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Abstract. This paper suggests a method of finding super-efficiency
scores and modification of input-oriented models for sensitivity
analysis of decision making units. First, by using DEA-R (ratio-
based DEA) models in the input orientation, the models of super-
efficiency and also models of super-efficiency modification are sug-
gested. Second, the worst-case scenarios are considered where the
efficiency of the test DMU is deteriorating while the efficiencies
of the other DMUs are improving. Then, by combining these two
ideas, a model is suggested which increases the super-efficiency
score and modifies the change ranges in order to preserve the per-
formance class. In the end, the super-efficiency and change interval
of efficient decision making units for 23 branches of Zone 1 of the
Islamic Azad University are calculated.
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1. Introduction

Data envelopment analysis (DEA), developed by Charnes et al. ([2]), is
a nonparametric methodology for assessing the performances of a group
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of decision making units (DMUs) which use multiple inputs to produce
multiple outputs. During recent years, the issue of sensitivity and sta-
bility of DEA results has been extensively studied. The first DEA sensi-
tivity analysis paper by Charnes et al. ([3]) examined change in a single
output. In recent years, many studies have been performed on sensitiv-
ity analysis of inputs and outputs of DMUs. Among these, sensitivity
analysis using super-efficiency models has received much attention. Zhu
([10]) used the worst-case scenario where the efficiency of the test DMU
is worsening while the efficiencies of the other DMUs are improving.
He thus determined the necessary and sufficient conditions for preserv-
ing the efficiency classification of a DMU when various data changes
are applied to all DMUs. Moreover, Zhu presented the necessary and
sufficient conditions for the infeasibility of the super-efficiency model.
Despic et al. ([7]) proposed a new mathematical model for sensitivity
analysis, which combines the DEA methodology with the idea of ratio
analysis. Similar to Andersen and Petersen’s ([1]) idea, Wei et al. ([5])
studied efficiency and super-efficiency using DEA-R and also compared
the optimal weights of DEA and DEA-R. In DEA-R models, the effi-
ciency scale is greater than or equal to that in DEA models and the
classification and modification of DMUs depend on the super-efficiency
score of the unit. Thus, using DEA-R models in the input orientation
in order to find the super-efficiency with greater or equal amounts can
adjust the change ranges of DMUs. The present paper is an extension of
Zhu’s works and addresses super-efficiency and sensitivity analysis. The
paper is organized as follows. In section 2, we review Zhu’s modified
models. Section 3 contains an introduction of DEA-R. Super-efficiency
and sensitivity analysis are discussed in section 4. An application of
our proposed model to the data of 23 branches of Zone 1 of the Islamic
Azad University is given in section 5 together with the camparisan of
the results with those of Zhu’s modified models. Section 6 provides the
conclusion.
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2. Data Envelopment Analysis

Consider n DMUs with m inputs and s outputs. The input and out-
put vectors of DMUj (j = 1, . . . , n) are Xj = (x1j , . . . , xmj)t, Yj =
(y1j , . . . , ysj)t where Xj > 0, Yj > 0.

By using the constant returns to scale, convexity, and possibility pos-
tulates, the non-empty production possibility set (PPS) is defined as
follows:

Tc =

(X, Y ) : X >
n∑

j=1

λjXj , Y 6
n∑

j=1

λjYj , λj > 0, j = 1 . . . , n

 .

Let I and O denote, respectively, the input and output subsets in which
we are interested. That is, we consider the data changes in set I and
set O. The input-oriented super–efficiency model for DMUp using the
constant returns to scale (CRS) assumption is as follows.

θ∗super
(p) = Min θSuper

(p)

s.t
∑n

j = 1
j 6= p

λjxij 6 θSuper
(p) xip, i = 1, . . . ,m

∑n

j = 1
j 6= p

λjyrj > yrp, r = 1, . . . , s (1)

λj > 0, j = 1, . . . , n, j 6= p.

By modifying Model (1) and separating the inputs and by using the
CRS assumption, Seiford and Zhu ([8]) proposed the following model to
obtain the stability region of DMUp.

θ∗I−(p) = Min θI−(p)

s.t
∑n

j = 1
j 6= p

λjxij 6 θI−(p)xip, i ∈ I

∑n

j = 1
j 6= p

λjxij 6 xip,
i /∈ I (2)∑n

j = 1
j 6= p

λjyrj > yrp, r = 1, . . . , s

λj > 0, j = 1, . . . , n, j 6= p.
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3. Ratio-Based DEA

Despic et al. ([6]) proposed a new mathematical model for sensitivity
analysis, which combines the DEA methodology with the idea of ra-
tio analysis. Similar to Andersen and Petersen’s ([1]) idea, Wei et al.
([4,5,6]) studied efficiency and super-efficiency using DEA-R and also
compared the optimal weights of DEA and DEA-R. The input-oriented
DEA-R model for DMUp using the constant returns to scale (CRS)
assumption is as follows.

Max ∆

s.t.
∑s

r=1

∑m
i=1 wir

(
xij
yrj
xip
yrp

)
> ∆, j = 1, . . . , n∑s

r=1

∑m
i=1 wir = 1,

wir > 0, ∆ > 0 i = 1, . . . ,m, r = 1, . . . , s.

(3)

Model (3) is a linear programming problem in which dual of Model (3) by
considering dual variables λj for all j and θR respectively corresponding
to input and output constraints and the convex combination constraint
is as follows.

Min θR

s.t.
∑n

j=1 λj

(
xij
yrj
xip
yrp

)
6 θR, i = 1, . . . ,m r = 1, . . . , s∑n

j=1 λj > 1, (4)
λj > 0, j = 1, . . . , n.

Definition 3.1. DMUp is R-CCR-I-efficient (input-oriented CCR-R-
efficient) if and only if θ∗R = 1.

Model (3) has the following properties.
1.The efficiency and super-efficiency scores obtained by this model

are greater than or equal to those of the CCR model.
2. The efficiency scores of the model in the input and output orien-

tations are not necessarily equal.
3. In a situation involving no weight restrictions, the input-target
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improvement strategy given by DEA-R-I is always better than the CCR-
I model.

4. When DEA-R-I weights are concentrated on one output, the CCR-
I efficiency and DEA-R-I efficiency are the same.

4. Super-Efficiency Based on DEA-R

In this section, we discuss sensitivity analysis and obtaining the super-
efficiency score based on DEA-R. Considering set I for inputs and by
modifying the inputs based on Zhu’s idea, we have the following rela-
tions:

xip = δixip δi > 1, i ∈ I,
xip = xip i /∈ I,

xij =
xij

δi
δi > 1, i ∈ I,

xij = xij i /∈ I.

The DMUs are divided into those lying on the frontier and those that
are not on the frontier. Also, extreme efficient, non-extrme efficient, and
weak efficient DMUs are denoted by E, É , and F, respectively.

Lemma 4.1. Assume that DMUp ∈ F with non-zero input/output slack
values associated with set I/ set O. Then DMUp with inputs xipand
outputs yrp as defined above still belongs to set F when other DMUs are
fixed.

Proof. By the complementary slackness theorem for Models (3) and
(4), we have w∗irs

∗
ir = 0. Since s∗ir 6= 0 for i ∈ I, r ∈ O, we have

w∗ir = 0 for i ∈ I, r ∈ O. Therefore, w∗iris a feasible solution to (3)
for DMUp with inputs xip and outputs yrp. Therefore, the DMUp still
belongs to set F.
We consider the super-efficiency model based on DEA-R-I as follows.

θ∗
R−I(p)Super = Min θ

R−I(p)Super

s.t.
∑n

j = 1
j 6= p

λj

( xij
yrj
xip
yrp

)
6 θSuper

R−I(p), i = 1, . . . ,m r = 1, . . . , s

∑n

j = 1
j 6= p

λj > 1, (5)

λj > 0, j = 1, . . . , n, j 6= p.
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We consider the modified super-efficiency model based on DEA-R-I as
follows.

θ∗R−I(p) = Min θR−I(p)

s.t.
∑n

j = 1
j 6= p

λj

(
xij
yrj
xip
yrp

)
6 θR−I(p), i ∈ I, r = 1, . . . , s

∑n

j = 1
j 6= p

λj

(
xij
yrj
xip
yrp

)
6 1, i /∈ I, r = 1, . . . , s

∑n

j = 1
j 6= p

λj > 1, (6)

λj > 0, j = 1, . . . , n, j 6= p.

Example 4.1. (Taken from Zhu [10]) The results of Models (1), (2), (5)
and (6) for four DMUs with two inputs and one output are presented in
Table 1, below.

Table 1: Result Models (1), (2), (5) and (6).
A 2 5 1 1.1538 1.25 1.4000
B 3 3 1 1.2381 1.5 1.4167
C 6 2 1 1.5000 Inf 1.5000
D 2 7 1 1.0000 1 0.7143

With regard to the models presented based on DEA-R, we present the
following theorems and lemmas for the sensitivity analysis of data.

Lemma 4.2. If θ∗super
R−I(p) = 1, then θ∗R−I(p) 6 1.

Proof. The proof is obvious from the fact that (λ∗super, θ∗R−I(p)) =
(λ∗, 1) is a optimal solution to (5), so (λ, θR−I(p)) = (λ∗, θ∗super

R−I(p)) is a
feasible solution to (6). �

Lemma 4.3. If θ∗super
R−I(p) = 1, and θ∗R−I(p) < 1, then DMUp ∈ F.

Proof. θ∗super
R−I(p) = 1 indicates that DMUp ∈ E′⋃F . Moreover, θ∗R−I(p) <
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1 indicates that there are non-zero slack values in xip for i ∈ I .
Thus, DMUp ∈ F. �
In Table (1), DMU D with θ∗super

R−I(p) = 1 and θ∗super
R−I(p) = 1 belongs to F.

Theorem 4.1. If θ∗super
R−I(p) = 1 and θ∗R−I(p) < 1 then for any δi > 1 and

δi > 1 for (i ∈ I) DMUp remains set F.

Proof. From Lemma 4.3, we know that DMUp ∈ Fwith non-zero slack
values inxip for i ∈ I . By Lemma 4.1 and its proof of Lemma 4.1,
we know that for any δi > 1 and δi > 1 and , with an objective
function value of 1, w∗ir is a feasible solution to (3) in which inputs are
replaced by xip for i ∈ I and xij for i /∈ I . Thus, DMUp remains in set
F after input data changes set I in all DMUs. �

Corollary 4.1. Infeasibility of Model (6) can only be associated with
extreme-efficient DMUs in set E.

Proof. Lemma 4.2 implies that Model (6) are always feasible for DMUs
in set E or set F. Also, Model (6) is always feasible for non frontier
DMUs. Therefore, infeasibility of Model (6) may only occur for extreme-
efficient DMUs in set E. �

Theorem 4.2. A specific super-efficiency DEA model associated with
set I is infeasible if and only if for any δi > 1 (i ∈ I), DMUp remains
extreme-efficient. ( See [8] ).

Lemma 4.3. If model (6) is feasible and θ∗super
R−I(p) > 1 then θ∗R−I(p) > 1.

Proof. Supposeθ∗R−I(p) 6 1. Then the input constraints of (6) turn into

∑n

j = 1
j 6= p

λj

(
xij
yrj
xip
yrp

)
6 θ∗R−I(p) 6 1, i ∈ I, r = 1, . . . , s,

∑n

j = 1
j 6= p

λj

(
xij
yrj
xip
yrp

)
6 1, i /∈ I, r = 1, . . . , s ,

which indicates that (λ∗, θ∗
R−I(p)Super) = (λ∗, 1) is a optimal solution to
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(5) , so (λ, θR−I(p)) = (λ∗, θ∗
R−I(p)Super) is a feasible solution to (6) .

Therefore, θ∗
R−I(p)Super = 1, which is a contradiction. �

Theorem 4.4. Suppose θ∗super
R−I(p) > 1 then if 1 6 δi(p)δi(p) < θ∗R−I(p) for

(i ∈ I), then DMUp remains extreme-efficient. Furthermore, if equality
holds for δi(p)δi(p) = θ∗R−I(p), that is, 1 6 δi(p)δi(p) = θ∗R−I , then DMUp

remains on the frontier whereθ∗R−I(p) is the optimal value to (6).

Theorem 4.5. Suppose θ∗super
R−I(p) > 1 then If δiδi > θ∗R−I(p) for (i ∈ I),

then DMUp will not be extreme-efficient, where θ∗R−I(p) is the optimal
value to (6).

5. An Application and Discussion

In this section, we consider the data of 23 branches of Zone 1 of the Is-
lamic Azad University, with the inputs: number of scholarship receivers
(I1), number of staff (I2), number of faculty members (I3), and number
of students (I4), and the outputs: income (O1) and score of the branch
(O2), as follows. Then, we discuss the results of the proposed models.
In this section, by considering the result in Table 3, we compare the
super-efficiency scores obtained by the input-oriented CCR and DEA-
R models. One can see that the super-efficiency scores by the input-
oriented DEA-R model are greater than or equal to those by the input-
oriented CCR model, which has also been pointed out in [5]. Consider
columns 2 and 3 of Table 3. DMUs 1, 3, 5, 7, 12, 16, and 23 are efficient
and the scores obtained by the super-efficiency DEA-R model for these
DMUs are not less than those obtained by the super-efficiency CCR
model. So,

E = {DMU1, DMU3, DMU5, DMU7, DMU12, DMU16, DMU23}.

With regard to the theorems presented in the paper, we use the super-
efficiency scores to classify the efficient units. By Theorem 4.1, DMU23

is extreme efficient and the ranges of perturbation in the first input of
this DMU for the CCR and DER-R super-efficiency models are 1.0951
and 1.1455, respectively. Both the input-oriented CCR and DEA-R
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super-efficiency models are infeasible for the second input, i.e., the sec-
ond input of DMU7 can increase and those of other DMUs decrease
by any amount while the efficiency classification of the DMU is pre-
served. On the other hand, for the second input have θ∗I={1} = 1.6000
and θ∗R−I={1} = 1.9614. That is, for CCR-I super efficiency model for
the first input we have 0 6 δ1δ1 6 1.6000 and for the DEA-R super-
efficiency model for the second input we have 0 6 δ1δ1 6 1.9614 as the
range of perturbations. The DEA-R model yields a broader range for
perturbations in the second input.

6. Conclusion

In this paper, we dealt with super-efficiency and sensitivity analysis in
DEA, using DEA-R models. As the DEA-R efficiency score is greater
than or equal to the DEA efficiency score, it is greater than or equal to
the DEA super-efficiency score, as well. Furthermore, since the variation
interval of the DMUs depends on the super-efficiency score, the interval
expands as the super-efficiency score increases, which is a very important
point. Calculation of super-efficiency scores by using the super-efficiency
SBM model in DEA-R is suggested for future studies.
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