∆∥x− y∥∗)

+...+ a5(s)Λ5(∆∥x− y∥∗)]ds
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+
∥g∥[0,λ]
Γ(α)

∫
E
(1− s)α−2[a1(s)Λ1(∆∥x− y∥∗)

+...+ a5(s)Λ5(∆∥x− y∥∗)]ds

+
1

AλΓ(α− 1)

∫
E
(1− s)α−2[a1(s)Λ1(∆∥x− y∥∗)

+...+ a5(s)Λ5(∆∥x− y∥∗)]ds

≤ 1

Γ(α− 1)

∫
E
(1− s)α−2[a1(s)∆

γ1(q1 + ϵ)ϵγ1

+...+ a5(s)∆
γ5(q5 + ϵ)ϵγ5 ]ds

+
∥g∥[0,λ]
AλΓ(α)

∫
E
(1− s)α−2[a1(s)∆

γ1(q1 + ϵ)ϵγ1

+...+ a5(s)∆
γ5(q5 + ϵ)ϵγ5 ]ds

+
∥g∥[0,λ]
Γ(α)

∫
E
(1− s)α−2[a1(s)∆

γ1(q1 + ϵ)ϵγ1

+...+ a5(s)∆
γ5(q5 + ϵ)ϵγ5 ]ds

+
1

AλΓ(α− 1)

∫
E
(1− s)α−2[a1(s)∆

γ1(q1 + ϵ)ϵγ1

+...+ a5(s)∆
γ5(q5 + ϵ)ϵγ5 ]ds.

So we conclude that

∥F2x − F2y∥ ≤ [
1

Γ(α− 1)

5∑
i=1

∫
E
(1− s)α−2ai(s)∆

γi(qi + ϵ)ds

+
∥g∥[0,λ]
AλΓ(α)

5∑
i=1

∫
E
(1− s)α−2ai(s)∆

γi(qi + ϵ)ds

+
∥g∥[0,λ]
AλΓ(α)

5∑
i=1

∫
E
(1− s)α−2ai(s)∆

γi(qi + ϵ)ds

+
1

AλΓ(α− 1)

5∑
i=1

∫
E
(1− s)α−2ai(s)∆

γi(qi + ϵ)ds]ϵγ0 .
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Therefore ∥F ′
2x− F ′

2y∥ → 0 as x→ y, hence

∥F2x− F2y∥∗ = max{∥F2x− F2y∥, ∥F ′
2x− F ′

2y∥} → 0

as x→ y, so we conclude that F2 is continuous in X, hence F = F1+F2

is continuous in X. Now we have limz→∞
L(∆z,∆z,∆z,∆z,∆z)

∆z = q, so for

each ϵ > 0 there is r > 0 such that z ≥ r implies that L(∆z,...,∆z)
∆z −

q < ϵ hence L(∆z, ...,∆z) < (q + ϵ)∆z for z ≥ r. In other hand

limz→∞
K(∆z,∆z,∆z,∆z,∆z)

∆z = 0, so for each ϵ > 0 there is r′ > 0 such

that z ≥ r′ implies that K(∆z,...,∆z)
∆z < ϵ hence K(∆z, ...,∆z) < ∆zϵ for

z ≥ r′. Now since

max{ 2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
,

1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)}q∥b̂∥[0,1] ∈ [0,

1

∆
),

there is an ϵ0 such that

max{[ 2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
](q + ϵ0)∥b̂∥[0,1]

+ [
2

Γ(α+ 1)
+

1

AλΓ(α+ 1)
+

1

AλΓ(α)
]ϵ0,

[
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
](q + ϵ0)∥b̂∥[0,1]

+ [
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
]ϵ0} ∈ [0,

1

∆
).

Let r1 := r(ϵ0) and r2 := r′(ϵ0) and put r0 := max{r1, r2} and define
Ω = {x ∈ X : ∥x∥∗ < r0}. If there exists y ∂Ω such that y(t) = λ0Fy(t)
for some λ0 ∈ (0, 1) and all t ∈ [0, 1], then ∥y∥∗ = r0,

y(t) = λ0

∫ 1

0
G(t, s)f(s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds

and

y′(t) = λ0

∫ 1

0

∂G

∂t
(t, s)f(s, x(s), x′(s), Dβx(s),

∫ s

0
h(ξ)x(ξ)dξ, ϕx(s))ds.
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Hence

|y(t)|

= |λ0
∫ 1

0
G(t, s)f(s, y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))ds|

≤ λ0[

∫ 1

0
|G(t, s)|b(s)L(y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))ds

+

∫ 1

0
|G(t, s)|b(s)K(y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))ds]

≤ λ0[
1

Γ(α)

∫ 1

0
(1− s)α−1b(s)L(y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ,

ϕy(s))ds+
(1− t)∥g∥[0,λ]

AλΓ(α)

∫ 1

0
(λ− s)α−1b(s)L(y(s), y′(s), Dβy(s),∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))ds+

1

Γ(α)

∫ 1

0
(1− s)α−1b(s)L(y(s), y′(s),

Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))ds

+
1− t

AλΓ(α)

∫ 1

0
(µ− s)α−1b(s)L(y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ,

ϕy(s))ds

+
1

Γ(α)

∫ 1

0
(1− s)α−1K(y(s), y′(s), Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))ds

+
(1− t)∥g∥[0,λ]

AλΓ(α)

∫ 1

0
(λ− s)α−1K(y(s), y′(s), Dβy(s),∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))ds+

1

Γ(α)

∫ 1

0
(1− s)α−1K(y(s), y′(s), Dβy(s),∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))ds+

1− t

AλΓ(α− 1)

∫ 1

0
(µ− s)α−2K(y(s), y′(s),

Dβy(s),

∫ s

0
h(ξ)y(ξ)dξ, ϕy(s))ds]

≤ λ0[
1

Γ(α)

∫ 1

0
(1− s)α−1b(s)L(r, r0,

r0
Γ(2− β)

,mr0, (b1 + b2)r0)ds
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+
(1− t)∥g∥[0,λ]

AλΓ(α)

∫ 1

0
(1− s)α−1b(s)L(r, r0,

r0
Γ(2− β)

,

mr0, (b1 + b2)r0)ds

+
1

Γ(α)

∫ 1

0
(1− s)α−1b(s)L(r, r0,

r0
Γ(2− β)

,mr0, (b1 + b2)r0)ds

+
1− t

AλΓ(α)

∫ 1

0
(1− s)α−2b(s)L(r, r0,

r0
Γ(2− β)

,mr0, (b1 + b2)r0)ds

+
1

Γ(α)

∫ 1

0
(1− s)α−1K(r, r0,

r0
Γ(2− β)

,mr0, (b1 + b2)r0)ds

+
(1− t)∥g∥[0,λ]

AλΓ(α)

∫ 1

0
(1− s)α−1K(r, r0,

r0
Γ(2− β)

,mr0, (b1 + b2)r0)ds

+
1

Γ(α)

∫ 1

0
(1− s)α−1K(r, r0,

r0
Γ(2− β)

,mr0, (b1 + b2)r0)ds

+
1− t

AλΓ(α− 1)

∫ 1

0
(1− s)α−2K(r, r0,

r0
Γ(2− β)

,mr0, (b1 + b2)r0)ds]

≤ λ0[
1

Γ(α)
L(∆r, ...,∆r)

∫ 1

0
(1− s)α−2b(s)ds

+
(1− t)∥g∥[0,λ]

AλΓ(α)
L(∆r, ...,∆r)

∫ 1

0
(1− s)α−2b(s)ds

+
1

Γ(α)
L(∆r, ...,∆r)

∫ 1

0
(1− s)α−2b(s)ds

+
1− t

AλΓ(α− 1)
L(∆r, ...,∆r)

∫ 1

0
(1− s)α−2b(s)ds

+
1

Γ(α)

∫ 1

0
K(∆r, ...,∆r)(1− s)α−1ds

+
(1− t)∥g∥[0,λ]

AλΓ(α)
K(∆r, ...,∆r)(1− s)α−1ds

+
1

Γ(α)
K(∆r, ...,∆r)(1− s)α−1ds

+
1− t

AλΓ(α− 1)
K(∆r, ...,∆r)(1− s)α−2ds]



On the existence of a solution for a bi-dealing singular fractional
intergro-differential equation 51

≤ λ0[
1

Γ(α)
(q + ϵ0)∆r0∥b̂∥[0,1] +

(1− t)∥g∥[0,λ]
AλΓ(α)

(q + ϵ0)∆r0∥b̂∥[0,1]

+
1

Γ(α)
(q + ϵ0)∆r0∥b̂∥[0,1] +

1− t

AλΓ(α− 1)
(q + ϵ0)∆r0∥b̂∥[0,1]

+
1

Γ(α+ 1)
∆r0ϵ0 +

(1− t)∥g∥[0,λ]
AλΓ(α+ 1)

∆r0ϵ0

+
1

Γ(α+ 1)
∆r0ϵ0 +

1− t

AλΓ(α)
∆r0ϵ0],

so we have

∥y∥ ≤ λ0[(
2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)(q + ϵ0)∥b̂∥[0,1]

+(
2

Γ(α+ 1)
+

1

AλΓ(α+ 1)
+

1

AλΓ(α)
)ϵ0]∆r0 < r0.

By same manner we conclude that

∥y′∥ ≤ λ0[(
1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)(q + ϵ0)∥b̂∥[0,1]

+(
1

Γ(α)
+

2∥g∥[0,λ]
AλΓ(α+ 1)

+
1

AλΓ(α)
)ϵ0]∆r0 < r0,

hence ∥y∥∗ = max{∥y∥, ∥y′∥} < r0, so y /∈ ∂Ω that it’s a contradiction,
so by lemma ([14]) we conclude that F has a fixed point in Ω̄ which is
a solution for the problem. □

Example 2.5. Consider the problem

D
7
2x(t) + f(t, x(t), x′(t), D

1
2x(t),

∫ t

0
ξ2x(ξ)dξ, I

1
3x(t)) = 0, (6)

with boundary conditions x′(12) = x′(0)+
∫ 1

2
0 sx(s)ds and x(1) = x(j)(0) =

0 for 2 ≤ j ≤ 4, where f(t, x1, ..., x5) = 1 + sint + g(t, x1, ..., x5),
g(t, x1, ..., x5) = frac0.1p(t)Σ5

i=1|xi| for t ∈ E := [0.2, 0.6) and g(t, x1, ..., x5) =

0.1tΣ5
i=1|xi| + Σ5

i=1
|xi|

1+|xi| for t ∈ Ec := [0, 0.2) ∪ [0.6, 1], p(t) = 0 when-

ever t ∈ E ∩ Q and p(t) = 1 whenever t ∈ E ∩ Qc. Put α = 7
2 ,
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β = 1
2 , Λi(x1, ..., x5) = L(x1, ..., x5) = 0.1Σ5

i=1|xi|, b(t) = 1
p(t) , g(t) = t,

h(t) = t2, λ = 1
2 , µ = 1

2 , m = 1
3 , ϕx(t) = I

1
3x(t), b1 = 1

Γ( 1
2
)
, b2 = 0,

q = 0.5, K(x1, ..., x5) = 2 + |xi|
1+|xi| . Note that for t ∈ E

|f(t, x1, ..., x5)−f(t, y1, ..., y5)| =
0.1

p(t)
|Σ5

i=1|xi|−|yi| ≤
0.1

p(t)
Σ5
i=1|xi−yi|,

and for t ∈ E we f is continuous, limz→∞
Λi(z,z,z,z,z)

z = 0.5 = q, for all

1 ≤ i ≤ 5, limz→∞
L(z,z,z,z,z)

z = 0,

|f(t, x1, ..., x5)| ≤ 0.1

p(t)
Σ5
i=1|xi − yi|+ 1 + sint+

|xi|
1 + |xi|

≤ b(t)L(x1, ..., x5) +K(x1, ..., x5),

for almost all t ∈ [0, 1], (1 − t)α−2b(t) ∈ L1(E), ∥b̂∥E = 0.28,
∥g∥[0,λ] = 1

18 ,

|I
1
3x(t) − I

1
3 y(t)| ≤ 1

Γ(13)

∫ t

0
(t− s)

1
3
−1|x(s)− y(s)|ds

≤ ∥x− y∥
Γ(13)

∫ t

0

ds

(t− s)
2
3

≤ ∥x− y∥
Γ(12)

= b1∥x− y∥,

∫ 1
0 h(t)dt =

1
3 = m,

∆ = max{1, 1

Γ(2− β)
,m, b1 + b2} = max{1, 1

Γ(32)
,
1

3
,

1

Γ(12)
} =

2√
π
,

Aλ =

∫ λ

0
(1− t)g(t)dt =

∫ 1
2

0
(1− t)tdt =

1

12

and
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max{ 2

Γ(α)
+

∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
,

1

Γ(α− 1)
+

2∥g∥[0,λ]
AλΓ(α)

+
1

AλΓ(α− 1)
)}q∥b̂∥[0,1]

= max{ 2

Γ(72)
+

1
18

1
2Γ(

7
2)

+
1

1
2Γ(

5
2)
,

1

Γ(52)
+

2. 118
1
2Γ(

7
2)

+
1

1
2Γ(

5
2)
} × 0.5× 0.28 ∈ [0,

√
π

2
).

Now using Theorem (2.4), the problem (6) has a solution.
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