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1. Introduction

Singular differential equations have been used from a distance past for
describing a large number of natural phenomena ([7]). In the recent cen-
tury, some papers have been published about the existence of solutions
for different singular fractional differential equations ([2], [6], [6], [11],
[14]-[3)).

In 1996, Delbosco and Rodino studied the problem D®u(t) = f(t,u)
with initial condition u(a) = b, where a > 0,b € R,0< s < 1, and D is
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16 A. MANSOURI AND SH. REZAPOUR

the standard Riemann-Liouville fractional derivative ([6]). In 2005, Bai
and Liu investigated the existence of positive solutions for the problem
Dgu(t) + f(t,u(t)) = 0 with boundary conditions u(0) = u(1) = 0,
where 0 < ¢ < 1, 0 < a < 2, and Df is the Riemann-Liouville
standard derivation ([3]). In 2008, Qiu and Bai studied the existence
of a positive solution for the nonlinear fractional differential equation
Dgu(t) + f(t,u(t)) = 0 with boundary conditions u(0) = u'(1) =
u”(1) = 0, where 0 <t < 1, 2 < a < 3,Df, is the Caputo deriva-
tion and f : [0,1] x [0,00) — [0,00) is such that lim, o+ f(¢,.) = o0
([9]). In 2010, Agarwal, O’Regan, and Stanek investigated the singular
fractional Dirichlet problem D%u(t)+ f(t, u(t), D*u(t)) = 0 with bound-
ary value problem u(0) = u(1) =0, where 1 < a <2, p >0, « —pu > 1,
f € Car([0,1]x ), f is positive and singular at x = 0, and D is the stan-
dard Riemann-Liouville derivative [1]. In 2012, Cabada and Wang in-
vestigated the existence of positive solutions for the nonlinear fractional
differential equation D*u ( )+ f (t u( )) = 0 with boundary conditions
w(0) = ¥”(1) = 0 and u(1) fo s)ds, where 0 < t < 1,2 < a < 3,
0 < A <2, D is the Caputo fractlonal derivative and f : [0, 1] x [0, 00) —
[0,00) is a continuous function ([5]). In 2014, Li reviewed the existence
of solutions for singular problem D%u(t) + f(t,u(t), D?u(t)) = 0 with
boundary conditions w(0) = /(1) = 0 and v/ (1) = D%u(t), where
0<t<1l,2<q¢g<30<o0o<1 f:(01]]xRxR —Risa
continuous function that may have singularity at ¢ = 0 and D is the
standard Caputo derivative ([10]). In 2016, the multi-singular pointwise
defined fractional integro-differential equation

DFx(t) + f(t, x(t), 2 (t), Dﬂx(t),lpx(t)) =0

with boundary conditions 2/(0) = z(& = o z(s)ds and z0)(0) =0
for j = 2,...,[p] — 1 was investlgated Where 0<t<l pel23),
r € CY0,1], B,&,m € (0,1), p > 1, D is Caputo fractional derivative
and f:[0,1] x R* — R is a function such that f(¢,.,.,.,.) is singular at
some point ¢ € [0,1] ([14]). In fact we say that, Dx(t) + f(t) = 0 is a
pointwise defined equation on [0, 1] if there exists set E C [0, 1] such that
the measure of E¢ is zero and the equation holds on E ([15]). In 2017,
Shabibi, Rezapour, and Vaezpour investigated the singular fractional



INVESTIGATING A SOLUTION OF A MULTI-SINGULAR ... 17

integro-differential equation

De(t) + f(t, (), (1), DPa(t), /0 h(E)x(€)de) = 0

with boundary conditions x(0) = #/(0) and 2(1) = D’z (u), where 0 <
t<1l,ze€CY0,1], @ >2,0<B,v,u<1, heLY[0,1)]), ||h]]1 =m, D
is the Caputo fractional derivative and f(t,z1, z2,z3,24) is singular at
some points ¢ € [0,1] ([16]). Using idea of these papers, we investigate
the existence of solutions for the folowing nonlinear pointwise defined
fractional integro-differential equation

De(t) + f(t, (), Dx(), /0 W)z (©)de, d(z() =0 (1)

with boundary conditions z()(0) = 0 for j > 2, Jetx(€)d¢ = 0 and
2'(1) = x(n), where a > 2, n, 1,8 € (0,1), ¢ : X — X is a map such
that

lp(z) = sl < brllz =yl + ball” — /]|

for some non-negative real numbers b; and by € [0,00) and all z,y €
X = C0,1], where D is the Caputo fractional derivative and f € L' is
singular at some points [0, 1].

Here, we use ||.||1 for the norm of L1([0,1]), ||.|| for the sup norm of ¥ =
C[0,1] and ||z||, = max{||z||,||z’||} for the norm of X = C'[0,1]. The
Riemann-Liouville integral of order p with the lower bondary a >0 for a
function f : (a,00) — R is defined by I”, f(t) = F(p) [H(t — )P~V f(s)ds

provided that the right-hand side is pointwise defined on (a, o) ([8]). We
denote I7), f(t) by IPf(t). T he Caputo fractional derivative of order a >

0 is defined by <D f(t) = F(n ) fo =) ai)l ~ds, where n = [a] + 1 and
f:(a,00) — R is a function ([8]). Let U be the family of nondecreasing
functions 1 : [0,00) — [0,00) such that Y >, ¢"™(t) < oo for all ¢ >
0. One can check that ¢ (t) < t for all ¢ > 0 ([12]). Let T : X — X and
a: X x X — [0,00) be two maps. Then, T is called an a-admissible
map whenever a(z,y) > 1 implies o(Tz, Ty) > 1 ([12]). Let (X, d) be a
metric space, where ¢) € ¥ and o : X x X — [0, 00) is a map. A self-map
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T : X — X is called an a-¢-contraction whenever a(z,y)d(Tx,Ty) <
Y(d(x,y)) for all z,y € X ([12]).

Lemma 1.1. (/12]) Let (X,d) be a complete metric space, ¥ € U, « :
XxX —[0,00) amap andT : X — X an a-admissible a-i)-contraction.
If T is continuous and there exists xo € X such that a(xo,Txo) > 1,
then T has a fized point.

Lemma 1.2. ([13]) Let n — 1 < a < n and x € C(0,1) N L(0,1).
Then, we have I*D%x(t) = x(t) + Z?:_ol cit' for some real constants

COy.-vyCp—1-

2. Main Results

Now, we are ready to present our first key result.

Lemma 2.1. Let a > 2, [a] = n— 1, u,n € (0,1) and f € L'([0,1]).
The solution of the problem D%x(t) + f(t) = 0 with the boundary con-

ditions x(j)( ) =0 forj > 2 [lz()dé =0 and 2'(1) = z(n) is
fo s)ds, where G(t,s) is given by G(t,s) = 7(?(7% +
(1 +t)—A a— ntu(n+t=1) a— (1—mn)+t
W“*S) 2*%@7 $)° o Ry ()
a—1
whenever0 < s <t <1, s <p,n, G(t,s) = _(t;(j) (;MT;E)@ ?3”7(1_
5)*~ 24 %(n S)O‘_l whenever 0 < s <t <1, p<s<,
_ —(t=s)>"! (A=n+t)=Auq a— (1—n)+t a
G(t,s) = ) +uAH7Z,F(a71§L L(1—2s) 2(—1— ?Z’Z}F(ai? (u—)s)A when-
—(t—s 1—n+t
ever 0 <s<t<1, 77\ \:u; G( ) - ') lu( HZF(;V Al‘)Ln(l_
a—2 _ pd—n+t "
s) whenever 0 < s <t <1, p,n < s, G(t,s) = W(l -

§)0=2 4 Awatulit=l) () gya- q%(uﬂ)a whenever 0 < t <

Emy Ul P P
—n+ - Fulntt—

s<1, s<pumn, G(t,s)ZW(l— 5)* 2+%(77_
(

)e1 whenever 0 <t < s <1, p<s<n, G(t,s)zwl

§ A, T
ol (a—1
_ A 1—nm)+t
s)“ 2+%(u—s)a whenever 0 < t < s <1, n < s < p,
G(t,s) = %(1 —5)*2 whenever 0 <t < s <1, pu,n<s and

2
Apy =p(l—n)+ & >0.
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Proof. Using some calculation, one can see that z(t) = fol G(t,s)f(s)ds
is a solution for the problem D®z(t)+ f(t) = 0. Now consider the problem
D%x(t) + f(t) = 0. Using Lemma 1.2, it is inferred that

1

x(t) = o)

/t(t —5)* 7 f(s)ds + co + eat,
0

where ¢y and ¢; are some real numbers. Hence

2(#) :_r(al—n/o (t — 5)°2 f(s)ds + cx.

Since /(1) = z(n), we have

1 Y
_1“(041—1)/0 (1=5)* 72 f(s)ds+c = _F(la)/g (n—s)*"1f(s)ds+co+ein
and so
1
&= 5T J, (-9 st g [ -9 s 1-n)e.

It is easy to see that

: Y epevds — P
/Ox(£)d£— r<a+1)/0<“ )" Feds - s
2

1
X /0 (1— )22 f(s)ds + ﬁ /On(n — 8)* L f(s)ds + (1 — n)er + cl%.

Since foﬂx(f)df = 0, we obtain
= ; : e\ I 1 a2
“ Al (o +1) /0 () f(s)ds—i—Au,nF(a -1) /0 (=) f (s)ds

jz K a—
_AM,?]F(M/O (n—s) 1f(3)d37

where, A, = pu(l —n) + ”72 > (. Thus,

B 1
co = F(ail) /0 (1= )2 f(s)ds+
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L ! —SOZ_1 s)ds 1_—77 : — $)*f(s)ds
oy o 0= s+ s [ sy

pA=m) [ amepage . M) [T e
" >/0“ )2 f(s)d /0(’7 J1 £ (s)d

A, Da—1 A, T(a)
and so
o) =~y [ €= s~ s [ e rsas
e | =9 s
bt [ stogs + U g
A s s+ [ o
b [ - o s
Hence,

__L ! _ ) L () ds M(l_n"‘t)_A,u,n ! )2 f (s
ot) =~y [, =" s B [z

Aug g+t =1) 7
Apnl(a) /0 (1 — )" f(s)ds+

Au, (1 — 77) +1 . @
A,Z,]F(a + 1) /0 (M - 8) f(S)dS

Now, some easy calculations show us that x(t) = fol G(t,s)f(s)ds. O

Note that, the mappings G and %—? are continuous respect to t. Let f be

amap on [0, 1] x X2 such that f is singular at some points of [0, 1]. Define
the function F': X — X by

Fy(t) = —ﬁ / (t = )" (s, 2(s), DOx(s), / h(©)e(€)de, d(a(s)))ds
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S s [ 2 n(s). D). [ W@ye(€)de. olato))ds
Apm+uln+t—1) a-1
+ Z,.T() /0 (n—s)*"" f(s,x( / h(§)z(§)dS, ¢(x(s)))ds
A, n(l—m)+t [*
+Anal ) / (- s)°f / h(E)2(€)de, p(a(s)))ds

for all t € [0, 1]. Then, we have
Loa
g Ot

__; t —5) 2 f(s. x(s Ba(s ) x x(s S
=~y | T 0. Do), [ h©a(€)ae ofas))d

Eity= [ 29t 8)f(s.2(s), Dx(s), /0 h(©)2(E)de, (a(s)))ds

I L l_sa—2 s. (s Br(s ° T (s s
T J, G260, D7), [ hEr s, ot o))

L Ui _ )L f(s 2(s Bo(s ’ T x(s S
+AMF( [ =9 sl D), [ @)t oa())d

S

_ — 5)*f(s,z(s), Dz(s x 2(s))ds
a9 ). Do), [ h€)a(ae. (o)

Our key note is that the singular pointwise defined equation (1) has a
solution if and only if the map F' has a fixed point. Now, we give our

main result.

Theorem 2.2. Let a > 2, [a] =n —1, u,n € (0,1), h € L*([0,1]) with
|h]l1 :==m, ¢ : X — R be such that

6(z(t)) — d(y(t))] < brlz(t) — y(t)] + bo|2’(t) — ¥/ (2)]
for some by, by € [0,00). Assume that f :[0,1] x X° — R is a mapping
which is singular on some points [0, 1] and

ko

‘f(tvxla ...,.%'5) - f(ta Y1, 7y5)’ < Zaz(t)Al(xl — Yty -y 5 — y5)

i=1

for all x1,x9,y1,y2 € X and almost all t € [0,1], where kg € N,
a; : [0,1] — R, d; € L'[0,1], d;(s) = (1 — )% 2a;(s), Aj : X° — RT s
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y Y N A’L 1R~y
a nondecreasing mapping respect to all components with W —

¢ as z — 0T for some v, > 0, ¢ € RY (1 < i < ko). Suppose
that |f(t,z1,...,75)] < g(t)K(x1,...,x5) for all (x1,...,25) € X° and
almost all t € [0,1], where a : [0,1] — R*, g € L'[0,1], K : X° —
R* is a nondecreasing mapping respect all their components such that
s Fea € [0,B), where B = (Al L) ™, A = 01 -
n)+ L&, A= max{l m, by + ba} and

lim
» T( 2 T(2-3)’

1 p2=—mn)—Auy | Aupten | Aupy(d-—n)+1
L — ) ) )
ohn max{r(a) " Apnl(a—1) " Apnl' (@) Apnl(a+1) ’

L = SRS — ! }
MNa—-1)  AT(a—-1) A,,T(a) A,l(a+1)"

If Sk, dilljo@ A" < Lalun’ then the pointwise defined equation (1)
with boundary conditions 9)(0) = 0 for j > 2, foux(ﬁ) d§ = 0 and
' (1) = x(n) has a solution.

Proof. First we show that the map F' is continuous. Let x,y € X. Then,

we have .
_ < |- -
() = Fy(0) < | =

/ (t — 771 f(s,2(s), ' (s), D% (s), / T h(©)2(E)de, dla(s)))ds
0 0

w(l—n+1t)— Ay
A,M]F(a —-1)

_l’_

1 s
| =92 s(0).(5). D), [ (€ (€)de, ol
0 0

App+pn+t—1)

_l’_
AW]F(a)

n s
/ (= ) (s, 2(s), 2/ (), D (s), / B(E)2(€)de, b(x(s)))ds
0 0

Apn(l—mn)+t "

A, T+ 1)
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=57 29,0/, Do), [ @)l ota(s))ds

1

t
L _Sal s &) S
e [ 9 0. (9. D), [ €. otu(s))a

I =n+t) = Ay,
Appl'(a—1)

[ 0= 9221 5.4(9). /). D(s). [ M@l ol(s))s
0 0

CAuntpn+t—1)
AumF(a)

/ "= 52 (s, y(s), o/ (5), DOy(s), / " hE(E)dE, d(y(s))ds

_Aum(l —n)+t
Ay pl'(a+1)

m s
/ (1 — ) f(s,5(), 5/ (), Dy(s), / B(E)y(€)de, d(y(s)))ds]
0 0

b t — 8)* Y (s, 2(5),2'(s), D’z (s ) T (s
< g [ €= 97 10000, D). [ @l olas)

~ Fs.y(s),5/ (), DPys), /O " hEY(E)dE, b(y(s)))lds

p(l—n+t)— Auy
Au,nr(a —-1)

_l’_

1 s
/ (1= 8)°2|f(s, 2(s), 2'(s), Da(s), / B (€)de, bl (s)))
0 0

~Fy(e (. D). [ T hOY(E)dE, b(y(s)))lds

Aun +pn+t—1)
Apnl(a)

[ =97 15051, D%(s), [ b(©2()de. ()
0 0
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~F(s,y(s) /h €)de, ply(s)))|ds

+AM<1 nrt
Appl(a+1)

/ "4 - 9217 (s, 2(s), 2'(s), DPx(s), / h(©)z(€)de, dla(s))
0 0
~ (s, u(s).5/(s), DPy(s), /0 h(E)y(E)de, dy(s)))|ds

/0 “h(©)e(E)de — | hEY(E)dE. da(s)) — dly(s)))ds

0
p(l—n+t)— Auy
A,WF(a -1)
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Apn(l—n)+t
Apnl(a+1)

ko t
Z/O (t = 5)* tai(s)[Ai|z(s) — y(s)], [2'(s) — ¢/ ()], ID (a(s) — ()],

| /OS hE)(x(€) — y(£))del; [¢(x(s)) — p(y(s))])lds

p(l—n+t)— Ay

" Aumf(a —1)

S /0 (1= 52 2ai(s) i (J2(5) — y(5)], |2/(5) — o/ (5)],

i=1

D7 ((s) —y())l, | /O h(&)(x(€) — y(£))dgl; [¢(x(s)) — d(y(s))])lds

Apn(l—m) +t
A T(a+1)
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Z / — e Aulla(s) — w2 () — o' (5],

ID%(a(s) ~ y(s)],| / e, |6(x(s)) — o(u(s)) s
Since Da(t) = gy JLa'(s)/(t — )%ds for 0 < B < 1, we have
Dt / 2 (3)|/(t — 5)°ds
; rﬂ“i”m /0 it o=y
and so
ID%(0) - Dy(0)] = [Da(t) ~ () < =2
Thus

I -y
Z [l = ol o1

mllz =yl billz — yll + bolla” — /'[])]ds

p(l—n+1t) _A/mzx
Apnl'(a—1)

I - v
Z/ Mlle =l e = ¥l {52

mllz =yl billz — yll + bolla” — /'[])]ds

App+pn+t—1)
Au nF(a)

I~y
2/ Ml =yl o' = | =

_l’_
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mlz =yl billz =yl + ball2’ — y/')]ds

Ayn(l—m)+t
+Xﬁ,nF(a+1)
 ants)Ale — ol [ — g, 1=
Z/ )Ml =yl I’ ~ /1l 15—

mlz =y, billz =yl + balla’" =3/ |])lds

ko
|z — yll«
Ai(llz =yl |z — yll«, =—=—=,
(a); (lz =yl [z =yl T2=3)

‘ .

<

—~

t
mllz =yl billz = yll + ballz = yll) /0 (t =) lai(s)ds

p(l—n+1t)— A, 2 —ylls
Ai( 12 = Il
+ A, T —1) Z (lz = yll+, llz = ylls, T(2-p)

1
mllz = gl ball — gl + ballz — yll) /0 (1— 5)* 2a;(s)ds

Ay +pn+t— ||33 yl|«
’ E Ai(llz = yll«, |z =yl
Apnl (@) (l I+ | re-pa)y

n
il =yl bale =yl + balle =il [ 0= )" a(5)ds
e Iz~ yll.
+ 20 DL S Al = el = vl g 0
A Z (e =yl o =yl [5 =
1%
e =yl balle =yl + bolle = ul.) [ (o= 9a(s)as

ko
1
< == MN(Allz =y« Allz = yll«, Allz =y«
o) 2

1
Allz = yll, Allz — 1) / (1— )% 2a;(s)ds

27
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p(l—n+t) -
Ayl —1)

“"XD\AnyMJW$—WMAW—ym,
=1

1
Allz =yl Allz — 1) / (1— )% 2a;(s)ds

k
Ay +pn+t—1)

0
+ N (Allx — yls, Allz — ||+, Al|lz — y]|«,
AT(a) ;;( | [l A [l A |

1
Allz =yl Allz — 1) /0 (1 — )% 2a;(s)ds

Apn(1 —

+—
Appl(a+1)

E:Alww Yl Allz =yl Allz =yl

1
Allz =yl Allz — gl.) /0 (1= 8)* 2a;(s)ds

ko

> il Ai(Allz = yllv, Allz = ylle, Allz =yl Allz =yl Allz =yl
=1

pA=n+t) = Auy

" Au,nr(a -1)

ko
S i As(Allz = glle, Allz = o, Allz = e,

i=1

Apn+ 1 77+t
Allz = yll«, Allz = yll.) + = anm

AI(a
Amwx—WMNW—MMAWmeﬁww—WMAW—MM
+Au,n(1 —n)+t

Apnl(a+1)

ko
<Y il Ai(Allz =y, Allz = ylle, Allz = ylls, Allz = ylls, Allz — yl|s)
=1
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ko

= @i Ai(Allz = yllv, Allz = yllv, Allz =yl Allz = ylls, Allz — y]|.)
i=1

x( 1 +M(1—77+t>_Au,n Ay +pn+t—1) Aum(l—”)+t)
['(a) AMUP( _1) A,”]F() Apnl(a+1) ’

where A = max{1 m, by + ba}. This implies that

S o=k
[Fz — Fyll <

leazlh (Allz = ylls, Allz = yll«, Allz = yll«, Allz = ylls, Allz — yll+)
1 p2—=n)—Au,  Aunt+pn  Auy(l—-m)+1

) P A1) T Ale) T A1) )
Let z,y € X. Then, we have

() = Fy(B)] <

—; t—so‘_z s,x(s),2'(s), Dz(s ’ T x(s)))ds
i | 9 a0, D ate), [ (et ofa(s))d
1
A Te-1)"

1 s
/ (1= )2 f(s, a(s), 2'(s), DPa(s), / B(E)a(€)dE, b(a(s)))ds
0 0
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/ (t = )22 (5, 4(5),¥/(5), DPy(s), / T h(Oy(©)de, dly(s)))ds
0 0

1 S
/ (1 - )22 f(s, 2(s), 2/(s), DPa(s), / h(E)a(€)de, bl (s))
0 0

~ F(s,y(s). ' (s), DPy(s), /0 T hOY(E)E, bly(s))lds

1
X
AW]I‘(a)

/ (0= 92 (5. 2(s), 2/ (s), DPa(s), / T h(©)(€)dE, d(a(s)))
0 0

_l’_

s y(s),y/ (), DOy(s), /0 T hO)(©)de, dly(s)))ds
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1
X
Al (a+1)

/ "= 9)°1 (s 2(s), ' (s), D (s), / T h(©)(€)de, d(a(s)))
0 0

~Fy(e) (1. D). [ T hOY(E)dE, bly(s))lds

1
STla—1)"
t ko
/0 (t—s)*? Zaz(S) [Ai(z(s) — y(s),2'(s) — ¥/ (s), D x(s) — D y(s),
=1
/ €)d — / €)de, d(x(s)) — d(y(s)))lds

DPa(s) = DPy(s) / €)de — / §)de, d(x(s)) — bly(s)))lds
i JRIED 2 ai() [Ai(a(s) — y(s),2'(s) o/ (s)
DPa(s) — DPy(s) / €)de — / §)de, d(x(s)) — dly(s)))lds
T / C— ) Z ai()Ai(a(s) - y(s),a'(s) — /(5
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I/ )de], [o(x(s)) — ¢(y(s))])]ds

*W Z/ (1= )" 2as(s)[Ail|(s) — y(s)], [2/(5) — ' (5)],

ID%(a(s) =yl [ (e £)del, 10(a(s)) — $(y(s))ds
*Au,nﬂwx
Z / As(la(s) = ()1, 12'(5) — 9/ (5)], | D (a(s) — (s,
| / £)del, 10(a(s)) — $(y(s))ds

+W2/ (1= 8)%ai(s)[Ai(|2(s) —y(s)], |2'(s) — o/ ()],

D% (a(s) — y(s))]. | / €)del, [6(x(s)) — d(u(s))))ds

a—27A . ! ! ”xl_y/H
<m_1);/o<t—s> Al =l o’ = o1 =

mlz =yl billz =yl + ball2’ — y/'[)]ds

T4, T —1) a_l Z/ Oi(llz =yl 2’ — o/, H?Q yﬂ\)ﬁ

mlz =yl billz -yl + ball2’ — y/'[)]ds

B
Z/ Al =l e~ o1, =

mllz =yl billz — yll + bolla” — /'[])]ds

' — /|
T QHZ/ -9 a@ e =yl s’ =/ =
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mllz — yH bille = yll + boll2” — y/'[})]ds

|z — yll«
ZA (I =l = ol 25,

t
mllz =yl billz =yl + balz — yl!*)/o (t— )" ai(s)ds

llz = yll«
+— Ai(flz —yll«, |z —y o T
AT E (l [l |l | =g

1
me—yH*,ble—yH*+sz$—yH*)/D (1= 5)" ai(s)ds

ko
p 1z = yll«
iy 22 Ailllz =yl llz =yl & ,
ApnT () ; r'2-p)

n
mllz =yl billz = yll + balz - yll*)/0 (= 5)*"ai(s)ds

llz = yll«
+— Ai(flz = yll«, |z —y © T
ATt E (l [l |l | T@=g)

m
mlle = ylhesbillz — ylle + bollz — 1) /0 (4 — 5)ai(s)ds

ko

1

< =¥ Ai(Allz =y, Allz — y||«, Al|lx — ]|,
Mo —1) ;:1 (Allz = yll, Allz = yll+, Allz — y|

1
Allz =yl Allz — yl!*)/o (1= )" ai(s)ds

ko

"

oy 2 NilAllz =yl Allz = yll, Allz = ylls,
Apgl'(a—1) im1

1
Allz = yllv, Allz - yll.) /0 (1— )2 2a(s)ds

ko

s O Ai(Alle =yl Alle =yl Alle = yll.,
Ayl (@);

33
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1
Allz =yl Allz — yll) / (1— )% 2ay(s)ds
ko

1
4+ N (Allz = yll«, Allx — y||s, Allx — y|«,
TrT@ D 2 M8l =yl Alle =yl Az =

1
Allz =yl Allz — yll) /0 (1— 5)* 2a;(s)ds

1
M(a—1)

X

ko
> il Ai(Allz = ylle, Allz =yl Allz = yllo, Allz =yl Allz = yll)
=1

ko
L R
_ 1A (Al — Az — yll«, Allz — yll«,
+A#,,7F(a—1);”a’”1 i(Allz = yll«; Allz — yll«, Aljlz — y||

ko
0 .
Allz =yl Allz = ylle) + 75— 2 ldill
Ayl () ; '

3 - * - k9 - *7A - *7A - * T /. N
A=yl Alle=yle A=yl M=l Als=yll s
ko
<Y il Ai(Allz =yl Allz =yl Allz = yllv, Allz = ylls, Allz = yl,)
=1
ko

=D lldilliAs(Allz = ylle, Alle =yl Allz =yl Allz = yll, Allz = yll.)
i=1

(o a ST N
Fla=1)  Aupl(a—1)  Aulla)  Auypl(a+1)

Hence,

|Fy — F|l <

ko
> il Ai(Allz = yllv, Allz =yl Allz = ylle, Allz =yl Allz = yll)
=1
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(e a T ! )
Fla—1)  Aupl(a—1)  Aylla)  Appl(a+1)

and so
||F:c - Fy”* <

ko
> lldilliAi(Allz = yllv, Allz =yl Allz = ylle, Allz =yl Allz = yll)
=1

1 App+pn  Aup(l—mn)+1
X max + aal £ ,
O oY s VR S (YR R Ry
1 W W 1 1.

+
I(a—1) i Apgl(a—1) i Apgl(a) — Apylla+1)

If

1 2 — — A A A 1— 1
Loyn = max{r(a) + A n) Ll b 1] + pn o n) +

Ay (e —1) Al (@) Apgl(a+1)

)

L a SR L — L
Fla—1) A,WF(a -1) Aumr(a) A,wf‘(a +1) ’
then
ko
1Pz = Fylls < Loy »_ ldillAi(Allz = yll, Allz = yll.,
=1
Allz —yll«, Allz — yll«, Allz — yll«). (2)

Let 0 < € < 1 be given. Since lim,_,y+ W =gq; for 1 <1 < ko,

there exists 0; := 0;(¢) such that z € (0, ;] implies |W —q| <e
Ai(2,2,2,2,%)

and so = < € + ¢;. This consequents 0 < A(z,2,2,2,2) <
€+ ¢;)2%. Put § := min{dy, ..., Iy, €}. In this case, z € (0, 6] implies
q 0

0< Ai(z,2,2,2,2) < (e +q;)2" (3)
for all 1 < < k. By using (3), we get

Ai(Allz =yl o Allz = ylls) < (e + qi)(Alle = yll)™ < (e+q)ATe". (4)
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Now using (2) and (4), we obtain

ko

[1Fe = Fylls < Loy Z l[d@i]1 (e + gi) A%
i=1

Put v :=min{y1, ..., Yk, }. Since € > 1, €7 > €7 for all 1 <i < kg and so

ko

1Fs = Fylle < € Lagpny Y lldilli (e + @) A™.
=1

This shows that F' is continuous. Since Lq Zfil ldil[1g A < 1,
there is €1 > 0 such that La ., S0, ||dil|l1(g + e)AY < 1. Put 6 :=
lim,_,+ M € [0, B). Then, we have 6 := lim,_,q+ W and
so for each € > 0 there exists d(e) > 0 such that z € (0,d(e)] implies

0< K(AZ’*;"AZ) — 6 < e. Hence, 0 < K(Az,...,Az) < (6 + €)Az and

0. < K(AS(e), ... Ad(€)) < (6 + €)AS(e).

Since 0 € [0, B), % < 1. Choose €y > 0 such that (’U“% < 1. Let rg :=
min{d(ep),d(e1)}. Then, r < 7o implies 0 < K(Ar,...,Ar) < (0 +
Ailzzz22) qi, there is r1 > 0 such that z € (0, 7]

€0)Ar. Since lim,_, o+ e

implies
ANi(Az, . Az) < (qi +€0)(Az)T (5)

for i = 1,..,ko. Put r = min{rg, 2,3} and C = {z € X : ||z||. < r}.
Define o : X? — R by a(x,y) = 1 whenever z,y € C and a(z,y) = 0
otherwise. Let z,y € X be given. If a(z,y) > 1, then z,y € C and so

for every t € [0,1] we have

|mﬁ><Aratﬂﬂaa@wwxD%@pAV@m@mawﬂ@»@

L t —$)* 7 f(s, x(s),2'(s), DPx(s x x(s s
< g | = (9., D) [ el oa()ld
M(1—77+75)—Aumx
Apyl'(a—1)
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1 s
/ (1= %2 f (s, 2(s), 2 (s), Da(s), / B(E)a(€)de, d(x(s)))|ds
0 0

Apn+pn+t—1)
Aumr(a)

[ =5 1 ss0().0'(5), D), [ @) €)a ol(s))lds
0 0

Aum(l - 77) +1
Ayl (e +1)

m s
/ (1 — )| (5, 2(5), 2 (5), D), / B(E)w(€)de, $(w(s)))|ds
0 0

b t—safls z(s),2'(s), D’z (s ! T z(s)))ds
< e | @9 Kl (5, D%5(). [ n@)a()de, oot

w1l —n+1t) — Ay

" A,mF(a —-1)

| =92 25K (wls).a'(5). D). [ m@)a(€)a ola(s)))ds
0 0

Apy +pn+t-1)
Appl(a)

n s
/ (n— 5)* 1 g(s) K (a(s), 2'(s), D x(s), / B(E)w(€)de, b(u(s)))ds
0 0

Ayn(l—mn)+t
Apnl(a+1)

/ (- 5)g(s) K (x(s), 2/ (s), DPa(s), / " h(©)e(€)de, dla(s)))ds
0 0

= t—Sa_ls z(s)], |2 (s (s ) x 2(s)))ds
F(a)/o(t )*g(s)K([z(s)], |2'(s)], [D ()|7/0 [W(E)|z(€)dE, |¢(z(s))])d

<

M(l —n+t) - Au,n
Aynl(a—1)

1 s
/0(1—8)aQQ(S)K(I(S),w’(S)!»!Dﬁw(S)L/O (P&l (€)1dE, |6 (x(s)) )ds
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Appg+pn+t—1)
A#mF(a)

n s
/(77—8)0‘19(8)K(va(8)|,|x'(8)l,!Dﬁw(S)L/ (M2 (E)dE, [¢(z(s))])ds
0 0

Aun(l—m)+t "
Apnl(a+1)

o s
/ (4 — 9)°9(5) K (|2(5)], |2/ ()], |D%x(5)], / (&) |2(E)|dE, | 6(x(s)) )ds
0 0

+

L sty (e 1),
< Fag | = K el o

p(l=n+t)— Auy

sz, byllz]| +ball2"[)ds

_l’_

Au,nr(a - 1)

/ 1= =2 K el 120 = il b ] + bl ) ds
0 r'e-p)

+AWJ +pn+t—1)
AW,F(a)

/ (= 821 g() K (2], 2/, = ], bu ] + balla’|)ds
0 r'2-p)
Aun(l—mn)+t

—+ X
Apnl(a+1)

[ = sra@ K el o i
0 ’ 'T(2-0)
| ™

< @y KUl 1) 55— 55
p(l—n+t)—A
Appl'(a—1)

mlall, byllz]| + ball2’||)ds

1
], bul2l] + ball2’ ) / (1—5)*2g(s)ds

gl

I'2-p)
1
X/o (1 —5)*"2g(s)ds

[Eall

I'2-p)

e A(EINEAT

sl byllz]l + ball2’]])

Aun+pn+t—1)
AMJIF(Q/)

K (fl, [l2"[l mll]l, b [l + ball2'|])
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1
X/o (1—5)*"2g(s)ds

Ayn(l—mn)+t

+ X
Appl(a+1)

! 1 o
Kl '] gy = gl el + bll'l) (1= ) 2g(s)as

1
< K(Aflzlle, Allzlle; Al Allzlle, Allzllo) gl

I'«)
w1l —n+1t)— Ay +Au,n+ﬂ(77+t—1) Au,n(l—n)+t]
Apnl'(a—1) Apnl(@) Apnl(a+1)

1 l—n+t)—A
< K (Ar, Ar, Ar, Ar, A7) ][ LIt = Ay

+

(@) Apyl(a—1)
Ayp+pumn+t—=1) A, (1—n)+ t]
Apnl(@) Apnl(a+1)
N 1 pA—n+t)—Auy | Auntpmn+t—1)
< Ar(0+¢6)||g + = 4+ —
( )l Hl[r(a) Aumr(a -1) Aumr(a)
_i_sz(l — 1)+ t]
Appl(a+1)
. 1 pl—n+1t) —Auy | Auntun+t—1)
=r(A@+¢€)|g =4 =
(B +Mhlsgy + =4, Fa—1) A, 01 ()
sz(l - 77) +1
A a1 )
and so
[ Fzl <

b 2 mn) = Apy Apg +pm A=) 1
INC A T A s
PO+ i+ T 1 AT T ATt ) S

Also, we have
[FL(t)] <
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o
+szr(0‘ —1) *

1 s
/ (1— 8)*2g(s)K (2(s), 2'(s), D x(s), / B(E)e(€)de, bl (s)))ds
0 0

W
X
Aumr(a)

_'_

77 S
/ (n— )2 g(s)K ((s), 2 (s), D x(s), / h(E)a(€)de, dla(s)))ds
0 0
1
+Aumr(a +1) 8
m s
/ (1 — 5)9()K (2(s), 2'(s), Dx(s), / h(E)a(€)de, d(x(s)))ds
0 0
< 1
S T(a—-1)

¢ /
_ a2 2l /

/0 (t =) “g(s) K ([l [[2]], T2 - 5),mllw||761||$|| + bal|2"[|)ds

7

X

+Aumr a—1) g

1 !
1 _ a—2 K / ||x H b b / d
/0( s)*"g(s) K ([|]l, ||l II,F(2_B),mIIwH, 1zl + ba|2"||)ds

7
X
Aumr(a)

_|_

K _ [|2']]
— ) lg(s)K ! b bollz')d
/0 (n—9)*""g(s)K(||=|, = H,m_ﬂ),m\\x\!, 1|z]| + b2([2])ds
1

X
Apnl(a+1)
[|2']]

o
[ =K el ). = 5l el + Bl

< 1
S T(a-1)

! 1 o
Kl '] gy = gl ol + bll'l) [ 1= ) 2g(s)as
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I

A1)
KWwaWWﬂ‘,mMLMMI+MMW/ﬂG$”%@MS
I'2-p) 0
7
- x
A,ml“(a)
KwﬂwfwW“‘,mwmmww+wmm/ﬂu—$%%@m5
Ir'2-p) 0
+;X
Appl(a+1)
mewwu'W”,mwmmmwuwfmjirww*m@w
Ir'2-p) 0
< KAl ooy Allzl)llg] %

— a SR L
Fla—1)  Auyglla—=1)  A,l(a)  Aypl(e+1)

A 1 u Z 1
< K(Ar,...,A
L 1 oy v v v o ot s R o 1
. 1 I H 1
< (Ar)(6
(An) O+l = T = 1) T A @) T AT )
and so
A
1 [ 0 1

(A reldh 5= " A Fa =1 T Ar@ ATt <"
Hence, ||Fz||« < r and so F, € C. Using a similar proof, we can show
that F,, € C. This implies a(F,, F,) > 1 and so F' is a- admissible.
It is obvious that C' # (. Choose zy € C. Hence, F,, € C and so
a(zg, Fyy) = 1. Let 2,y € C. Then, ||z — y|l« < ||z|« + lyll« < 2r < rq.
Also using (2), we have

ko
IFe = Fyll« < Laym »_lldilliAi(Allz = ylle, ... Allz = yll.).
i=1
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Now using (5), we conclude that

ko
1Py = Fyll« < Layun Y ldill1(gi + €)(Allz — yll.)
i=1
ko
< Loy Y ldilli (g + ) A ||z — g7
i=1
ko
< Loy D lldill1 (g + e0) A% ]|l = y]12,
=1

where v = min{v1, ..., Vg }. Since ||z —y|« < 1, ||z —y||7* < ||z —y]|] for
all 1 <i < ko Put 7:= Loy 32 |ldif1iAY. Note that, 0 < 7 < 1.
Define the map ¢ : RT — RT by (¢) = 7¢7 whenever ¢ € [0,1) and
Y(t) = 7t whenever ¢ € [1,00). Then, 1 is nondecreasing and

.
7 < o0

o0 o0

) =7t+ 74 4. <Y T =
; 40 ; —
for t € [0,1).
Also, we have Y 2%, ¢'(t) = {Z=t < oo for ¢ € [1,00). Thus, > 7%, ¢'(t)
is a convergent series for all ¢ > 0 and so ¥ € W. Also, we have
a(z, Y)||Fe, Fyll« < ¥(lz —yll«). If ¢ ¢ C or y ¢ C, then the above in-
equality holds obviously. This shows that a(z,y)d(F,, Fy) < ¥(d(x,y))
for all x,y € X. Now using Lemma 1.1, F' has a fixed point that is the
solution for problem (1). O

Here, we provide an example to illustrate our main result.

Example 2.3.: Consider the pointwise defined problem

DEa(t) = 15 (ORI OLDEa(0l | [ “Bastelsintate)l) - ()

1
with boundary conditions [i* z(£)dé = 0, 2/(1) = z(3) and 2”(0) = 0,
where p(t) = 0 whenever ¢ € [0,1] N Q and p(t) = 1 — t whenever
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t € [0,1] N Q" Puta—Q,ﬂ—Q,u—%,n ikzl,’yl—l,
a1(t) = g(t) = 55, b1 = 1, b2 = 0, h(¢) = Tf ¢(x) = sin(z) and
K(z1,..,w5) = A1 (21, ..., 5) (\901"1' + |zs|)

Then, we have
[9(z) — o(y)| = |sin(z) — sin(y)| < | —y| = bilz —yl,

|f(t, 21, em5) — fi(t,y1, o us)| < ar()[|z1 — y1] + - + |25 — ys],

. Ai(z,2,2,2,2)  _ 1: 5lz]  __ 1 —
@ = lim,_g ME2222 iy 1(‘)0'Z 0.05, ar,g € L =

1
1Rl =2, gl = lldilloy = Jy 55(1 — $)°72ds = Jo S2ds =
fo 1 -ds = 2, |lf(t,z1,...,25)] < g(t)K(xl,..., 5), K, A1 are nonnega-

11
tive and nondecreasing respect to x1, ..., x5, A,y = pu(l —n) + “ = 5%

A = max{1 ,m, b1 + ba} = max{1, 2,1} =2

1 1
'T(2-0) F(%)
_ 1 wW2=n)—Aun | Auntpn  Aun(l-n)+1
Lapwn = ma{ G 7 R e 1) T AgyT(a) | Aot 1)
1 W I 1 }

[(a—1) * Appl'(a—1) " Apyl' () - Apyl'(a+1)

te-D- B+ii, BU-D+1

= max{— +2 1113 11 §5 11 )
['(3) 351 (5) 351 (3) w03
1 3 3 1
+ + + }
I'(3) UL3)  #LG)  #0G)

> max{3.944,3.957} = 3.957,

= (Allgll1Layn) " = (4 x 3.957) 7" = 0.0695,

K
lim K222 605 ¢ 0, B)
2—0t z
and
ko
> lldi| GAT =2 X 0.05x 21 =02 < = —
2 111[0,1] 4% : 3.957 La,u,n'
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Now using Theorem 2.2, the problem (*) has a solution.
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