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1 Introduction

An evaluation of the mathematical model of a scientific observation leads
into a differential equation that sometimes equations are of the form
fractional order. We can mention engineering sciences, dynamic, chem-
istry and physics among which the equation occurs ([2]). Many studies
have investigated the existence and behavior of these equations in recent
decats ([3], [1]). Sometimes we lead to a differential system that have
singularity in some points, recently many works has been published on
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the existence of the solutions for these singular systems ([9]).
In 2010, Agarwal, O’Regan and Stanek ([1]) studied the existence of
solutions for the problem D®u(t) + f(t,u(t )) =0 Wlth boundary con-
ditions «/(0) = --- = w(™ D = 0 and u( fo ), where
n>2 a¢c (n—1,n), u(s) is a functional of bounded varlatlon with
fol du(s) < 1, and f may have singularity at ¢t = 0.
In 2015, Y. Liu and P. J. Y. Wong investigated the existence of solution
for the fractional problem CDO‘ ( ) = f (t,x(t), DPx(t)) with boundary
conditions x(0) + 2/(0) = fo t)dt = m and z"(0) = 20 =
=Dy =0, Where 0 <t < 1 m is a real number, n > 2
a€(n—1,n),0<p < 1, D® and D? are the Caputo fractional deriva-
tives, y € C([0,1],R) —» R and f: (0,1] x R x R — R is continuous with
f(t,z,y) may be singular at ¢t = 0 ([7]).
In 2016 M. Shabibi, M. Postolache, Sh. Rezapour and S. M. Vaezpour in-
vestigated the solution of the multi-singular pointwise defined fractional
integro-differential equation D*x(t)+ f (¢, z(t), z ( ) Dﬁx( )s Ipx( )) =0
with boundary conditions z’ (O) = x(f) and x(1) = [/x(s)ds when
p € [2,3) and 2/(0) = x(§) = [ ds and 2l )(0) = 0 for
j=2,...,[u] =1 when p E [3 oo) where O <t<1,z e CYo,1j,
pE [2,00), 5,&,n € (0,1), p> 1, D" is the Caputo fractional derivative
of order y and f : [0,1] x R — R is a function such that f(¢,.,.,.,.) is
singular at some points ¢ € [0, 1]([3]) .
In 2018 D. Baleanu, Kh. Ghafarnezhad, Sh. Reazapour and M. Shabibi
reviewd the existence of solution for the pointwise defined three steps
crisis integro-differential equation

D%(t) + f(t,w(t)ﬂv’(t)’Dﬁw(t),/O h(§)x(§)ds, d(x(t))) = 0

with boundary conditions z(1) = z(0) = 2”(0) = 2"(0) = 0, where
a>2, \u,pB € (0,1), ¢ : X — X is a mapping such that [|¢(z) —
o(y)|| < bollz — y|| + 61]]2" — ¢/|| for some non-negative real numbers
0o and 0; € [0,00) and all z,y € X, D% is the Caputo fractional
derivative of order a, f(t,x1(t),...,z5(t )) fi(t,z1(t), ..., z5(t)) for all
te[0,N), f(t,z1(t),...,x5(t)) = fg(t xl(t), x5(t)) for all t € [\, p] and
ft,z1(t),...,z5(t)) = f(t, z1(t), ..., z5(%)) for all t e (u, 1], filt,.es-.)
A)

and f3(t,.,.,.,.) are continuous on [ and (u, 1] and fo(t,.,.,.,.) is
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multi-singular ([5]).
Using idea of these papers, we investigate the existence of solutions for
the folowing bi-dealing singular fractional intergro-differential equation

Dx(t) + f(t,x(t),x'(t),Dﬁx(t),/o h(s)x(s)ds, px(t)) =0 (1)

with boundary conditions z/(u) = 2/(0) + fo’\g(s)x(s)ds and z(1) =
2U)(0) = 0 forj > 2 where a > 2, u, A € (0,1), g € L0, )], g(t) > 0
for a.e. t € [0,)], ¢ : [0,1] — R* is such that for all z,y € C*[0,1],
6() — Gy(8)] < bil(t) — y(8)| + bala'(£) — o/ (8)] for some by, by € [0, 50).
h € L'0,1], D% is the Caputo fractional derivative of order o and
f(t,.,.,.,.,.) deals as a singular function on some set £ C [0, 1] and deals
as a continuous function on E¢ C [0, 1] . Recall that Dz (t) = f(t) is a
pointwise defined equation on [0, 1] if there exists set D C [0, 1] such that
the measure of D¢ is zero and the equation holds on D (see [3]). Here we
use ||.]|1 for the norm of L0, 1], ||.|| for the sup norm of Y = €10, 1] and
lz||, = max{||z||,||z’||} for the norm of X = C'[0,1]. The Riemann-
Liouville integral of order p with the lower limit a > 0 for a function
f:(a,00) = R is defined by I, f(t) = ﬁ f;(t— s)P~1f(s)ds, provided
that the right-hand side is pointwise define on (a,00) ([12]). we denote
If. f(t) by IPf(t). The Caputo fractional derivative of order a > 0 is
defined by °D*f(t) = F(nl_a) fg (tii;ofi)l,nds, where n = [a] + 1 and
function f : (a,00) — R is a function ([12]). Let ¥ be the family of
nondecreasing functions v : [0, 00) — [0, 00) such that Y >, ¢¥™(t) < oo
for all ¢ > 0 (see [L1]). One can check that ¢(t) < ¢ for all t > 0 ([L1]).
Let T: X — X and a : X x X — [0,00) be two maps. Then T is
called an a-admissible map whenever o(z,y) > 1 implies a(T'z, T'y) > 1
([L1]). Let (X,d) be a metric space, 1 € ¥ and o : X x X — [0, 00)
a map. A self-map T : X — X is called an a-¢-contraction whenever
a(z,y)d(Tz, Ty) < Y(d(z,y)) for all z,y € X ([I1]). We need next
results.

Lemma 1.1. ([11]) Let (X,d) be a complete metric space, ¥ € ¥, « :
XxX —[0,00) amap andT : X — X an a-admissible a-y)-contraction.
If T is continuous and there exists xo € X such that a(xo,Txg) > 1,
then T has a fized point.
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Lemma 1.2. ([1/])Let X be a Banach space with C C X closed and
convex. Let Q) be a relatively open subset of C with 0 € Omega and let
F:Q — C be a continuous and compact mapping. Then either

i) the mapping F has a fived point in Q, or

i1) there exist y € 02 and lambda € (0,1) with y = AFy.

Lemma 1.3. ([0]) Let n — 1 < a < n and x € C(0,1) N LY(0,1).
Then, we have I*Dx(t) = x(t) + S1"d ¢;t’ for some real constants
COy.vryCn—1-

2 Main Results

Lemma 2.1. Leta > 2, n=[a]+1, p, A € (0,1), g € L0, )], g(t) >0
for a.e. t € [0,\] and y € L'[0,1]. A map x is a solution for the
pointwise deﬁned equation Dx(t) + f(t) = 0 with boundary conditions

2 (n) = +f0 ds and z(1) = 29(0) = 0 for 2 < j < mn, if
and only zfx fo s)ds for all t € [0, 1], where
s)o—1 H Ax+B B ) I a(t— —s5)*2
G(t,s) = (tF(Oz) +0a= t) ()+[( A +Bi)t A;%((la) il 2 G D1 () A Y
0<s<t<1lands < A,
—(t—s)a—1 A _ _g)e—1ly g (t— _g)a—2
G(t,s) = (tF(cZ) + [(Ax+Ba)t BA](lAA)F(a)+ (t=1)(p—s) . when

0<s<t<land A <s <y,
G(t, S) — —(t=s)*~! + (1_t)H(S)+[(AA+B>\)t—B>\](1_5)a_1’ when < s<t<1

I'(a) AxI(a)
and p < s < A,
a—1 a—1
G(t,s) = Ueh— + BRI yhen 0 < s <t < 1 and
§ 2> s A,

G(t,s) = (BB b0 ypen 0 < ¢ < 5 < 1 and
s <y A, ’

G(t,s) = (1*’5)H(s)+[(‘42+1§(2)’5*3ﬂ(1*8)“_1, when 0 <t <s<1 and
5>y A, g

G(t,s) = [(AA"'B*K;IEEQ])(l_S)Ml? when 0 < t < s <1 and s > u, A,

H(s) = [Nt —s)* lg(t)dt, Ay = [1 —t)g(t)dt and
By = [ tg(t)dt.

Proof. First by similar manner as [5] we conclude that lemma (1.3)
is valid on L'[0,1]. Now let x(¢) be a solution for the problem, since
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20)(0) = 0 for j > 2, by using Lemma (1.3) we have z(t) = F(a) fo
s)® ly(s)ds + co + c1t. By boundary condition a:(l) = () we have so
1= la) fol 1—s)* 1y ( )ds — ¢o. On the other hand

g(t)z(t) = _g(t NG y(s)ds + cog(t) + citg(t), so

/O/\g(t)az(t)dt i / / )(t — 8) Ly (s)dsdt

o / (&)t + e1 / L (1)L,
0 0
Now since

/0/\ /Otg(t)(t —5)* y(s)dsdt = /o/\ /: g()(t — 8)*Vy(s)dtds

A A
- /O ( / (t — )™ g(t)db)y(s)ds,

A _ ;1 A A et
| atemar = s [ =0 tamanyos

A A
o / ()t + o1 / L (t)dt.
0 0

Also we have

-1

700 = 7y /0 N — 9™ 2y(s)ds + e

and 2/(0) = ¢1, so by o' (u) = )+ fo s)ds, we conclude that

It SE LV _ -1 ApA et
F(O‘_l)/o (n—s) y(s)ds_f‘(a)/o (/S (t —8)* Lg(t)dt)y(s)ds
A A
+CO/0 g(t)dt+01/0 tg(t)dt
_ A A A\
- F(;)/o (/ (t—S)alg(t)dt)y(s)ds—i—co/o g(t)dt
1 ’ ' a—1 B A
+F(a)(/0 tg(t)dt)/o (1—5)*"y(s)ds co/O tg(t)dt,
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A A 1 A A o
ol [ anat— [ o0 = g [ tawanys
_L g ' — ) L1y(s 3—71 g — 8)*2y(s)ds
[ a0 [ =9 s — s [Ny,
therefore
= ! o — )t s)ds
“ =TT o | a9 awanysa
fO tg t ! _Sa—l s)ds
() fo)‘(l—t)g(t)dt/o (1= 5" uls)d
— L ' — 5)* 2y (s)ds
Tl 1) o) dt/(u )" "y(s)ds,
hence
1
= /()(l—s)a_ly(s)ds—co
1
- / (1 - ) y(s)ds
0
/ / y(s)ds
a) [M(1—t)g(t)dt
fo tg(t) — 92 Ly(s)ds
YR dt/ou 12 Ly(s)d
1 g — 8)*2y(s)ds
+F(a—1)f0’\tg(t)dt/o (= 8" y(o)ds
So we have

fol—t dt// y(s)de
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Jy to(t)dt ey (s1ds
F(a)fo)‘(l—t)g(t)dt/o(l f*ul)d

_—1 / (= ) Iy(s)ds,

a) [ tg(t)dt
t

1
v — 5)¥™ 1 S
e /0 (1 — ) y(s)ds

fo (1—-1t)g dt// yls)ds

tfotg — ) Ly(s)ds
fol_t()dt/ou oLy (s)d

t ' — 8)2y(s)ds
+Fa—1f0tg dt/('u S yls)ds.

Put H(s) = [ (t—s)* " g(t)dt, A\ = [ (1—t)g(t)dt and By = [ tg(t)dt,

A\ + By = fo t)dt. Hence
a(t)
1
- A;?(a) /0 (1—5)*"y(s)ds — A)\Fl(a) /OM(M —5)*ly(s)ds,
t ! a—1 # *
* I'(a) /o (= o) sle)ds - AL (o) /0 HEw)s

tB) ! a1 # i R
+ A,\F(a)/o(l s) y(S)ds—&-A)\F(a_l)/O (1 — 8)*“y(s)ds.

Therefore

t 1 t A
o) = F(a)/o(t—s) ()dww/o H(s)y(s)ds
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Ift <A< p<1then

w(t)zrz;)/ot@—s)al (s et /;*[
St 2 /+/;
Axlf_al—l/ [ [

if t <pu<A<1then we have

x(t)
-1 [ 1—t t I A
= F(Oé) /0 (t—s)*" ( )d8+A)\F(Oé)( ; +/ —|—/ VH (s)y(s)ds

A)\—i-B)\t—B)\
[ / /
t—1

A,\Pa—1/ / = %)

when 0 < p <t < A <1 we have

z(t) = _1/M+/t t
Air‘t/ “f) /
Pt ) / /
t—1

I
AT (o - 1)/0 (=) y()ds,

when 0 < A <t < <1 then

o(t) = _1/ / )t — )Ty d+Ai;(t)/AH(s)y(s)ds
T e S /
el A R
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In the case 0 < A < p <t <1 we have

o) = o[+ [ / )it - 97 ty(a)ds
) / e
g b o e
Aggil/ G

Finally if 0 < p < A <t < 1 we can write z(t) as

o) = F_;(/M+//\+/t)(t—s)a_1y(s)ds
Air_t/ « [
e G

t—l/“( — 5)*72y(s)ds
T AhTa=1) ), ¥ v
So we have z(t fo s)ds where
Gt s) = _(tF(Sa); 1+(1 t)H(5)+[(A>\+BA)t f:\%((la—)s)af1+a(t—1)(ﬂ—8)“727When
0<s<t<land s < pu,A,
—(t—s a—1 _ _s a—1 alt— _g)o—
G(t,s) = (tF(Oz) 4 [(Ax+Bt B/\](lA)\)F(a)+ (t=D)(p—s) . when

0<s<t<land A <s <y,

_ —(t=s)*"1 | (1—t)H(s)+[(Ax+By)t—By](1—s)*"1
G(t,s) = ~U— 4 UHOHEF BB when 0 < s <t <1
and p < s <A,

—(t—s)*"1 Ax+By)t—By](1—s)* 1

G(>t, 3>A: Ul BRI when 0 < s <+ < 1 and
S Z [y A,
G(t,s) = [(Ar+Bx)t= B*WA;’F)‘Z )IHt (p—s) ! ,when 0 <t < s <1 and
s <, A,
G(t,5) = UDHEOHAERIEBII=" " whon 0 <t < s <1 and
s > u, A and
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G(t,s) = [(AAJFBA)t—BA](l—S)a_I, when 0 <t <s<1and s> pu,A\,

AxI(a)
Note that, for the Green function G(t, s), %—Ct;(t, s) is given as

9G _ —(t=s)27% | —H(9)+(Arx+Bx)(1—5)*" +a(u—s)*2
t,s) = T+ ANT(a) ,
when 0 < s <t <1ands<p,A,

oG = (t—s)*2 Ax+By)(1—5)* "1 +a(u—s)*—2
W(t’ 8) - %a 1 + Lhts AxI(a) Lo ’
when 0 < s <t<1land A <s < pu,

oG _ —(t—s)*2 —H(s)+(Ax+By)(1—s)>"1

S (ts) = = a1 T AA,\F(o)c\) )

when 0 < s<t<land p<s <A,
—(t—s)*~2 + (Ax+By)(1—s)>1
T'(a—1) AxT'(a) ’

when 0 < s <t <1ands>u,A,
(Ax+Ba)(1=8)*" 14 (u—s)*~!

AT (o) ’
when 0 <t <s<1ands < pu,A,
—H(s)+(Ax+By)(1—s)>"!

AxIN(a)
When0<t<s<1ands>u,)\and

%(t’g) % when 0 <t <s<1lands>pu,A,

g

Also we can see GG and %G are continuous respect to t. Consider the
space X = C'0,1] with the norm ||.||s, where ||z|. = max{]|z|, |2’||}
and ||.|| is the supremum norm on C0,1]. Let f be a map on [0,1] x X°

such that f is singular at some points of [0, 1]. Define the map
F:X — X by

- / G(t, )/ (s, 2(s), 2'(5), DPa(s), /Osh@)x@)dg,m(s»ds

= T —s5)*! S, x(s S Ba(s ) T i, ox(s))ds
- P(a)/(t )" f (s 2(s),4'(5), D <>7/0 h(&)z(&)dxi, (s))d
1—t / 5 s
AAF / H(s z(s),2'(s), D x(s),/o h(€)x(€)dE, px(s))ds

(A)\+B)\)t—BA (s ofs) 2'(s). DPals
T /(1 )1 (5, a(5),2'(5), Do),

0

/0 " h(©)a(€)de, dr(s))ds
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L : _Sa—2 8.%81',8 BiL‘S
e [ e 9 (). (). D),
| m@yateras. sa(sas,

for all t € [0,1]. Also F.(t) is given as

0
= 01 %(t, $)f(s,2(s), 2/ (s), DPa(s), /O " h(€)2(E)de, dr(s))ds
= F(a_il)/Ot(t—S)Q_Qf(S,x(s),x’(s)’Dﬁx(s%
| m€rstepde, ox(s)as
_/m}(a) /0 Y H(s) f(5,0(s),2'(s), Da(s), /0 " h(E)2(€)de, da(s))ds
+m /01(1 — 5)* L f (s, x(s), 2 (s), DPa(s),
NICEGI O
+AAF((11_1) /Ou(u — 8)* 2 f(s,2(s), 2/ (s), DPa(s),

/0 " h(€)r(€)de, pa(s))ds.

Note that, the singular pointwise defined equation (1) has a solution
xg € X if and only if x¢ a fixed point of the map F'.

Theorem 2.2. Let a > 2, B,u, A € (0,1) g € L'[0,)], g(t) > 0 for
ae. t € [0,)\], ¢ :[0,1] — RT is such that for all z,y € C'0,1],
|02 (t) — Py ()] < brla(t) —y(t)] +ba|2'(t) —y'(t)] for some by, by € [0,00),
h € LY0,1] and f : [0,1] x X® — R be a mapping which is singular on
some set E C [0,1] such that for t € E we have

ko

‘f(tamla'IQa "'7$5)_f(t7y17y27 7y5)| < Zal(t)AZq'Il_ylL [ ’1'5—3/5’)
i=1
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and is continuous on E° C [0, 1] such that for t € E¢ we have

5

|f(t,$1,l‘2, ...,1‘5) - f(tvylvaa 795)‘ < le|x] - y]|
j=1

for all z1,...,x5,y1,....,y5 € X , where kg € N, a; : [0,1] — RT, d; €
LYE), di(s) = (1 — s)*2a;(s), l; € [0,00), A; : X° — R* is a nonde-
creasing mapping respect all their components such that lim,_,o+ w =
qi for some q; € [0,00), and all 1 < i < kg. Also let for almost all

t €10,1], f(¢,0,0,0,0,0) =0, if

ko
. 2 19ll[0,x 1
max ¢ + €)A||d; + =+
l
+ M(E)[h+1s+ F(T?’_B) + lgm + 15 (by + b2)] x
( 2 191lj0.7 1 )
Fla+1) A(a+1)  Ax(a)”
ko
R 1 2|lgllfo,n 1
l
+ M(EY(+1+ ﬁ + lym + l5by + l5b2) X
1 2(|gll[0,2 1

o) T Ale+ 1) T Ar@ ) <t

then
Dx(t) + f(t,x(t),x'(t),Dﬁx(t),/o h(s)x(s)ds, px(t)) =0

with boundary conditions x'(p) = 2'(0) + fo)‘g(s)x(s)ds and x(1) =
2U)(0) = 0 forj > 2 has a solution.

Proof. First we show that F' is continuous on X. Let 1,29 € X and
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€ [0,1], then we have

|Fzy () = Fiey (1)

1 S
| /0 G(t, 8)f (s, 21(s), 2 (s), DP1 (s), /O B(E) 21 (€)dE, b (3)) ds
1 S
— [ ) (s, 20(5).a85). DPaa(s), [ hOaal€)de, dma())is|
0 0
1 S
| /0 G(t, 5)(f (5, 21(s), ) (s), D 1 (s), /0 h(E)1 (€)dE, b1 (5))

~ (s, 2a(s), 2h(5), DPals), /0 " h(©)ea(€)d, b (s)))ds

L — 5 a—1 S. T x, s Bx s
() /Em[o,t}(t ¥ f (s 1 (2), 21(s), D7 (s),

/0 (€)1 ()de, dra(s)

~ (s, za(s), 2h(s), DO (s), /0 " h(€)wal€)de, drals))lds

-t s an(8). 2 (8). DPrn (s
() TN 20: 0 Do)

/ (€)1 (6)de, 1 (s)

~ f(s,2a(s), (), DO (5), /Sh@) 2(€)dE, drals))|ds

It [ g(€)de — fo Eg(¢ d5|
Ao

/0 (€)1 (E)de, 1 (s)

~F(s 220,250, D o), | " h(€)walE)de, drals))|ds

L — s a—2 S. .Z‘/ s 6.7} s
T D) o, (0 90,2403, D)

- a 1’f 3 xl ) ()7Dﬂx1(8)7

/0 (O (E)de, dra(s)
~ (s, xa(s), 24(s), DPaals), /0 " h(©)ea(€)de, b (s)))ds
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L — 5 a—1 S. T x, s ﬁx <
I'(a) /Ecﬂ[o,t](t ) |f(s,21(t), 21(s), D z1(s),

/0 (€)1 (E)de, 1 (s)

~ (s, za(s), 2h(s), DPas(s), /0 " h(€)wal€)de, drals))lds

L=t s ae(8). 2 (8). DPrn (s
AN () /Ecm[o,x] H(s)|f(s,21(t),21(s), D 21(s),

/ (€)1 (E)de, dra(s)

~ f(s,2a(s), (), DO (5), /sh@ 2(€)dE, drals))|ds

It [ g(€)de — fo Eg(¢ d5|
AN«

/ (€)1 (E)de, dra(s)

~F(s (). 250, D o), | " h(€)wal€)de, drals))|ds

L — s a—2 S. T .’L‘/ s 61: s
AN —1) /ECQ[OM]('u )4 (s, 21 (2), 21 (s), D ()

— )Y f(s, 21(), 2 (s), DP a1 (s),

, /0 (€)1 (€)de, drr(s)
~ (s, za(s), 2h(s), DPaals), /0 " h(©)ea(€)dE, b (s)))ds

L 78(1—1 ai (VA (121(s) — 2o (s
Ia) /mﬂ@f ) i) Al (5) — 2(s)]

|2(s) — 2h(s)], |DP (1 — @2)(s)], | /OS h(§)(z1(§) — x2(£))dE],
|pz1(s) — paa(s)|)lds

1-—t¢ / / /
- H S a’L x —x s)|, |z (s) — 25(s)],
A)\F( ) EN[0,A] Z | 1 2( )| ’ 1( ) 2( )’

DP (21 — w2)(s)],| / ) — 22(€))de], f1 () — dara(s)))]ds
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fo ‘t §|9 df

AT (a Ai(lz1(s) — z2(s)],

[ (s) = 25(s)], [ D7 (21 — 22) (s I,!/O E)(21(8) — w2(8))dé],

|21 (s) — pwa(s)])]ds
i _Sa—QkOa.S (lz1(s) — 2o(s
AT (a—1) /EH[O’H](“ )22 ai(s)Ai(lza(s) — 2a(s),

=1

j1(s) — 25(s)], D% (a1 — 22)(s)], | /OS h(&)(x1(8) — w2(8))dE],

[pz1(s) — paa(s)|)]ds

1 o ) /
B oy €77 I1(6) = 22(5) + ol () —h00)

| DB (a1 — ) (5)] + Ll / I (1(6) — a(6)de]
sl (s) — gals)lds

1—1¢ , ,
AT /Emm,ﬂ H(s)[lla1(s) = w2(s)] + Lo’ (5) = 23(s)

1y DP (w1 — 29)(5)] + L / h(E)((€) — ma(€))de]

+ls|pw1(s) — ¢ra(s)|]ds

fo ‘t—f|g df
AINa

+zgypﬁ<x1 — 22)(s) y+z4| /O )(1(€) — w2(6)) e

+l5|pw1(s) — dra(s)|lds
1-—t¢
A(a—1)

5| DB (@1 — ) (5)] + Ll /D R (1(6) — a(6)de]
Hsléa(s) — derals) Jds

—8)*" 1l1\x1 ) — xo(8)] + lo| 2 (5) —

/ (1 = 5)* " [l]a1(s) = w2 (s)| + L2’ () — w5 (s)]
E°NI0,u]

15
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Z / “Lay(s) Ao — s, 124 — 25
EN(o, t]

r«{ —
M a1 — w2l / I1(€)[de, by — wal] + ballas — b

r2=5)
1-t¢ _ B ;o

4T Z /Emm] ()Ai(llar — ).l — ]

ry — T

”(12_;)”, for ] / IA©)1dg. bales — aall + balet - 5D

N It—é\g
0 Z/ (1— ) Yag()Ai((larn — o], 12 — 2,

AN

I — 2 H
W=l oy — ol [ ©lde. bl ] + bl — s

ko
1—1 / 9 , ,
- Bw—S a;(8)N;(||lz1 — 22|, ||27 — 5],
a0 22 o O =l o]~ )
x — s
=2 s = aall [ 1@, bules = ol + bl - 3 s
1 la[|l} — a5

— t— )2l |y — || + lo||2) — 2h| + SmA 220
K6 g2l = a2l Blet bl + 5=

|z — 22| /08 |W(&)|dE + Isb1]|x1 — 22| + Isb2||x] — 25||]ds
0T oo HOO 1 =l + ol = )+ 2 =2
gz — 22| /Os |h(&)|dE + Isb1||z1 — ma|| + Isba||x} — x5|]ds
Jo' 1t = €lg(€)de
AI'(«) Ee
B — ) [ ()l + it or — o]

['(2-5)
+sbo||z| — 25||]ds

(1= 8)* Hiallwr — z2]l + L2} — 5]
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1—1¢ _2
v a2y B Ll of
" A(a—1) /ECF\[O#](M ) [Lillzr — x| + l2f|z] — 25|
I3l — || s
o gy T lallr - h(€)|dE + Isb ]|z —
+ T2=p) + la||z1 xz”/o |R(&)|dE + U5b1||z1 — 22|

+isbo||z — 25||]ds

Note that ||DPz| < 1“}'2{”5)’ also we have

A A
Hs) = [ (=" gt < [T 5" gl < (1 - 5

where [[glljo,\ = fo t)dt. Let A = max{l, - Tz p)» M b1 + b2}, then by
the last inequality for all z1,22 € X and ¢ € [0 1] we have

\Fxl(t) — Fy (1)]

= Z/ (1= 9)* ai(s)Ai([lz1 — 2|, 2] — 23],
xy—x
”r<12—5>|’ = ””/ B IdE. by — |+ bl — 5 )ds
+ 1t Z/ —S () (”1‘ _:L,H H:L,/_:E/H
A/\F t 1 21l 1 211
Iy —
H122’, |21 — 372”/ |h(&)|dE, by ||zy — o + ba|lzh — xh|)ds
I'2-p)
fo |t—f‘9 / /
Y AT Z/ (1= 9* aa() il — 2l I, — ],
xy—x
”r<12—§>” e ””/ (B(E)dE, by 21 — 2] + balla? — )
+ HZ/ —3) ()i (|21 — 2o, |2} — 2
A,\F a—1 i t 1 21l 1 210
llz = 2]

F oy = aall [ ©)IdE bller = aal + bl i) ds

17
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1 I3]|z} — 25|
I'(a) Ir'2-p)
+lallwr — 22| / |h(€)|dE + Isb1]|x1 — 2ol + Isba||z| — 25||]ds

0

1—t o
T [ O =9 lloalhlles = ool + tlaf - )

I3} — 5|
['2-7)
+sba ||y — 25||]ds

Sl — €lg(e)de

[ = ey =l +dalet - )+

byl — 2o / ()| + by o1 — ]
0

(1= 8)* lallwr — w2l + L2} — 5]

AT () e
l l‘/ —x, S
+3F|(21—B)2H + laf|z1 — sz/O IR(E)|dE + Isb1 |21 — a2

+isbo||lzy — 25||]ds

1-—1¢ _9
— _ o l _ l I
A(a— 1) /Ec(’“‘ 8)*lhller = @] + boflzy — 23
l3]|z] — z5]] s
- t! - h(&)|dE + 1sb —
+ r'2-p) + laf|z1 $2H/O |R(&)|dE + lsb1||z1 — 22|

+sbo||z| — 25||]ds

ko
1
ﬁ ZAi(AHxl — x|y ey Allzy — 22][4) /E(l - s)a_lai(s)ds

1—1¢ gl
(14>\)1_U” ZA AHxl — :I;‘2||*7 . ,A”ml - LUQH*) X
/(1 —8)*La;(s)ds

E

1 &

— Ni(A|lzr — 22|+, -, Allz1 — 22]|4 / 1—s)%ta;(s)ds
F(a); (Allzy — 22 1 — @2l|) E( ) (s)

1-—
A,\Fi ZA (Allz1 = z2lls; s Allzr — 22][4) %

/E (1— 5)*2a,(s)ds
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1
—_— — «|l l
+ P(Oz)H:Cl za|| [1+ 2+

/c(l — ) ds

(1 =Bllgllox
A\I'(«)

/c(1 — 5)*1ds

R T Il + 1o +
F(Oé) Tl T2||* b1 2

/C(1 — 5)*1ds

b=t Il + 1o +
A)\F(Oé—l) Tl T2 ||* b1 2

/ (1 — s)“2ds.
(2)
Ai(z,...,2)

Now let € > 0 be arbitary and x; — 22 in X. Since lim,_,q+ 2® = g

for i = 1,..., ko, so lim,_,q+ W = ¢;, so for € > 0 there exists

0 < 6 < e such that 0 < z < § implies that
0 < Ai(Az,...; A2) < (¢; +€)Az,

l
F(Qiiﬁ) + lam + l5(b1 + bg)] X

||$1 —CUQH*Ul +l2+ +l4m+l5(bl -l-bg)] X

I3
I'2-p5)
+ lym + l5(b1 + b2)] x

l3
['2-0)

(2l 5 + lym + I5(by + b2)] X

for all i =1, ..., ko, in particular
0 < Ai(AD, ..., A0) < (gi + €)Ad < (gi + €)Ae,

so when ||z1 — z2|| < J, by (2) we have

ZA L Ad)|di||

1-1)
( HgH[o A ZA LA |dill e
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ko

1
) 2 il

1—t
Aqi( L A)a;
D WY

1 I3 M(E®)
@ 7F(2—,3) +l4m+l5(b1 —‘rbg)} o
(1 —=1)llgllp I3 M(E®)
W(S[h+l2+m+l4m+l5(bl+b2)] o
M(E®)

Ol + 1o +

5[[1 + l2 + =+ l4m + l5(b1 + bQ)}

L b
I'(a) I'2-8)

1t s M(E)
m(s[ll + l2 + m + l4m + l5(b]_ + bQ)] o — 1

b (1 - Dllgllpy 2
— i +€)Ael|d;
) 20+ 98l + oS gl

1=1

ko
1—1t .
z; o+ Al + gy D+ el

i1

M(EC) I3
T(a+1) T2-p)
(1 —=1)llglljo,nM(E)

A)\F(Oz —+ 1)
M(E°)
Ia+1)
(1—t)M(E°)

A\I'(«)

[l1 + 1l + + lym + l5(b1 + bg)]

L+ 1o+ + lam + I5(b1 + ba)]e

b
r'2-p)
!
[+ 1+ ﬁ + Ly + U5 (by + bo)]e
[+ 1o+ F(213—5) + Lym + I (by + by)]e

where M is the Lebesgue measure. Hence
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HFxl - F:EQ H
ko . N 2 190, 1
< Q_(a+92ldlEl 5 + i) + A=)

=1

+ M(E)+ 12+

1“(2li5) + lym + I5(by + b2)] X

(2 91110, L
F(Oé + 1) A)\F(Oé + 1) A)I‘(Oé)

€.
Also we have

—1 ! a— /
T /0 (t = $)°2(f (s, 21(), 2, (5), D (s),

/0 (a1 (E)de, da(s)

IA

— (s, 2(s), ahy(s), DOa(s), /0 " h(€)ra(€)dE, dara(s)))ds

1

A / 5
AT ) HOUE R ), D)

/0 h(€)r(€)dE, b (5))

~ (s, za(s), zh(s), DPas(s), /0 " h(€)eal€)de, dals)))ds

Ay + By
A\ ()

/0 T h(©)a1(E)de, dra(s)

1
/0 (1= )27 (f(s,21(), ) (5), DPaa (3),

S

—f(s,22(s), h(s), DPwa(s), | h(E)wa(€)dE, pwa(s)))ds

v
ANa—1

/0 (€)1 (E)de, dra(s)

S~
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~ (s, 2a(s), 2(s), DO (s), /0 " h(€)wa€)de, dra(s)))ds

; — s a—2 s.x ZL‘/ s 511 s
r<a_1>/m07t]<t )" 21 (s.1(8), 21 (), D (s),

/O h(©)r(€)dE, b (5))

~ (s, za(s), 2h(5), DPaals), /0 " h(©)ea(€)dE, dua(s))|ds

; S S. T 2 (s B:]j <
AAF(Q) /Eﬂ[o,)\} H( )’f( s 1(15)7 1( )’D 1( )’

/0 (O (E)de, w1 (s)
~ f(s,za(s), zh(s), DO (s). /0 " h(€)wal€)de, dra(s))lds

AA+B)\ a— ,
AT (a) /E(l_s) 1‘f(37171(t),x1(8),D’Bxl(s),

/O h(©)1(E)de, 1 (s)

—f(87$2(3)a95/2(3)7175902(3):/05 h(&)z2(€)dE, pxa(s))|ds

; —8)* 2 f(s. x (s Pri(s

BT D) Jo 921054, D),
/O B(E)a1 (€)dE, dir1(s)

~ (s, 2a(s), 2h(5), DPaas), /0 " h(€)wal€)de, da(s)))ds]
# —5) 2 f(s.x (s Pri(s

T oy € 221024, D715,
/0 h(E)x1(€)dE, dr1(s)

~ f(s,za(s), 2h(s), DO (s). /0 " h(€)wal€)de, dea(s))lds
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# S S. T I/ s 5$ s
AT (a) /Ecmm H(s)|f(s,21(t), ) (s), DPz1(s),

/0 " h(€)r(€)dE, b (5))
~ (s, za(s), zh(s), DPs(s), /0 " h(€)wal€)de, drals))lds

A)\‘l‘B)\ o ,
o | s 0,24 (5). D ),

/0 (€)1 (6)de, 1 (s)

— (s, 2(s), 23(5), D), / " h(€)ra(€)d, dura(s))|ds

; a2 / B
T o1~ 210,240, D),

/0 WO (E)de, dra(s)
~ (s, za(s), 2h(5), DPaals), /0 " h(©)ea(€)d, b (s)))ds
ko

; _Sa—Q a: T —
r<a_1)/,m[0ﬂ<t 1 el (s) = aa(o,

124(5) — 2(5)], | DP (&1 — 2)(5 H/ ) — e(€))de],
b21(s) — da(s)])]ds

1 ko
yr /| oy OO = 220 41(5) = o465
|Dﬁ (21 — 22)(3)].| / ) — wa(£))del, |61 (s) — dara(5)))ds

&)d
M 5/1_ alzal (71(5) = 22(3)], |24 () — wh(s)],

D% (a1 — 2)(9)] | / ) — 22(€))de]. [f1 () — dza(s)))]ds
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ko

; _Sa—2 ai (YA (21 (s) — 2o(s
AT (a—1) /Emm](“ )22 ai(s)Ai(lza(s) — 2a(s),

i=1
[1(s) — 25(s)|, D% (21 — 22)(s)]. | /OS h(&)(x1(€) — w2(8))dE],
|pz1(s) — daa(s)])]lds

1 a— / /
Lla—1) /Ecm[o,t] (t = 5)* 2 [h]wr(s) — wa(s)] + la|2' () — 25(s))|

5| DP (21 — 22)(s)] + 14| / 1) (21(6) — wa(E)de]
+U5|px1(s) — pxa(s)|]ds

1 , ,
A /Emm,M H(s)llafor(s) = w2(s)| + lalai (s) - aa(s)

5| DB (a1 — ) (5)] + Ll /O (€)1 (€) — ma(€))de]
sl (s) — gals)lds

) —
finr dg/ 1= 5)* 7 [l]a1(s) — za(s)] + la|2)(s) — 25(s)]

+l3‘D’8 xl—xz +l4|/ _x2 )dﬂ

+5|pw1(s) — dra(s)|]ds
1

_— — 8)72[ly|z1(s) — xa(s
T Jog, 0 )7 kes(s) = a(0)

ot >—:c2< >\+z31D5<x1 —)(s)| +
L / ) — a(£))dE] + 5|1 () — b (s)]]ds

T 2/ (1= ) 2as(s)As( 1 — ],

/ ||~731 552”

T _x ) )
1 &
a—1 / /
@ 2 1ol o Ao =l ] )

mllzy — xal], byllzy — 22l + bol|2) — a5]|)ds
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Io = 200y — il Bl — sl + Balle — il
P(2—6), 1= 22|, b1|r1 — 22 2|77 — Xaf])as
M Z/ (1= ) ai(s)Aillr — wall, 1f — ]l
r{ — X
‘Fé_g)”,mnxl — wall,baller = wall + ballal — ) ds
1 ko
Ao 1) 2= [ =9 Zai(s)Ailar -l o} - 5],
A — JE
A
Al mlley = ol bales = 2ol + bl — a3l
| / . Iylah —
— 1— ) 2[l||@y — ma|| + la||2) — 2| + S 2—20

+l4m||a:1 — 562” + l5b1”l‘1 - $2|| + 1552”1’/1 — :C/2H]d8

1 a—1
W/E lglliox A = 8)0 Ll 21 — 22|

+o||xy — 2h|| + fallzy = 2o + lym||z1 — z2|| + I5b1 ||z1 — 22|
e p)
Hlsba, — o)ds
fo §)dg 1 l3]|z) — 25|
(1—=9)*" 1 — [ - =
e L 1l = a2l + ol = a3l + =52

+l4mHﬂ«“1 — ol + by ||lzy — 2| + Isba||z) — 25][]ds

1
- 1— a—2 _ I
T [ (09— ol + et -
Is||z} —
+3IH,(21_I3)2H + l4m||:E1 — l‘2|| + l5b1”$1 — :L'QH + l5b2||:17/1 — $'2||]ds

ko
1 a—2
T ZAi(AHxl ~ e Alles =) [ (1= 9" Pau()ds

— 22|y s AT — 22[4) ¥

A (a

/E (1- s)a-laxs)ds

25
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€)dE
)) S Au(Ale1 — @l s Allzr — all) X
=1

/ (1—s)*"La;(s)ds
E
ko

1
A0 =) 2 (A = a2l Al = 2]le) »

/;u-_syhﬁw(@ds

1 I3
m”xl — x|« [l1 + l2 + m + lym + I5b1 + l5ba] X
/ (1 _ S)a—ZdS
”g”[O7M ”1'1 - I’2H*[l1 + l2 + —_— l + l4m + l5b1 4 151)2]
AI(@) r2-p)
/ (1—s)*"lds
A
9(§)d¢ I3
fihr((()l)”xl — @allelly o+ g7 gy +lam + Usby +sba]
/ (1—s)"1ds
1 A
mllxl — o[ [ly + 2 + te_p) " Lym + lsby + I5bs] x
/ (1-— S)a72d8
Ma—1) ZA - 20) [dil|

ko
+AAF( )2 ZA (AS, ..., Ad)||di||

b ol fZA 6o A0) i
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ko
1 .
+A,\F(a—1);Ai(A5’ oy AG) ||di ||
1 I3 M (E®)
AAF(()( — 1>5[l1 + lQ + m + l4m + l5b1 + l5b2] a—1
g0, l3 M(E*)
mé[ll + o+ m + lym + l5b1 + I5bo] "
Jo 9(€)de Is M(E°)
m‘s[ll + 12 + m + l4m + l5b1 + l5b2]
1 I3 M (E®)
-0l { — +1
AD(a—1) [+l + T2—3) + lym + I5by + I5bo] 1
1 i(%’ + €)Ael|dil| z + Iollo f:(%’ + ) Aelldi||
MNa-1) pat A\I'«) pat !
50001 $ 4 4 il + S+ el
AT (a) & WET A —1) & e
[l + L2 + pggy + lam + Isby + Isbo] e
A/\I‘(oz)
gl + 2 + % + lym + I5by + I5b2]
A(a+1) )e
lglljo. [l + 12 + gy + lam + Isby + Isbo] y
ANa+1)
[ll + 1y + % +lym + lsby + l5b2] M(E )6
A\IN'«)
ko
1 2llgllf0,x 1
i + €)Ael|d; :
(S o+ 9Bl 5+ 4r(ey * =)

I
M(ES)(ly + 1y + r(zig—ﬁ) + Lym + Isby + Isby) X

(1 2\ gllo,n 1 )
I'(a)  AN'a+1)  Ay'(a)

€.

27
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So
1Fy, — Fo |
ko
1 2llglljo,x 1
< A Acllg: )
— [(;(Qz + 6) e”a’LHE)<1—w(a o 1) + A)\F(O[) + A)\F(O[ o 1))
l
+ M(ES)(h +1s + F(273—6) +Lym + Isby + Isbo) X
( 1 2llgllfo0,x 1 e
I(a) A(a+1) Ay'(a)”
Hence
Hle - FIQH* < Qe
where
ko
2 19110, 1
@ = max g + €)Al|a; + =+
{[;( | HEHF(Q) AT(0) T AT = 1)]
{
+ M(ES)[h +1s + H?iiﬂ) +lym + 15 (by + bo)] %
( 2 n 1910, 1 l
Fa+1) Ay(a+1)  A(a)”
ko
. 1 2llgllfo,x 1
(;(% FAMENE EG =y Y AT ) T AT 1)
l
+ M(E)(l +1la+ H?ig—m + Lym + 5y + I5b2) X
1 2|lgllfo,x 1
( [0.] )} < oo

F(Oé) A,\P(Oé + 1) A;I(a)

Since € > 0 is arbitrary then ||Fy, — Fy,||« — 0 as 1 — x2 in X, this
shows that F' is continuous in X. Since lim,_ o+ A"(AZA%;’AZ) = g, so for

€ > 0 there is § > 0 such that z € (0,0] implies that
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Ai(Az, ..., Az) < (g +€)Az, for all 1 <i < kg. Also since

2 HQH 0,7] 1
max/{| ZquHaz”E (o ) AT(a) T AT (e 1)]
+ M(E)+1+ F(Ql_m +lam + I5(by + b2)] %
2 19110, 1
[F(a +1) + A,\F(a +1) * A)\F(O‘)L
2HgH 1
ZquHazHE ( —1) T AT(a ) N 1))

+ M(E)(L+1+ + lym + I5b1 + l5b2) X

l3
I'2-p5)
( 1 2|gll[0,x 1 )
MNa)  A'(a+1)  AyN(«)

there is €y > 0 such that

<1,

ko

(3o + )Ml + ) )
+ M(EC)[h + 1o + (2l ,3) +Iym + l5(b1 + bz)]
[F(oz2+ n Aj'ﬁ”aoi ) AA;(Q)]’
izol(% + ) Aldle) (fra = + 2+ =T
+ M(E)Y(l+1+ (2l 3) + lym + l5by + l5b2) X
(r(la) AT (o + 1) AArl(a))} <1
Let 8 = d(co), R = min{do, 1}, C = {& € X : |[z], < R} and define

0)
a: X% —]0,00) as a(x,y) =1 for z,y € X, other wise let a(z,y) = 0,
so for all 1 <7 < kg Ai(Allz||«, ..., Allz]|«) < (g + €0)AR. Let x € C,
then for all ¢ € [0, 1] we have
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| / G(t, ) f (s, (), 2/ (t), D (1), /0 h(©)e(€)de, da(s))ds]
/ Gt )11 (5. 2(t), 2'(£), Da(2), /0 (O (€)de, da(s))|ds

/ Gt )1 (s, 2(t), 2/ (1), Da(2), /Osh(ﬁ)w(f)dé,sbx(s»
—f(s,0,...,0)|ds

[ 166815, 0), D), /0 (€ (€)d, ba(s))
—f(s,0,...,0)|ds

/ Gt )11 (5. 2(t), 2'(£), D), /Osh@)x(@ds,asz(s))
)|ds

/Gt s |Za, )12/ ()], | D (s)],

I/ (£)d€|, ¢ (s) — ¢0(s)|)ds

[ 1665 afa(o)] + e’ 0)] + Ll D%a()

l4|/ (€)dE| + 15| pa(s) — ¢0(s)|]ds

_ _ 8 a 1 a - BLL’ s
[mm ( Zz Ai(lz ()], [2'(s)], [ D7z (s)],

| / (€)de], low(s) — 90(5) )ds

1—1

| / (€)de], |pa(s) — G0(s)|)ds
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- &)d
b ‘iurﬂg : ) 12% $)I: |/ (s)], [ D7 (s)],
[ m@rsterdel lonts) - oots)as
L _ 8 a 2 a: 2 ’31‘ s
AN —1) /EO[OM] Z t s)| | ( ) [ D7z (s)],
| / (€)dzl,19x(s) — 60(s)))ds

/ (t — 8)* | 2(s)| + 2|2’ (s)] + 13| DPx(s)|

Eeno,1]
il / (€)de] +I5lo(s) — 60 )ds

1-t¢ ,

AT (@) /E . H(s)[l|z(s)| + lo]a’(s)| + I3| DPx(s)|
ul [ ©a(€)as] + tfoa(s) — 60(s) s
fO ‘Z}\Iéjg df/ N a 1 ll ‘+l2|.§6( )|+l3\Dﬁx(s)|
ul [ h((€)de] + slons) - o0(9)ds
i —s a—2 (s 2 (s ’83]' s
Az —1) /E m[ou]('u ) Lz (s)| + la|2'(s)| + 13| DP x(s)]
il / (€)de] +I5l6(s) — 90 )ds
Bl B
o) ;[Emm,ﬂ“ P asnilel. e i

mllall, byllz]| + ball2'|[)ds

11 /|
e Z/Em Al o) = 55

ml]l, b1l + ball2"|[)ds

31
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s =g ) ) |
e Z/l (el ). 5= 55

ml!w\l,bllll‘ll + be||2’||)ds

1t & [Ed

_— — ) 2a;(s)Ni(|| ||, |2, ==,
AT —1) ;/Emm](u ) (s)As(ll]l, fl="]] T2 = 5)
ml|z|, byllz]| + ba2|z"||)ds

S - el + il + sl
(@) JEenpoy r'e2-p)
Famllal] + G5l + Isballe’ 1ds

1-t / o bl
_— H(s)|lh]||z]| + L||z'|| + ===

Hlaml|z| + lsby[|2]| + lsb2]|2”[l]ds

S - 5\9 §)dé o1 l3Hx’H
+l4meEH + lsblHﬂ«“H + Isbo||2'[|]ds

o [ e el + e+ bl
AxP(a = 1) Jgenjo,u L2 -25)

+lgm||z|| + I5by ||| + I5b2||2||]ds

1 & o
F(cv);/];“‘s) ‘ai(s)Ai(Allall, - All]l)ds

1—t & )
EERYRRY - o= i Az A *,...,A *
AT 22 [, Wl (= A Al Al )

ko
7 3 [0 9 Bl A
=1
1—+¢ ko =2, (A (Al . s
e 2, el Al )

l3
- _Sozfl x|+
F(a)/Ecu Pl et

+ Iym + lsby + l5b2]d
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1—t _ l3
— A= 8) Yzl [l + 1o + =———
e [ el = 90 el + o+
+lym + 1501 + l5b2]d8

1

e T A NUS e
EC

{ Isby + l5bo)ds
T(a) + lym + l5b1 + I5b9]

Iy
I'(2-7)
1t

_ l3
- 1—8) x| [l + 1o + =———
e Jp e b
+lym + 15b1 + l5b2]d8

ko
1 R (1- ||9||
< pray 2+ o) ARl + =R Z i+ €0) AR|dil|
i=1
1 o 1—t 3
+ T'(a) z; g + €0) AR||di|[ & + W;(%'ﬁ-ﬁo)ARHGiHE
1 I3 .
+ m[ll +l2 + m +l4m+15(b1 +b2)]M(E )R
(1 =t)llglljo,x I3
Al L M(E°
+ A (a+1) [l + 12+ T2 - 3) + lam + I5(by + b)) |[M(E)R
1 I3
—[l; +1 — 4+ Is(by + b)) |M(E°)R
+ F(Oer )[1+ 2+F(2—ﬁ)+ am + 5( 1+ 2)] ( )
1-— l3 [&
+ A)\F( )[ll+12+m+l4m+l5(51+62)]M(E )R
Hence

) 2 910 1
HFxH < ((QZ+€0)A"QZ“E(F(Q) +A)\F(Oz) A)\I‘(a_l))

-+ M(Ec)[ll + 19 + +l4m+l5(b1 +b2)] X

l3
I'(2-p)

2 190, 1
TarD t DltarD  Dr@) B R

Using similar proof we conclude that
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ko
) . 1 2|lgllfo,x 1
< . A .
[l < ((;_1(% + €0) EHQZHE)(F(Q - 1) * AyI(a) * AINa — 1))

l
+ M(E)[l +1y + F(T?’_) + Lym+ U5 (by + bo)] %
1 2llgllf0,x 1

(I‘(a) AT (a+1) A,\F(a)))

R<R.

Therefore ||Fy||« = max{||F.|,||F.Ll} < R, so ||FL|| < rso ||[Fell« < r
therefore F, € C. By similar manner we conclude that F,, € C, hence
a(Fy, Fy) > 1, so F is a- admissible. It’s obvious that C' # ¢, hence
there exists xg € C such that F, € C and therefore a(zg, Fy,) > 1. Let

_ 2, o2 el |
1= el o Al ey e

[
+ M(EC)[ll + l2 + F(T?’—,B) + l4m + l5(b1 + bg)] X
2 lg1ljo,x) 1

rar P Al T A

k
: 1 2||g]

e i [0,2] 1
(;(Qz + )A” lHE)(F(Oz _ 1) + A)\F(Oc) A)\F(a — 1))

+ M(E)(l +12+ +lam + I5by + I5by) %

I3
I'2-p5)
( 1 2llglljo,x 1 )

MNa) ANN(a+1)  Ax(«)

<1,

then define 9 : [0,00) — [0,00) as ¥(t) = ~t, then v is nondecreasing
and

00 . ~
;w (t):ﬁ<00,

so ¢ € W. Also for x,y € C' we have
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ko
. 2 1glljo,x 1
F,—F,| < i + €)Ald; ’
I = £l < (00 + 98l + 5 pa) * Arta =)
l
+ M(E)[h +1o+ F(T?)_B) + Lym o+ 15(by + ba)] x
2 19110, 1
’ _ % < — *
and
ko
, , . 1 2llg1lo,x 1
. < . .
|FL — Fl|| < (; WA alle) G = * A r@ T AT =1
l
+ M(EC)(ll + l2 + NTi,B) + l4m + l5b1 + l5b2) X
1 2llglljo,x 1
<F(a) A\D(a+1) * AAF(a))Hx ~ul-
< Allz—ylls
SO

1Fe = Fyll« < Allz =yl
Hence for all z,y € X we have
a(z,y)|Fe — Fylls < Allz =yl = ¥z —yll).

Now, using lemma (1.3) we conclude that F' has a fixed point in X which
is a solution for the problem. O

Example 2.3. Consider the problem
5 1 t 1
DEa(t) + f(t, x(t),2'(£), D3a(t), /0 ex(€)de, D¥x(t) =0, (3)

1 .
with boundary conditions /(1) = 2/(0)+ f¢? sz(s)ds and z(1) = 219)(0) =
0 for 2 < 5 < 3, where

1 5 ) o i
TovTTp(D) it [T teE:=[0,1]

f(t,xl,...,x5) =
55 (1 — 1) 374 |i] te E°:=(3,1]

35
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and p(t) = 0 whenever t € EN Q and p( ) = 1 whenever t € E N Q°.
Put o = %7 B = %7 Az’(xly-- ) D3 1’1'1‘ az( ) ﬁp(t)’ g(t) =
h(t):t7A:%7/j’:;7 :% (bx() Dgx()a blZO, bQ:%%)v

q; = 5, l1:...:l5:@and ko =1 for all 1 <17 < kg. Note that for
te E°

'7

1
’f(t,xl,...,x5)_f(t,y1,. 7y5)’ 20(1 t)‘z 1|xl’ ‘yl’ < 602?=1|x2_y1’7

and for t € ¥ we have

1
\f(t,z1,..,5) — [y, ys)] = WIELIM — |uill
1

<7'—':'t2k21\' i —vil),
= 10\/ﬁp(t>m el = sz Aulfes — wel)

Ai(2,2,2,2,2) 1

hmz%O‘*# = 5 = @, (1 - t) 2() S 1( )7 HdzH - %
= 187f0f a111<’t<’<?07 |9 (t) — ¢y(t)] < D3la(t) — y(t)]
) | f() _7_ma
1 1 1 1 2
A:max{l,P@_ﬂ) m, by + by} = max{l, (%) 3 F(%)}:ﬁ’

N|=

A
A= [Ca-oga= [*o -,

M(E€) = % and
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ko
{30+ I8l ey + iry * A=)

i=1

+ M(Ec)[ll + 1l + + lym + l5(b1 + bg)]

I3
['(2-p)
[ 2 1910, i 1 l
Ia+1) A(a+1) AJ()”

& 1 2l|gllo. 1

(;(Qi + E)AHdiHE)(F(a T AT T AT 1))

+ M(E)(L+1+ +lym + l5b1 + I5b2) X

l3
I'2-p)
(L 2[|glfo,5) Loy,
I'(a)  A'(a+1)  AxI'(a)
2

_l’_

|~
—_

< max{(

_l’_

D[ =
+

=
~~ |oco
|t
SN—
N[
=
—
ol

A
oot
~—

‘ [\

—_

[\]
[~

[

N
+
(=)
_ O
—
—

12
21
2,
O

(=)

w\wo

w T
wlot
S~—

= -
=

6
2 1 1
73

+

N[ =

~—

[lfex{[ee]
+

S~—
!

—~~

oo

~—

N[

\1\3
=
| o
Jee
—_

+
_l_

=N
e}
=
—

N
~—

[ )]
(e}
N | —
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—
—
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—
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—
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)
NI~ el
+

SN—
N[
|1 h
— |
SN—
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=
—~
Dot
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Now by using Theorem (2.2), problem (3) has a solution.

Theorem 2.4. Let a > 2, B,u,A € (0,1) g € L0,)], g(t) > 0 for
ae. t € [0,)\], ¢ :[0,1] — R* is such that for all z,y € C0,1],
|pa(t) — py(t)] < bylx(t) —y(t)|+balz'(t) —y'(t)| for some by, ba € [0,00),
h € L'0,1] and f : [0,1] x X®> — R be a mapping which is singular on
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some set E C [0, 1] such that for t € E we have

5
’f(t,xl,l'g,...,lS) _f(t7y17y27"'7y5 Z |xz yz‘)

and is continuous on E¢ C [0,1] for all z1,...,x5,91,...,y5 € X , where
a; : [0,1] = RY, 4; € LYE), di(s) = (1 — 5)* 2a;(s), A; : X — R s
a nondecreasing mapping such that im,_,o+ —57 = q; for some v;,q; €
[0,00), and all 1 < i < 5. Also let ¢ > 0, A = max{1, ﬁ,m, b1 + b2}

and for almost all t € [0,1] and (1, ...,75) € X° we have

‘f(t,l‘l,:tg, ...,:B5)‘ < b(t)L(.%'l,.%'g, ...,x5) + K(:L’l,xQ, ...,x5)

where b: [0,1] = RY, L, K : R% — [0,00) are such that (1 —t)*~2b(t) €
LY[0,1], L, K are such that

L(z,2,2,2,2)

lim ———22= =¢
Z—00 z
and
lim K(z,2,2,2,2) < oo.
Z—00
If
2 lglljo,n 1
o) T ) T AT =1
1 2lglljo,x 1 1
Ta-1 " AT " Ale=1) €l z)
then
() + (b, 2(0), ' / h(s)a(s)ds, 6 (1)) = 0
with boundary conditions x'(n) = ) + fo s)ds and x(1) =

2U)(0) = 0 forj > 2 has a solution.

Proof Define Fl, F2 X — ]R as
Fiz(t) = [z G( (s,2(s),2'(s), DPx(s), [y h(&)z(£)dE, px(s))ds and
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Fox(t) = [ G( (s,2(s),2'(s), DPx(s fO §)dE, px(s))ds

SO Fx =FX + FQJ: Now to show that F' is contlnuous, we will prove
that Fp, Fy are continuous. Let € > 0 be arbitary and ¢ € E€ be fixed
for a moment, then there exists § > 0 such that

V(@1 —y1)2 + ... + (z5 — y5)2 < § implies that

lf(t,z1, ..., z5) — f(t Y1, y5)| <€ (4)

Now let {x,,} be a sequence such that z,, — x¢ in X for some zy € X,

then there exists ng € N such that n > ng implies that ||z, — x0||* AL\/S
where A = max{1, r(%ﬁ) m, by + b}, then ||z, — x| < A\[ < \‘} and
|lzh, — zpll < AL\/E < %, hence for t € E¢, |x,(t) — zo(t)] < jg and
|z, () — xp(t)] < f’ so if n > ng, then since || D%z, — DP x| < la, —ﬁfﬁo)ll
we have
7 )
|DPx,(t) — DPxo(t)] < T2 p) = 7

[ Wermerte - [ wiereote M</le%U—mUW

)
h(§)|d¢ =m——= < —.
/‘ ) xf V5
Also we have

|ban(t) = dao(t)] < bilan(t) — 2o(t)] + bal2l, (t) — 26 (1))

1) 1)
< (h +bz)r\/5 < 7
hence
(n(t) — 2o(t)[? + [2,(t) — (D)2 + [DPzn(t) — DPrg(t)]?
H/ €)n(€)dE / (E)EP? + |para(t) — dro(D)2)

2
%+ +— V2=

39



40 A. Mansouri and M. Shabibi

so by (4) we conclude that

t
(6 2 (t), 2 (1), DPan(1), /0 B(E)n (€)dE, b (1))

t
—f(t,mo(t),xf)(t),D'on(t),/o h(s)zo(s)ds, pzo(t))] < €

as n > ng. So

jmt,xn<s>,x;<s>,z>ﬁmn<s>,/gsh<g>xn<£>d5,¢xn<s>>—»
f1t,xo<s>,xg<s>,z)ﬁxo<s>,/gsh<s>xn<£>ds,¢mo<sx

as oy (t) — xo(t) for s € E€. In other hand G(¢, s) and égt %) are bonded
and in Ll(EC) respect to s, hence

Fizn(t) = [ G(t,8) f(5,20(5), 20,(5), DPay(s), [3 R €)dE, pan(s))ds
fﬁm@Gmmwm 0(s), DPxo(s), [y h(€)wo()dE, dao(s))ds
ﬁnjmww n(8),20,(5), DPan(s), o M(€)n(€)dE, dn(s))ds
?Ef y = Jie P F (s, 20(5), 24 (s), DPo(s), fo h(€)wo(€)dE, do(s))ds

as n — 00, S0 F1 is continuous in X. Now we will prove that F5 is con-
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tinuous in X. Let x,y € X, then for all ¢ € [0, 1] we have

IN

IN

IA

| Fox(t) — Foy(t)|
S S :1: 6 i TS
r/Gt 2'(s), D¥x <>/Oh<§><s>df,<z><>>

— F(5,4(5),¥/(), DPy(s), / h(E)y(€)de, dy(s)))ds]

1 — )7 f(s, x(s), 2/ (s), DPx(s
a7 oy 529, (5), D%0(9),

/0 " h(©)a(€)de, da(s))

(s y(s),y/ (), DPy(s), /0 RO, dy(s))|ds

i s s 2(s). 2 (s Bols
T o HO 5200, /(5), D),

/0 h(©)r(€)de, g (s))
~ F(s9(3).5/(3). D7y(s), / (OO, dy(s))ds

A
thy (¢ fir st / — )" f(s,2(s), (), Da(s),

/h €)d¢, pa(s

— 15, 5(5),9/(5), Dy(s), /0 h(©)w(E)de, y(s))ds
L — )72 f(s, z(s), 2 (s Ba(s
0 1) oy, 04 215,209,060, D),
JRGEEIXEE)

—f(s,y(s),y’(s),Dﬁy(s),/os h(E)y(€)dE, dy(s))|ds
1 0T (VA (La(e) — (s
I(c) /Em[(),t](t ) an(s)Ai(fa(s) = y(s))

+as(s)A2(|2'(s) — o/ (s)]) + as(s)As(| D7 (x = y)(s)])

41
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as(s)A(] / €))de]) + as () As (| 6(s) — oy (s)])ds

1-t¢

+az(s )Az !w —y'(s )D+a3( )A3(ID7(z —y)(s)])

tas(s)Aa(] / €))de]) + a5 (5)As (|6 (s) — dy(s)))]ds
I \t—flg )dé
N $)A1 (2 (s) — y(s)])
as(s) s rw <>\>+a3< >A3<1Dﬁ<w— 9)(s)))
tas(s)Aa(] / €))de]) + a5 (5)As (|6 (s) — dy(s)))]ds
1—1¢
T /E « M](u — ) 2ay(s)Ax(Jo(s) — y(s)])
Faz(s)Aa(l2(5) — o/ (5)]) + as(5)As(| D% (z — )(s)])
+as(s)Aa(] / €))de]) + as(5)As(|6(s) — oy (s)])ds
1 oa— / !
T /E rM(t—s) Hay(s)Ar (1 — yll) + az(s)Aa(ll2’ — ¥/])
cal)Aal e =) 4 aa(s) s = )

+as(s)As (bl — yl| + ballz’ — o/[)]ds

1—t¢ / /
e /E oy HON Rl =) + o) Aol /1

+aa( (=0 + as(e) st — o)

bas(s) 85 bz — il + boll” —of s

fo ‘t_§|9 §)ds
AN«

+aa(s)a(la’ o)+ aa(s) el =)

tas(s)Aa(mlle ) + as(s)8s b2 — il + bolla’ o/ s

[ (1-s)” Haa(s) A (||l = yll)
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i — ) 2[qq(s xr —
¥ AAF(@_U/MM(LL )*2far(s)As (12— o]
+aa(s) Ml — o ) + a2
tas(s)As(mllz — yl) + as(s) As(balle — yl + bella’ — /|)]ds
1
< e [CES LTI LN
o (Al — ol s
el AL G A CIOINENEER T

t.. +a5(8 As(Allz — yll+)]ds
* T )/u 5)* Har () A1 (Allz — y]l.)
+... +as(s)As(Allx — y||«)]ds
AArl(;t—w /E“ — 5)°2[ax(s) A1 (Al — yll.)
+... +as(s)As(Allz — yll+)]ds

Now Let 0 < € < 1 be arbitry and ||x—y||« < €. Since for eachi =1, ..., 5,

lim, o+ /(2(352 = ¢j, hence there exists § > 0 such that 0 < z < § implies

that 73 (A)z) qi < €, SO

Ai(Az) < A%(g; +€)2%. Let ||z — y||« < min{e,d}, then we have

Ai(Allz —yll+) < A%(gi + )l =yl < A% (g + €)™

for each i = 1,...,5. So ||z — y||« < min{e, d} implies that

Pa(t) — Fay(t) < 5 [ 0= (A @ + e
+ +a5( JAT (g5 + €)™ ]ds

A1 = 8)* Har(s)A™ (g1 + )€™

A I«
+...+ a5( )A% (g5 + €)€]ds
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+ fag L9 A @+ e
...+ a5(s) A% (g5 + €)e°]ds
]_—t o— 1 1
e IR B OIS

+... +a5(s)A" (g5 + €)€7°]ds.

Let 7o := min{~,...,¥5}, then for all 1 < ¢ <5, €7 < €7, so we have

18
[Pz — Byl <[+ = E (1= )% 2ai(s) A7 (g; + €)ds
F(a) : E

gl <
$)AY (g,

i AxI(a) ;/E (qi +€)ds

5
+ a2 1= A i+ s

=1 E

1

i Y0

* A)\F a—1) 2/ s)A7(g; + €)ds|e™. (5)

Now since (1—s5)*2a;(s) € L*(E), so (1—5)*2a;(s)A%(g;+¢) € LY(E)
and since € > 0 was arbitary, by (5) we conclude that ||Fax — Faoy|| — 0
as x — y. By the similar way we conclude that

Fe(t) - Fiu(t)|
< | / £(s),2'(s), DPx(s), /0 h(E)x(€)de, pa(s))
~ Fs,(s).9/(3), DPy(s), /0 " h(E)y(E)de, dy(s))ds]
S D) g (5260, D7),

/0 (€ (€)de, ba(s))
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~ Fsy(s), 5/ (), DPys), /O " h(E)y()de, by(s))ds

# S s,x(s),2'(s Ba(s ’ T T (S
) Sy HOIS (206026 D72(0), [ n(@)a(€)as, oa(s)

~ Fsy(s), 5/ (), DPyls), /O " h(E)y(E)de, by(s))ds

Ar+ By — 8)* Y (s, z(s),2'(s), DPx(s
o =9 a(9.0'(5). D (o)

/0 " h(©)a(€)de. da(s)) — F(s,y(s), o/ () DPy(s),
/ h(E)y(E)de, dy(s))|ds

S — )22 f(s, 2(s), 2'(s), DPx(s
1) Jog, (4 6,2, D)

/0 " h(€)x(€)de, ba(s))
~ Fs(s).5/ (). DPy(s), /O ROy (©)dE, dy(s))ds

; — 82 2[g4(s z(s) — y(s

r<a_1>/mﬂ<t "2l (5)Aa 1x(s) ~ y(9))

+as(s)Aa(|'(s) — o/()]) + as(5)As(1D% (z — ) (5)])

as(s)A(] / £))de]) + as () As (| 6(s) — oy (s)])ds

T o H(s)[an()A (12(s) — (3))
+az(s)As(|2'(s) = /(s )\)+a3( )A3(IDP (x — y)(s)])

tas(s)Aa(] / €))de]) + a5 (5)As (|6 (s) — dy(s)))]ds
f{g;Bk/ 1= 9 ar(s)Aa (Ja(s) — y(s))
+aa(s)Az Y () + as()As(1D% (@ — y)(s)])

as(s)A(] / €))de]) + as(s)As(|6z(s) — dy(s))]ds
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- —8)*2[ay(s z(s) —y(s
Akp(a_l)/mwm *~2far(5) A (2(s) — (s))

+aa(s)ha(|7'(s) — o/ (s >\>+a3< )As(ID%(z — y)(s)))
+as(s)Aq] / €))de]) + as(s)As (|6 (s) — dy(s)])]ds

rm-u/EmM(”)" Har()Ai (o = yl) + az()Aalla’ = /)

+aa( (0 + as(e) st — o)
+as(s)As(bille — ol + bll’ — o/ lds

1 / /
T fo Ml = 51) -+ s alla” )

+as(s)As(] (’2 yﬂ')’wa (s)Aa(mla — y)

+a5( )As5 (b1l — yll + ball2” — o/')]ds
§)d¢

A,\F
2 ’—yH N
az(s)As( re 5)) ag(s)Aa(mllz —yl)

()
A

tas(s)As (bl — yll + balla’ — o/ |D]ds
! — ) 2(ay(s) Al — y])

s)A (|2 = yll) + az(s)Aa([l2" = o)

Ao —1) /Em[ou](ﬂ
Fas(s)Aa(l2” — ') + a3<s>A3<ﬂ’g2‘_yﬁ‘)‘> +aa(s)Aa(mllz — y])
+as(s)As(bille = ]| + balle’ — o' ]ds
1 a— a—
vl AR R A CIIMENEESTN
Fooo+ as(s)As(Allz — yll.)]ds
lgllo o
i [a— 9 m@aale - l)
+... +as(s)As(Allz — y|«)]ds
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HQH[OA]/ _ ()AL (Allz — yl|)

Foo - as()As(Allz — yll))ds
el AUED R OICISENEESTN
Fooo+ as(9)As(Allz — yll))ds
T L= @A @+ 0
+... +a5(s) A7 (g5 + €)€7]ds

K”r[?% / (1= )" *[ar (5)A7 (g1 + )™

+... 4+ as5(s) A" (g5 + 6)675]d

||9||[0 ,\] (5)A (g1 + )

+.. + as(s A% (g5 + €)€e™]ds

. “T mn 7
Al(a—1) /E<1—8> *[ar(s)A™ (a1 + e)e

+...+as(s)A" (g5 + €)€®]ds.

So we conclude that

| Fox

Pyl < Z/ (1 —s)*"a;(s)A7(q; + €)ds

l91ljo.7) i/(l — )% 2q,(s) A% (g; + €)ds
A,\F(O&) E Z !

i=1

lgllioN <
! a—2 il
AT(a) 2= /E(l —8)"ai(s) A% (q; + €)ds

i=1
5

47



48

A. Mansouri and M. Shabibi

Therefore ||Fyz — Fyy|| — 0 as @ — y, hence
[Fox — Fayllx = max{||Fox — Fay|, [|[Fox — Fayll} — 0

as x — y, so we conclude that F5 is continuous in X, hence F' = F} + F5
. . . . L(Az,Az,Az,Az,Az)

is continuous in X. Now we have lim,_, s = ¢, so for
each € > 0 there is r > 0 such that z > r implies that W —

g < € hence L(Az,...,Az) < (¢ + €)Az for z > r. In other hand

lim, 00 K(AZ’AZ’AAZZ’AZ’AZ) = 0, so for each ¢ > 0 there is ' > 0 such

that z > »/ implies that W < € hence K(Az,...,Az) < Aze for

z > r'. Now since

max{ 2 g0, 1
['(a)  Ay'(a)  ANa-1)
1 2llglljo,x 1 1

D(a—1)  A(a)  AyD(a— 1))}QHB||[O,1} € [0, Z)a

there is an ¢y such that

2 glljo,x

5y * Aal() * A =1 @ F @l
2 1 1
T oy T Afary T 4@ @
1 2 1 .
[F(O‘ -1) Jz\glt[(oos] Ao — 1)](q +€o)llblo.
1 2llgllo,x 1 1
i [F(a) " A\I'(a+1) * AAF(a)]EO} €l Z)'

Let 71 := r(eg) and ro := 17/(&p) and put r¢ := max{ri,r2} and define
Q={x e X:|z[+ <ro}. If there exists y O such that y(t) = XoFy(t)
for some Ao € (0,1) and all ¢ € [0,1], then ||y||« = ro,

1 s
y(t) =Ao/0 G(t’S)f(s,w(S),x’(S),Dﬁw(S)’/0 h(&§)x(£)dE, px(s))ds

and

Loa

y'(t) = Xo ; at(tvs)f(sax(S)ax’(S),DBSC(S)v/O h(§)x(§)ds, dpx(s))ds.
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Mo / G(t, ) f(s,y(s), 3/ (5), DPy(s), / " h(E(E)de, dy(s))ds
X / Gt 5)[b(s)L(y(s), 5/ (5), DPy(s), /0 T h(E)Y(E)dE, dy(s))ds
/ G(t, 5)[b(s) (s), DPy(s), /0 T h(©)y(©)de, dy(s))ds]

_ gyt s 8 ’
ol [ =9 L) 60, D%t [ @i

(1- )HQH[O,,\]

dy(s))ds + — () (A —5)*7'b(s)L(y(s),y/ (s), D7y(s),

0

1
/ h(E)y(E)de, by (s d”r(la) /0 (1 - $)° () L(y(s), 4 (5),

Dy(s), /0 h(E)y(€)dE, by(s))ds

1—t [! o / s
+AAF(a)/O (=) 1b(S)L(y(S),y(8)>Dﬁy(8),/0 h(€)y(§)dE,

Py(s))ds

o / |
+F(a)/0 (1—y5) 1K(y(8)7y(8),D5y(s),/0 h(€)y(€)dE, dy(s))ds

(L=t)gllox [ o ,
Aﬂ‘@)/o (A= 8)* 'K (y(s),y(s), D7y s),

1-t¢
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° 1 ! a— /
/0 BOU(E)E, oy()ds + s /0 (1 - 8)* K (y(s),4/(s), DPy(s),
/ H(E)(€)de, 0(5)

1 9 ,
d5+AF(1)/D (=) " K(y(s),y'(s),

). [ HEWE)dE. ou(s))as]
e -

§)dg, oy

) 1b L(r,ro, mro, (b1 + ba)ro)ds

ro
r2-p)



50

IN

A. Mansouri and M. Shabibi

(=Dl [* g
e, T

mro, (b1 + b2)ro)ds

1
+F(1Q) /0 (1= 5)*"1b(s)L(r, o, miro, (b1 + ba)ro)ds

_ T
re-p)°
o 1

1 ' a—1 To
+F(a)/0 (1 —8) K(T,Toyw,mro,(bl+b2>7~0)ds
(I =t)lgllox [ - ro
+T®Z) /0 (1= )" K(r,ro, Te—g "™ (b1 + ba)ro)ds

1
+F(104) /0 (1= 9)* Ko, ﬁ’ mro, (b1 + b2)ro)ds

1 -t ' a—2 T0
+m /0 (1 —5)* K (r, 7o, ma mro, (b1 + b2)ro)ds]

1
)\O[F(la)L(Ar,...,AT)/O (1—5)*"2b(s)ds

+WL(AT, oy A7) /0 (1= 5)2b(s)ds
+F(1a)L(Ar, AP /01(1 — $)*2p(s)ds
Mlj_l)m JA7) /O (11— )2 2b(s)ds
+— / K(A — )% lds
WK(AT, o Ar)(1— )% ds
-|—F(106)K(Ar, AP (1 —5)*ds

1-1¢

+mK(Ar, o AT)(1 = )27 2ds)
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1 5 (1 =Bllgllox .
< )\O[F(a) (q + €0) Arol[blljo,1] + W(q + €0)Aro||b][[0,1)
1 A 1-— R
+@(q + €0) Arol[b]|0,1) + m(q + €0) Arolbllj0,1)
1 (I =t)llgllox
T ar D20 T A 1) 20
1 1—1t
so we have
2 9llo.x 1 .
< b
Wl < dol(y + Hpet + e 0+ 0l
2 1 1
+( )eo]Arg < 7.

Tla+1)  AT(a+1) | Ay(a)

By same manner we conclude that

p 1 2llgllf0,x -
<
||y || = AO[(F(OC— 1) A)\F(Od) A)\F(Oé— 1))((]"'60)”()“[0,1]
1 2[lgll0,5) 1

)eo]AT‘Q <70,

(F(Oé) A)I‘(Oé + 1) A)\F(Oz)

hence ||y||« = max{||ly[l, ||¥/||} < ro, so y ¢ IQ that it’s a contradiction,
so by lemma ([11]) we conclude that F' has a fixed point in 2 which is
a solution for the problem. O

Example 2.5. Consider the problem
7 1 t 1
DEx(t) + f(t,x(t), 2/ (t), DEx(t), /0 a(6)de, Iiz(t)) =0, (6)

1
with boundary conditions z'(3) = /(0)+ [ sz(s)ds and z(1) = 21 (0) =
0 for 2 < j < 4, where f(t,z1,....,25) = 1+ sint + g(t,z1,...,x5),
g(t, 21,y 75) = frac0.1p(t)X2_,|z;| fort € E :=[0.2,0.6) and g(t, 1, ..., x5) =
0.1 || + S, 7 for ¢ € B :=[0,0.2) U[0.6, 1], p(t) = 0 when-

ever t € FN Q and p(t) = 1 whenever t € EN Q°. Put a = %,
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ﬁ = %, Ai($1,...,$5) = L(l‘l,...,l‘g)) = 012§:1|$1|, b(t) = L, g(t) = t,

p(t)
1
ht) =1, X=3, n=13% m=3, ¢a(t) = I3x(t), by = F(i), by = 0,
2
q=0.5, K(z1,...,25) =2+ 1f"'w‘i|. Note that for t € E
0.1 0.1
|f(t 2, 25) = f(t Y1, 0 95)| = @) S0 i =yl < ng’:l\xi—yi’v

and for t € E we f is continuous, lim, W = 0.5 = ¢, for all
1< <5, lim, o ZE2222) — g,

0.1 ]xz\
f tamla“'a$5 g N
17 b= 0m T+ Jo

< b(t)L(xlv "'7'%'5) + K(:Ul? ...,iL'5),

Y2 |@s — yi| + 1+ sint +

for almost all ¢ € [0,1], (1 — t)*72b(t) € LY (E), ||bllz = 0.28,
1
0 = T8

g1

Lhat) - Iéy<t>|sré) /O (t - 5)3 7 fa(s) — y(s)lds
r—yl

|z — o / ds [
< < = billz — yll,
L(z) Jo (t—s)5 ~ T(3)

J) h(t)dt = L =m,

1 1 1
A: 1777 7b +b = 17 v 50
max{ T2 5 m, by + ba} = max{ NEIREN

A 3
AA:/O (1—t)g(t)dt:/0 (1~ tyudt =

and
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max/ 2 +_H9HMA] 1
I'(a)  Ay(a) A (a-1)
1 2|lgllfo,n 1 .
Ta—1 T AT T A =1 o
2 X 1
= max{ + +

H
DN ~—
[~

oI5

)} x 0.5 x 0.28 € [0, 2.

Now using Theorem (2.4), the problem (6) has a solution.

1]
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