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Abstract. In this article, singular d-homology, singular extended d-
homology, relative singular d-homology and relative singular extended
d-homology functors are introduced and some axioms, such as dimen-
sion axiom, homotopy axiom, excision axiom and exactness axiom, of
homology theory relative to these homologies are investigated and are
proved to hold.
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1. Introduction and Preliminaries

d-homology and extended d-homology functors have been defined in
more general categories than the abelian categories in [4, 9]; some related
results and examples have been given as well. In [6], the homotopy and
dimension axioms have been proved. Under certain conditions, exactness
axiom has been investigated in [9].

In this section, the definitions of a kernel transformation and (extended)
d—homology are recalled. In Section 2, first the definitions of singular
(extended) d- homology are introduced; then a comparison of the sin-
gular homology and singular (extended) d- homology is given. Also the
axioms of singular (extended) d—homology are investigated and estab-
lished. Finally in Section 3, relative singular (extended) d—homology is
defined and a comparison of the relative singular homology and relative

Received: November 2018; Accepted: December 2019

189



190 M. Z. KAZEMI BANEH

singular (extended) d- homology is given. Some axioms of relative sin-
gular (extended) d—homology are investigated and established as well.

Throughout the manuscript we let Rmod denote the category of R-
modules over a principal ideal domain. To this end, for a pointed cate-
gory C, following the notation of [4], we recall:

k c s
e For f :A — B, the maps Kf*f>A, B*f>Cf and Pf;§A
2

are respectively the kernel, the cokernel and the kernel pair of f and the
image Iy of f is the coequalizer of the kernel pair of f. f can be factored
as f = myey that ey is the coequalizer of the kernel pair of f.

f’ equ
e For a pair of maps A — = B, the maps FEqu(f,g) cauhe) A
g

and B —>Coe(f’g)

the coequalizer of (f,g).

Coe(f,g) are respectively the equalizer and

For a category C WithAa zero object, pullbacks and pushouts, let @_ be the
arrow category and C be the pair-chain category of C. Let K : C — C
be the kernel functor and I : C — C be the image functor.

e The natural t}"ansformationj :lopri — Kopry: C — C takes the
object (f,g) € C to jrq: Iy — K,.

e The homology functor H*® that takes the object (f,g) € C to Hp, =
Coker(jrg) is called the standard homology functor. See [1, 10]

e Let S be the squaring functor. A kernel transformation in a category
C is a natural transformation d : S o K — K : C — C such that for
all (f,g) in C, the pullback, Jtg i Rrg — Kg, of jrq along dy and the
coequalizer of the pair j; = prq o jj’ig and jo = pro o j;ig exist, where pry
and pro are the projection maps.

Any kernel transformation in Rmod is of the form d = rpry + spra, for
some r,s € R.

e The d-homology functor H% : ¢ — C takes (f,g) € C to H}lg =
Coe(jl,jg).

elet m: A— C and j : B — C be two maps in C. Define A +¢ B

also denoted by A + B by the pushout of the pair (a,~y) where is the
pullback of (j,m).
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e Let d be a kernel transformation, (f,g) € C and A be the diagonal
map. We have mg,a, :lg,n, — Kg, such that mg,a €q4,n, = dgAg. Now
in the following diagram since the outer square is a pullback and the
inner square is a pushout, there is a unique map 3 : Ig,a, + Iy — K
making the following diagram commute.

«
Pj IdgAS]

The extended d-homology functor H? : ¢ — C takes (f,9) € C to
];_I;lg = Cg, the cokernel of 3.

2. Axioms of Singular (Extended) d-Homology

Definition 2.1. Composition of the functors,

S * O AP O * Hg
Top 22 Setd” 7 Rmod®” N CyRmod —— gRmod

is called the singular d-homology functor, where Top, Set>” , Rmod™”
CyRmod and gRmod are respectively the categories of topological spaces,
simplicial sets, simplicial R-modules, chain complexes of R-modules and
graded R-modules and Sa,, F2”, C, and HZ are respectively the singu-
lar functor, the functor generated by the free functor F : Set — Rmod,

chain generating functor and the d-homology funtor.
Similarly the composition of the functors,

Sa, op FAP o Oy H?
Top 22 GetA T RmoedA” 2 CyRmod —— gRmod

1s called the singular extended d-homology functor.

Theorem 2.2. [6, 7, 9]. Let d be a kernel transformation in C. There
are pointwise reqular epi natural transformations:

(a) p: HS — H?:C — C;
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(b)yp: H® — H*:C — C.

Proposition 2.3. [5]. Let C be an abelian category. For (f,g) € C,
Dfg - H;g = H}lg is an isomorphism if and only if 1g,a, is a subobject of
Iy.

Lemma 2.4. [9]. Let C be an abelian category and d = rpry + spro. If
forall A, r:A— Aors:A— A is monic, then H* =, H¢.

Theorem 2.5. Dimension Axiom: Let X be a one point topological
space. Then for a kernel transformation d = rpri + spro we have:

R j—
(a) HY(X) = Gi-i2)Ko for mn=0
' 0 for n#0
in which Ko = Ker(dy);
R —_—
(b) HI(X) = { UHIR for n=0
0 for n#0

Proof. Since C,(X) is the chain

and do(a,b) = ra + sb, the result follows, see [5]. O

Lemma 2.6. [6]. If f. ~ g« : Cx — D, are homotopic chain maps,
then:

(a) H(f.) = H%(gs);

(b) H(f+) = H(gx).

Lemma 2.7. The functors

(a) Sa, : Top — Set™”;

(b) FA" : Set®” — Rmod®”;
(c) Cy: Rmod?” — C,Rmod;
preserve homotopy.

Proof. (a) If H : X x I — Y is a homotopy from f to g, then
h : Top(An,X) — Top(Apy1,Y) defined by A'(k) = Ho (k x1)o
(04, m;) is a homotopy from Sa, (f) to Sa,(g) in which o;(zo, ..., Tnt+1) =
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n
(T05 s Tim1, Tig 15 ooy Tnp1) AN (20, ooy Tng1) = D Tapa.
t=1
_ m
(b) If h is a homotopy from f to g in Set®”, then h?(3. ryz) =
t=1

r¢h () is a homotopy from FA”(f) to FA7(g).

NE

1

¢) If h is a homotopy from f to g in Rmod®”, then h, = > (—1)'h}

7
=0

—~

is a homotopy from C,(f) to Ci(g). O

Theorem 2.8. Homotopy Axiom:[6, 7]. If are homotopic
continuous maps, then:

(a) HY(f) = H(g) : H{(X) — HX(Y);
(b) HI(f) = Hi(g) : HA(X) — H(Y).
Proof. Follows from 2.6 and 2.7. O

Proposition 2.9. Regular epi natural transformations p : HS — H?
and p : H®* — H? induce reqular epi natural transformations:

(a) p: H — H? : Top — gRmod;
(b) p: HS — H?: Top — gRmod.

Proof. The proof of both parts follows from composing the natural

transformations p with the functor C, o FA” o Set®”. O

3. Relative Singular (Extended) d-Homology

Proposition 3.1. The functors
(a) Sa, : Top — Set™”;
(b) FA™ : Set®” — Rmod™™;

(c) Cy: Rmod®” — C,Rmod;
preserve monomorphisms.

Proof. Using the fact that the monomorphisms in Top are the one
to one functions and in SetAop, Rmod®” and C,Rmod are pointwise
monomorphisms, the proof follows by straightforward computations. [J
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Let T'opp be the category of topological pairs whose objects are the pairs
(X, A), where A is a subspace of the topological space X ; and whose
morphisms from (X, A) to (Y, B) are continous maps f : X — Y for
which f(A) C B.

Corollary 3.2. Let (X, A) € Topp. Then the inclusion map i : A — X
induces the inclusion chain map i, =: Cy o FA™ o Sp_ (i) : Cu(A) —
Cy(X).

Proof. By 3.1, the composition C, o FA” o Sa, preserves monomor-
phisms. It then follows that i, is isomorphic to the inclusion. [J

By 3.2, C4(A) can be regarded as a subchain of C,(X), so we have the

quotient chain g**((ﬁ)) and the quotient chain map g, : C(X) — g’;((ﬁ))

Definition 3.3. The quotient chain gi((ﬁ)) is denoted by Cy (X, A) and

is called the relative singular chain of (X, A).

Theorem 3.4. The mapping Cy : Topp — C.Rmod that sends (X, A)
to Cu(X, A) is a functor.

Proof. Follows from straightforward computations. [

The above functor C, : Topp — C.Rmod is called the relative singular
chain functor.

Definition 3.5. (a) The relative singular d-homology functor H? : Topp —
gRmod is the composition

(b) The relative singular extended d-homology functor HZ : Topp —
gRmod is the composition

Definition 3.6. Two maps are homotopic in Topp if
there is a homotopy h from f to g in Top and h(A x I) C B.

Corollary 3.7. Relative Homotopy Axiom: If f ~ g : (X,A) —
(Y, B) are homotopic in Topp, then:

(a) HI(f) = Hi(g);
(b) HI(f) = H{(g).
Proof. Since H*(f) = H*(g) (see [2, 3]), the result follows. O

Proposition 3.8. Regular epi natural transformations p : H® — H?
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and p : H® — H? induce regular epi natural transformations:
(a) p: HS — H?: Topp — gRmod;
(b) p: HS — H? : Topp — gRmod.

Proof. The proof of both parts follows from composing the natural
transformations p with the functor Cy o FA” o Set®”. O

Lemma 3.9. In the category Rmod, if H}, = H}, ,, then:
(a) ﬁ?g = FIJ(%’ &

(b) H, = HY,,
Proof. Let d = rpry + sprp and ¢ : Hf = H}, ,. Let p: Hj — Hj,
and u' : ij,g, — H]‘i,g, be the morphisms “multiplication by r + s”
Le. p([z]) = (r+ s)lx]. Since ¢ o p([a]) = (r + s)v([z]) = poP([z]),
(¥,1) : p — p’ is an isomorphism and hence it induces an isomorphism

Ko/If ~ K _ fd
o : Cu ~ C r. It is easy to see C) (r+s)€K inks If+(rj-]s)Kg = Hfg
and C f/ /-

Let v : Hjig — HJilg and v/ : Hj‘i,g, — Fld,g, be the morphism multiplica-
tion by r. Again (1, ¢) : v — v/ is an isomorphism and hence it induces
an isomorphism 7 : I, = I, Since

H]‘Zlg = coker(ﬁ — J2) m = {[ ”a € Kg}7 where

[a] = {b € Kylr(a —b) € (r+s)K,+ Iy} = {b € Ky|s (a—b) (r+
s)Kg+ 17}, see [4], we have I, = Cy, = H}lg and I,y = C}, , = f, ;. O
Corollary 3.10 For d = rpry + spry we have:

[7d ~ H*S
(a‘) Hd = (T-i-S)HS’

Hs

d ~
(b) H Ker(l/)
Proof. Follows from 3.9. [

Theorem 3.11. Excision Axiom: Let (X, A) € Topp and U C X be
open such that cl(U) C int(A). Then the excision map i : (X —U, A —
U) — (X, A) induces the following isomorphisms.

(b) H(X —U,A-U) = HY(X, A).
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Proof. Since H{(X — U, A —-U) = H{(X,A), the result follows from
3.10. O

Let C be an abelian category and d be a kernel transformation. For a
C-chain:
6n+1

C,: ... Crit C,, Cpy

we establish the following notation.

kn = ks, Ky —>Chn, In=1I5 ., Ay: Kp—> K2

n+17
is the diagonal map.

Lemma 3.12. [9] Let C be an abelian category, d be a kernel transfor-
mation and the sequence

0—>C!

T

o c 0

of C-chains be short exact. Then:

(a) With fn, = K(Vp,vn-1), there is a unique map LI}, + Iy ar In + Ia, A,
such that the following diagram commutes.

/

Bn
1711 + Id%A’n —— K;L

lni lfn

In + IdnAn /ﬁ Kn
(b) With f), = K(mp, m—1), there is a unique map U, I, + Lo, a, I} + Lo ar
such that the following diagram commutes.

In+ Iy a, ™K,

J

" "
In —I—IdgA%W{ Kn

Theorem 3.13. [9] Let C be an abelian category, d be a kernel trans-
formation and the sequence

0——C!

Vs

C, =" 0

of C-chains be short exact. If l), is epic, then for each n, we have the
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following exact sequence.

e Hd b1 H'S HE | H"

n—1 n—1

Corollary 3.14. /8, 9] Let C be an abelian category and d = rpri+ spra,
r,s €Z. If forall AeC, r: A— AorforallA, s: A — A is monic,
then for each short exact sequence of C-chains:

Vx

0 C C, =" 0
for which ), is epic, there is the following exact sequence.
d d
H', Hy] H", H' Hy H",

Proposition 3.15. [2, 3] Let (X, A) € Topp. Then the sequence
00— Cu(A) = O (X) — 2% O (X, A) —=0

is a short exact sequence of chain complexes.
Proof. Since ¢, and i, are respectively quotient and inclusion chain

maps and Ker(g.) = Cy(A) = Im(i.), the result is obtained as de-
sired. O

If we denote the category of short exact sequences of chain complexes
by SesCyRmod, then we have:

Proposition 3.16 The functor Cy : Topp — CyRmod induces a functor
c:Topp — SesCyRmod.

Theorem 3.17. Exactness Axiom: Let (X, A) € Topp and d = rpri+
spra. If for each n, I, : I + Iq, A, — I, + Iguan is epic, then:

(a) there is the following exact sequence.
Hi{(A) ——= Hi{(X) —= (X, A) = H

/ -

Hy (X)) ——Hy (X, A)
(b) If for all M € Rmod, r : M — M ors: M — M is monic, then
there is the following exact sequence.

(4)

H}j(A) — H(X) — H(X, A) Hy 1(4)

Hy (X) ——H; (X, A)
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Proof. Part (a) follows from the application of 3.15 in 3.13 and part (b)
follows from the application of 3.15 in 3.14. [J

Proposition 3.18. Let (X, A) € Topp and d = rpri + spra. If for each
n, I, : I, + Ii,n, — I + Iy an is epic, then there is the following chain
that is exact at HY(X) for each n.

> Hi(A) — HY(X) — H(X, 4) == H]_,(A)

-
e, (x)

Proof. The sequence is obtained by setting X, = ps,.s, , Xn- The exact-
ness at H%(X) corner follows from 3.17 (a). O

Corollary 3.19. Let (X, A) € Topp and d = rpry + pro or d = pry +
rpra. Suppose that for each n, I, : I + I, A, — I + Iguan is epic, then
there is the following chain that is exact at HX(X) for each n.

> HY(A) —> HY(X) — HY(X, A) 2= I (A)
e (X)

Proof. Follows from 3.18 and the fact that under these conditions, H* =
HY O

Let Topt be the category of triples of topological spaces with objects
(X,A,B) such that B € A C X and morphisms f : (X,4,B) —
(Y,C,D) in which f : X — Y is a continuous map, f(A) C C and
f(B) € D. Then the inclusions B — A — X induce the inclusion
Jx + Cx(A,B) — Cy(X,B). The cokernel of j. up to isomorphism is
g« : Cx(X,B) — Ci(X, A).

Proposition 3.20. Let (X, A, B) € Topt. Then the sequence
0— > Cu(A, B) L~ Cu(X, B) —L~ C.(X, A) — 0

s a short exact sequence of chain complexes.

Proof. By the Third Isomorphism Theorem g:((i’g; = gi((i));g:((g)) =

Cy(X
ﬁ = C.(X,4). O
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So we have:

Proposition 3.21. The functor Cy : Top — C,Rmod induces a functor
c: Topt — SesC,Rmod.

Proof. For a morphism f : (X, A, B) — (Y,C, D) in Topt we have chain
maps fi : Cu(X) — Cu(Y), f«]A : Cu(A) — Ci(C), f«|B : Cu(B) —
C.(D) which inducing chain maps fi1 : Ci(X,A4) — C.(Y,0), fia :
C.(X,B) — C.(Y,D) and fu3 : Cu(A,B) — C.(C,D). Since ¢¥ =

coker(§X), ¢ = coker(jY) and f.,o| A = f.3 and the left square of the
following diagram commutes, the chain map f,; is that unique map in
which the right square commutes.

0 Cu(A, B) L~ Cu(X, B) 4> Cu(X, A) — >0

f*S\L fA*Qi f*ll
0——=C,(C,D) L~ C.(Y,D) 2> C,(Y,C) —=0 [
Theorem 3.22. Exactness Axiom for Triples: Let (X, A, B) € Topt

and d = rpri+spry. If for eachn, 1, : I, 4+ Ig, A, — I} + Ly ar is epic,
then:

1) there is the following exact sequence.
H(A, B) — H{(X, B) —— H{(X, A) —"~H} (A, B)
n1(X, B) —=H; (X, A)

2) If for all M € Rmod, r : M — M defined by r(m) = rm is monic,
then there is the following exact sequence.

H;f(AaB) —>H2<Xa B) —>Hg(X? A) —>H£—1(AvB>

-~

;_1(X, B) —>Hﬁ—1(X; A)
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Proof. Part (1) follows from the application of 3.20 in 3.13 and part (2)
follows from the application of 3.20 in 3.14. O
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