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Abstract. In this paper, we show that the system of difference equa-
tions
Tn—2Yn—3 Yn—2Tn—-3

In = y Yn =
Yn—1 (an + bnxn—2yn—3) Y Tn—1 (an + ,gnyn—%rn—?))

7TL€N07

where the sequences Vn € No, (an), (bn), (@n), (Brn) and the initial val-
ues z_;,y—j;,j € {1, 2,3} are non-zero real numbers, can be solved in the
closed form. For the case when all the sequences (ay), (bn), (an), (Bn)
are constant we describe the asymptotic behavior and periodicity of
solutions of above system is also investigated.
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1. Introduction

Recently, there has been published quite a lot of studies concerning non-
linear difference equations. One can see this in the sample references [3,
4,9, 11, 17, 18, 23, 26, 27, 29, 30, 35]. In the meanwhile, the main trend
in the theory of difference equations is to expand to two-dimensional
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42 M. KARA AND Y. YAZLIK

or three-dimensional systems of these equations which can be solved in
closed-form. See, for example [2, 6, 8,10, 13, 21, 28, 31, 34, 36, 39]. Al-
tough difference equations and difference equations system are very sim-
ple in the form, they are highly difficult to characterize the behavior of
the solutions of these equations and systems. Therefore, the study of
these equations and systems is worth further consideration.

In an earlier paper, Ibrahim et al. in [16] studied the solutions of the
rational difference equation

Ln—1Ln—2
T (an + bnxn—lxn—Q)

Tn4+1 = , N E N07 (1)
where (an),cy, and (bn),cy, are real two-periodic sequences and ini-
tial values z_o, x_1, zo are nonzero real numbers. Quite recently in [1],
Ahmed et al. investigated the periodic character and the form of the
solutions of some rational difference equations systems of order-three
LTn—1Yn—2 Ynal = Yn—1Tn—2
=
Yn (_1 + 1$n71yn72), " Tn (il =+ yn71$n72)

,’I’LGNO,

(2)

by induction with x_9,x_1,z9,y—2,y—1, and yg, are nonzero real num-

Tp41 =

bers. When the assumption of z,, =y, and z_9s =y 9,21 =y_1,29 =
Yo in system (2), system (2) is reduced special case of Eq. (1).

Our aim in this study is to show that the following difference equations
System

Tn—2Yn—3 Yn—2Tn—3
Ip =

- y Yn = , M E NOa
Yn—1 (an + bn$n—2yn—3) " Tn—1 (an + ﬁnyn—an—?;)

3)
where the sequences (an),en, » (0n)neng + (n)neng » (Bn)nen, and the ini-
tial values x_;,y—;,j € {1,2,3} are non-zero real numbers, can be solved
in closed-form. To do this, we employ appropriate transformation reduc-
ing the equation into linear difference equation of order-two. Also, we
obtain the forbidden set of the initial values x_;,y_;,7 € {1,2,3} for
aforementioned system and give a study of the long-term behavior of its
solutions when all the sequences (a,,) , (bn) , (), (Bn), for every n € Ny,
are constant. We emphasize that our study generalizes the results ex-
hibited in [1].
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For more works on the topic, see, for example, [5, 14, 15, 19, 22, 24, 25,
32, 33, 37, 38, 40 |. Also, see the books [7, 12, 20].

Definition 1.1. (Periodicity) Let (zn,yn),> 3 be solution to difference
equation system (3). The solution (Tn,yn),> 3 is said to be eventually
periodic p if Tpip = Tn, Yntp = Yn for all n = ng. If ng = =3 is said
that the solution is periodic with period p.

Lemma 1.2. (See [7]) Let (an),cn, and (bn),cy, be two sequences of
real numbers and the sequences Yomyi, © € {0,1}, be solutions of the
equations

Yom+i = @2m+iY2(m—1)+i + b2m+i, m € No. (4)
Then, for each fixred i € {0,1} and m > —1, equation (4) has the general

solution
Yom+i = Y— 2+2Ha23+z+ g bo i H a2j4i-
j=l+1

Further, if (an), ey, and (bn)neNo are constant and i € {0,1}, then

porss = JO i T UISES e A L,
e y,gﬂ—}—b(m—{—l), ifa=1.

Definition 1.3. (Forbidden Set) Let
Tn4+1 = f (xny Tn—1,Tn—2,Yns Yn—1, yn—Q) 5
Yn+1 = g(!Tnaxn—l;xn—Q)yn’yn—layn—Q) ,n € Np, (5)

where f : RS — R and g : RS — R is given functions, be a system of
difference equations and Dy and D, be the domains of the functions f
and g, respectively. The forbidden set of system (5) is given by

F = { (2—2,2-1,20,Y—2,Y-1,%0) € R®: (25,5:) € Dy x D,
fori=0,n—1, and (mn,yn)ngxD} (6)

This set contains all the initial values which causes the undefinable
solutions of the system. That is, the initial values chosen from the com-
plement of the forbidden set always produce the well-defined solutions.
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2. Closed-Form Solutions of System (3)

Let {(zn,Yn)}n>_3 be a solution of system (3). If at least one of the
initial values x_;,y—;, ¢ = 1,2,3, is equal to zero, then the solution of
system (3) is not deﬁned. For example, if x_3 = 0, then yy = 0 and so
x1 is not defined. Similarly, if y_3 = 0, then o = 0 and so y; is not
defined. For ¢ = 1,2, the other cases are similar. On the other hand, if
Tny = 0 (no € Ny), zp, # 0, for =3 < n < nog — 1, and x and y; are
defined for —3 < k < ng — 1, then according to the first equation in (3)
we get that yn,—3 = 0. If ng —3 < —1, then y_;, =0, for iy € {1,2,3}.
If ng > 2, then according to the second equation in (3) we have that
Yng—5 = 0. If ng — 5 < —1, then y_;, = 0, for ip € {1,2,3}. Repeating
this procedure, we have that y_;, = 0, for iy € {1,2,3}. Similarly, if
Yn, = 0 (n1 € Np), y, # 0, for =3 < n < n; — 1, and z and y; are
defined for —3 < kK < n; — 1, one can easily show that x_;, = 0, for
i1 € {1,2,3}. Thus, for every well-defined solutions of system (3), we
have that

if and only if z_;y_; # 0, for i € {1,2,3}. Now we give the following
theorem describing the form of well-defined solution of system (3).

Theorem 2.1. Let {(xn,yn)}n> 3 be a well-defined solution of system
(3). Then, for m > —1 and i € {1 2}, we have that
- N 41—[ (y 3> 1225 azerr +y—12— 2212.+ Bai+1 HS 1;;1 Q2541
m+24 - 21—
i 1223 azs + x—2y-— szlﬁlbzzns 141 @2s
H23+172

i—2 _
2 a1 +yo1z 2 NPT B [0 11 % g1 ®
21 i 2jti-1 ;
T2 ags +2oy—3 305 bzzHS]ﬁl azs

2j+i—1 2j+i—1 2j+i—

i r_1 2 HSJ 0 Q25 + Y223 ZZJ Bai Hs] 141 0125
Tam+2i—1 = X2i-5 H — i1
o \T=3/ I

2 1 —
T agapr +oo1y—2 3 T bor 1 T1220 0 g

2j+1—2 2 2 2j+1—2
HS]:T)Z 025 +Y—2T— 32 ]+Z ﬁ?lng] 1_7;_1 a2s

2jFi—2 = )
[1.167 " azst1 + 2192 Zl:o b2z+1 Hs:l+1 a2s+1

9)
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2i+i-1 2j4+i—1 2j4+i—1
5= azst1 +To1y—2 200" bag1 [150 11 G2s+1

) )
I1 ﬁglazs-i-y 2T 321]“621]_[5]7:_‘_10425

m
T3
Yam+2i = y2i74H<7>
j=0 N1

2j+i-2 - 2j+i2
HS]:Ez a2s41 +T_1Yy—2 ZZJ i b 20+1 HS 141 @2s+1 (10)
2jFi-1 211 i1 ;
[T225  ags +y—2e—3 2720 7 B T122 lil a2
2j+i—1 2 1 2 1
1225 ags +x_ay—3 X705 szHS]Jﬂrl azs

m 2
Yim42i-1 = Y2 5H<y_1> =
m+2i—1 = i— — T 1 + :
=0 Y-3 Hsj_ol Q2541 + Y—12— 221] - :62H~1 HSJ:H.l Q2541
2j+i—2 +i-2 2j4i—2
HSJ_OZ a2s +T_2y— 3213 b le] 1+1 92s

- 11)
2 212 Ti 2 o (
[1272577% ags1 +y—12-2 377 ]Jﬂ Bai+1 H5:l+1 Q2541

Proof. By considering (7) and applying the substitution

1

Up = 77— Un = m for n > —2, then system (3) reduce to the

following linear difference equations of order two
Up = Aplp—2 + by, Uy = @pUy_2 + Bp,n € No, (12)
In view of Lemma 1.2, for ¢ € {0,1}, the general solutions of equations

n (12) are

U2m+i = UWi—2 H a2j+i + Z bai+i H Q25445

j=l+1

Vomti = Vi-2 H ;4 + Zﬁ2l+z H azj+i, m € No. (13)
j=l+1

From the substitution u, = ——, v, = ——— for n > —2, we have
InYn—1 YnTn—1

that

_ U2m+4i—1 V2m+i—3
L2m+i = L2(m—2)+i»
U2m—+i U2m+i—2
U2m+i—1 U2m+i—3
= Yo(m—2)4i» M € No, (14)
Vomti  U2mai—2

Yom+i

where i € {0,1}, and consequently

Vam+35—1 Vim+j-3
Tam+j = Ty(m—1)+5, M € No
Usm+j Udm+j—2
Udm+j—1 Udm+5—3
Yam+j = Ya(m-1)+5, M € No, (15)
Vim+j  Vdm+j—2
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where j € {0,1,2,3}, as far as 4m + j > 1. From (15), we get that

Vaj4+1-1 V45+1-3 Ugj41—-1 U4541-3
» Yamtl = Yi-4 H ’
V4j+1 V45+1-2

Ugj+1 Udgj4+1— 2 J=0
(16)

Tam+l = Ti—4 H

7=0

where m > —1 and [ € {1,2,3,4}. Employing (13) in (16), we get

25+ 2 ri—1 2j i1
ﬁ v TI220 ansgr + 00000 Barr [12557 a2st1
Togmy2i = T4 -
: u—s Hi’;{fa 2s + X0 oo TS

*H‘l azs
2 2 _
v i J'H 0423+1 +>7 ]-H 521+1 H —l+1 a23+1
p) 2 1 35 i
Uu_ 2H JJ” 2s + 2.2 ]Jﬂ bzzl_[sj_ﬁrl ass

2ti— 2 i1
)~ HJH a23+1+23+z ﬁ2l+1H5]:Jlri1 Q2541

(y—12—2 20
= x2i—4 o
H (z—2y—3)~1 szﬂ a2s + Zéﬂ by Hi:ﬁ_l azs

— 2 — 2 2j+i—2
(y—12—2) T2 2 anarn + 705 72 Bad T4 0261
_ 2 — 2 —1 2
(z—2y—3) T2 ans + 3700 ooy [T22057 " aas
2 g1 +y—1a 2Zl_+z_ Bai+1 [1 __‘l—+_1 @254+1

m 2
Y-3 HS:O
= 24 |] <*) 5
| -1 1225 ags +2—2y—3 278" bzzHS,lH azs

oiti2 2544 s

12252 aost1 +y—12—2 72872 Bora Hsilil Q2541

25+i—1 +i—1 2j+1 ’
Hs]:() azs +T_2y— 521] b [] J_H_l azs

2 2tie 2
i v [T ans + 307 b ﬂQlHSJ_}Lil o2

= ZT2i-5 27 +z + i1 -
ot 1220 P agsyn + 2770 bara [12241 agsn

2 2 — 2
v— QH J+1 2s +Z J+Z /82l H51T+1 a2s

P) i 252
u 1L HZ 2 a9es1 + > ]H 2 bt HSJH a2s41
1 r2itie 2j+i 2
(y—22_3) HSHOZ 2s + 210 Jﬂ 5211_[5]:{11 Qs
Z2i-5 H 2]+z— 2]+z— b —
(w_1y—2) " TILG  a2s1 + 20,2 21 Hs:l+1 a2s+1
H2J+1— Qe + Z2J+1— B H2]7-l_j-1 s

Tam42i—1

y (y—2z-3)~
(x—1y—2)~ 1H2J+Z Yager1 + 2703 7szz+1 Hs—zfl azs+1
i ()T v S T
o NT=3/) T2 agst1 +2o1y—2 21:0 bart1 Hs:z+1 a2s+1
2544

2j+i—2 2 i
T2 ans +y—ox_s Y100 ﬂzzHS_H,l azs

Hs 0
X —
254+1—2 +z 2 — ’
T2 % azspr +o—1y—2 028 2 borga [122007% azea
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2 2j+i—1 —
ooy 1H J+ a23+1+2 j b21+1 HS l+1 a23+1
Y2i—4 H

Yam42i = o 2H2]+z s+z2j+lﬁzzng—z+10‘2s
N 12 2a2s+1+zl 2 bor4 Hs—l+7l a2s+1
v [125 amZW* B T2 ans
_ m(@oy—2) I aven + 0000 b HQ]—T-F_I 92541
- 4H (y—22—3) M TI220 azs + 720 B T12201 ) a2
(@-1y-2) T TG azeqr + X720 2 b 120717 % a2s
<y_2x_3>—lniit"‘ s+22“" ﬂzzn?ﬁl azs
1224 ans +y—oz— 322”1 521H§Jj+10‘25
1255 azepr +2o1y—a X000 2 b [122417% a2ea
2 ans tyoe s 000 A [120 0 ans
m U— 21_[2”17 a erZZJﬂil bQZH?:lLil a2s
Yim+2i—1 = y2i70H

o v—1 [0 anen + 728! Bora Hg:[_,__l Q2541
u_ 2H23+z 2 S+22J+z QleHQJ_-}l—il a2s
o VT2 aogg1 + 27572 Bora HS:H»I Q2541
(z2y—3) 120 ans + X725 b TT224 0 aas
(y—12-2) H2J+17 a25+1+z2]+27 B2i4+1 HS:H—I Q2541
(@—2y—3) M TI220 2 aos + X720 2 bt 12717 % as
(Y12 2) 120 2 aner1 + 2025 72 B T1224 0 2 a0
- y2z’—5ﬁ (y;1>2 25%?_ azs + T2y 3223+1 bzzHQJ—Jlr-zHi“QS
o \u=s/) TI2Z  anern +yam 2 005 B [0 ans
Hffgl azs +T_2y— 3ZZJH 2b2lH§fzrjr12a2é

x 2j+i—2 2j+i—2 —
[15507 " ost1 +y—12—2 320" 7 Parga Hs=l+1 2541

= Y2i-5 H

for every m > —1, i € {1,2}. O

The forbidden set of the initial values for system (3) can be given in the
following theorem.

Theorem 2.2. Assume that a, # 0, b, # 0, a, # 0,8, # 0, n €
No. Then the domain of undefinable solutions of system (3) is the set
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1
F = {7a*)77*77a7 Rﬁ: i—2Yi—-3 = —
UU($3x2$1y3y2y1)€ Ti-2li=3 =
meENp 1=0
bojii i 1
2j+z
Yi_oTi_3 = , where ¢, == — 0,
B d " Za23+z 5 Q2L+ 7
m 7j—1
0}
S 3wl | b1V
3
6 . _ —
U { (95—37557%1571,3#3,3/727971) ER”: Ty = Oa Y- = 0}17)
j=1

Proof. At the begining of Section 2, we have acquired that the set

3
U {($73a$727$717Z/f?nyf%yfl) €eR®: r;=0, y-j = 0}-
j=1
belongs to the forbidden set of the initial values for system (3). Now, we
assume that x,, # 0 and y, # 0. Note that the system (3) is undefined,
when the conditions a, + b, Tn—_2yn—3 = 0 or ay + BnYn—2Tn—_3 = 0, that

is, Tn_oYn_3 = —Z—Z Or Yp—oTp_3 = —ﬁ for some n € Ny, are satisfied
(Here we consider that b, # 0 and 3, 7$ 0 for every n € Ny). From this
and the substitution u,, = Wl—l’ Vp = W%, we get
bom+i Bom+i
2(m—1)+i Aomti 2(m—1)+1i Q2mti ( )

for some m € Ny and 7 € {0,1}. Hence, we can determine the forbidden
set of the initial values for system (3) by using the substitution u, =

= Ly, =-—1—. Now, we consider the functions
nYn—1 YnTn—1
Jomyi (1) © = azmyit + bamys,
92m+i (t) D= Qgmgqt + ﬁ2m+i7 m E NOa XS {07 1}7 (19)

which correspond to the equations of (12). From (12) and (19), we can
write

U2m+i = fom+i © f2(m—1)+i o---0 fi(ui-2), (20)
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Vamti = G2mti © 92(m—1)+i © *** © Gi (Vi—2) (21)
where m € Ny, and i € {0,1}. By using (18) and implicit forms (20)-(21)
and considering f2_n%+z’ (0) = Zzzz, ngH (0) = —%ﬁ_, for m € Ny
and ¢ € {0,1}, we have
Ui—g = flto-oft (0 =g lo.--iogzl (0 29
i—2 = J; © Of2m+i( )7 Vi—2 =g, © ogzm_H;( )a ( )
— t—b m--i t— m—1 s
where fy1, (t) = T2t god (1) = 2 m e Ny, i € {0,1}.
From (22), we obtain
W S e | 3 1
2j+i 2j+i
Us—2 =— — Vi—2 = —
‘ jz; 2544 H 021+z - Z Oézgﬂ g Q244

for some m € Ny and ¢ € {0, 1}. This means that if one of the conditions
n (22) holds, then m-th iteration or (m + 1)-th iteration in system (3)
can not be calculated. [

3. Case of Constant Coefficients

In this section, we examine the forms of solution and the long-term
behavior of the solution of system (3) for the case when ay, b,, a, and
0By, are constant, that is a, = a,b, = b,a,, = « and 3,, = 3, for every
n € Ny. Then, the system (3) becomes

Tn—2Yn—3 Yn—2Tn—-3

T, = , = , n € Np.
" Y1 (@ + bTnan3) " Tm1 (O + BYn_2Tn_3) (Z |
23

We start the following theorem describing the form of well-defined solu-
tion of system (23).

Theorem 3.1. Let {(2n,Yn)},>_3 be a well-defined solution of system
(23). Then, form = —1 and i € {1,2}, we get that
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Tam+2i =

T2i—4 ﬁ <E>2 ( = a)2 o2 (1-a)—y_12_208)+y-12_20
TRy, 1—a/) a2ititl((1 —a) —x_2y—_3b) + x_2y_3b
@ (1 — @) —y—12—20) + y—17-208
a?itt ((1 —a) — x—2y—3b) + T_2y—_3b

x . = o ﬁ (x;1>2<1_a>2a2j+i((1_04)—y_gx_gﬁ)+y_2x_3ﬁ
Am+42i—1 2i—5 oy T_3 11—« a27+i ((1 _ a) — x_1y_2b) T o 1y_ob

« 2T (1 — @) —y—2z—308) + y—27-38
a2i+i=1((1 —a) — x_1y—2b) + x_1y—2b

m 2 2 2j+1i
T_3 11—« a*’ 1—a)—x_1y—2b) +x_1y—_2b
Yam+2i = y21—4|| (7) ( ) « ) Y ) Y
j=o NP1

1—a/ o2+l (1 —-a)—y_22_38)+y—20_30

y a1 (1 —a) —x_1y_2b) + z_1y_2b
a2t (1 — o) —y—2z_38) + y_2x_38

oy 2/1—a\? q2ti (1—a) —z_2y—3b) + z_2y_3b
Yam42i—1 = Y2i—5 H —
o \Y-3

l—a) a2+ ((1-a)-y_12-20) +y—12_28

y a1 (1 —a) —x_oy_3b) + x_oy_3b
a2 ti=1 (1 — @) —y—17—20) + y—17-28’

when a # 1 # a, and

> 14y iz 9B2i+i) 14y iz oBRi+i—1)

s

T4gm+2i = Z2i—4

o <y—1) T+a_2y-3b(2j+i+1) 1+z_2y-3b(25+1)
oot = wos T (49”*1)2 1+y_2x_3B(2j +i) 1 +y—22_36(2j +i—1)
s TP \ass) T eoiyab(Zi+i) 1+ ao1yob(2j+i— 1)
" -y ﬁ <x73>2 14z 1y—2b(2j +i) 1+z_1y_2b(2j+i—1)
2i = 2i—4 - ) ) N N b
e T \e—1) Thyow sB(2 i+ 1) 14y_ox_36(2) + 1)
il ( _1>2 1+ oy 3b(2j+i) 1+x_oy_3b(2j+i—1)
Yam+2i—1 - Y2i—5 H -

T+ y_12-2B(2j +0) L +y—12—26(2j +i—1)

<
Il
o

when a=1=a.
Proof. By using Lemma 1.2 and Theorem 2.1, we can easily obtain the
general solution of system (23). O

Now, the long-term behavior of well-defined solution of system (23) can
be given in the following theorems.

Theorem 3.2. Let {(2n,Yn)},>_3 be a well-defined solution of system
(23). Assume that a # —1, a # —1, b # 0. Then the following results

are true.
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() Ifla| > 1,y12-2 = 15% = y-ox_3, T_1y—2 # 3% # T_2y-3, then
Tn — 0 and |yn| — 00, as n — oco.

(b) Iflo| > L, w_qy—o =152 =2 _sy_3, y_12_0 # 152 # y_sx_3, then
|zy| — o0 and y, — 0, as n — oo.

(€) If|2] > a1y # 5% # xoy-3, Y102 # 153° # y—2a_3, then
Ty — Oand|ynlﬁoo as n — oo.

(d) If |2 < Lzoqy—o # 52 # 2 9y 3, y_12_0 # 152 # y_sx_3, then

|zy| — o0 and y, — 0 as n — oo.

(€) Ifr_g=x_1, y3=y-1;b=0, z_1y—2 = 3% = 2_9y_3,

11—«

Y-1T2 = "5 =Y-2r-3, 070 = Q= 0, b= 8, then Tam+; = Tj—4
and Yam+j = Yj—4, m € Ny,
j=1,4.

) fa=a=1, x_1 = x_3, y-1 = y_3, b = [, then the sequences
Tam42i—1 = T2i—5, Yam+2i—1 = Y2i—5 and (904m+2¢)meN0 )
(Yam+2i)men, converge for every i € {1,2}.

Proof. Suppose that

2; <y73>2(1—a)2
P = —
Yy—_1 1—-a
oM H (1 —a) —y_12_28) +y_12_28 o> FT "1 (1 —a) —y_12_28) +y_12_28

x _ _ (24
a?m+itl (1 —a) —2z_oy_3b) +@_sy_3b a2+ ((1—a) —x_sy_3b) + T_oy_3b e

2i—1 <$71>2(1—a)2
P = —
x_3 1—-—«a
@®mFi (1 —a) —y_sw_3B) +y_2z_38 o®™ T "1 (1 —a) —y_sz_3B) +y_2z_38

X - - , (25
a?mti((1—a) —x_ 1y 2b) +z_1y 2b a?mFi=l((1—-a) -z 1y 2b) +o_1y 2b @2

2= [ F=8 2(1—a>2
m x_q 1—a
a?m T (1 —a) —@w_1y_2b) +x_1y_2b a?"T T (1 —a) —aw_1y_2b) +w_1y_2b

x i i (26
a?mtitl (1 —a) —y_sz_38) +y_sx_38 a?>mti ((1 —a) —y_sz_38) + y_20_38 (29

and

2
2i-1 _ [ ¥-1 1—a)2
dm -
Yy_3 1—a
a2m+i( 2m+i71<

(1—a)—2 2y 3b) +x_2y 3b a (l—a)—2_ 2y 3b) +z_2y_3b
a2mti (1 —a) —y_12_28) +y_12_28 a2m+i-1 (1 —a) —y_12_28) +y_17_28

(27)
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for m > —1,1i € {1, 2}.

()If]a\>1,y_1x_2_17_y 23, To1Y—2 # 3% # T2y, from

(24), (25), (26) and (27), we have that

lim p?! = hm sz L=y, (28)
m—00
lim |¢%| = hm 127! = . (29)
m—00

The results follow from (28) and (29) and Theorem 3.1.
(b) If la| > 1,2 1y-2 = 15 = x_9y-3, y-17-9 # 15> # y—2a_3, from

(24), (25), (26) and (27), we get that

lim [pj] = lim [pji~!| = oo, (30)
lim ¢ = lim @t =o. (31)

The statemant follows easily from (30), (31) and Theorem 3.1.

() If |4 > L w_1y—g # 5% # 2 9y_3, y_10_2 # 1_70‘ # y_2x_3, from
(24), (25), (26) and (27), we have

li_I)n pH = hm pri=l =, (32)
hm 2| = hm |21 = 0. (33)

The results can be seen easﬂy from (32), (33) and Theorem 3.1.

(d) IS <1z y- 2 # 1 S F T 2y-3, Y17 9 # 129 a#y ox_3, from
(24), (25), (26) and (27), we have

lim |py;| = lim [pj~"| = oc, (34)
m—0o0
lim ¢ = hm @il =o. (35)
m—0o0
From (34), (35) and Theorem 3.1, the statement easily follows.
(e)Ifwg=x_1, y-g=y_1; b=S, 2 1y_2=15% =2 0y 3,
Y 1T_g =122 =y oz 3, 0ra=a=0, b=/, the result follows from

direct calculations and formulas in Theorem 3.1.
(f) Suppose that

2 (Y3 2 14y aB@m+i) 14y 1w oB2m+i—1)
m y-1) l14+z_oy3b(Cm+i+1) 1+ x_9y 3b(2m+1)
(36)
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2i—1 _ <9C—1>2 1+y oz 38(2m+1i)1+y oz _36(2m+i—1) (37)

T_3) l4+z_1y_obm+1i) 1+z_1y_ob(2m+i—1)

0 (x_3>2 14z 1y ob(2m+1i) 14z 1y ob(2m +i—1)

s — . >
m T_q 1+ y_2$_3,6(2m +1+ 1) 1+ y_gx_gﬂ(Qm + Z)
(38)
and
2i—1 _ (y_1>2 1+z oy 3b(2m+i) 14+ oy 3b(2m +i—1) (39)
mn y-3) 1+y_1z_282m+i)1+y_12_20802m+i—1)

for i € {1,2}. Employing the Taylor expansion for (1 4+ 2)~" in (36) and
(38) and from (37) and (39), we get, for each i € {1,2},

20 _ l+y_1x_9b2m+1i) 1+y_1x_202m+i—1)
m 14+z 0y 1b2m+i+1) 1+ x_9y_1b(2m +1)
1 1 1 1
- (m5rol)) (o ()
1 1
-1 — 4
= +0(oa). (10)

for sufficiently large m,

9ic1 L +yoewr 1b(2m+i)1+y oz 1b2m+i—1)

= =1 41
m 1+ x_ly_Qb(Qm + Z) 1+ x_ly_gb(2m +1— 1) ’ ( )
2 1+z_1y—2b(2m+1i) 1+z_1y_—202m+i—1)
m 1+yox_1b2m+i+1) 1+ y_ox_1b(2m +1)
1 1 1 1
= (1- —— — 1— — -
(=50 () -5+ ()
1 1
= 1—-=—40(—= 42
-+0(os) (12)
for sufficiently large m, and
. 1 _ol_ 1) 1 _ol_ p— 1
i1 L+x oy 1b(2m+i) 1+ 2 oy 1b2m+i—1) L (3)

"mo Ty aab(2m + ) 1+ y1wab(Zmt+i—1)
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By considering (41), (43) and from (40), (42) and the relations
> j=1(1/j) — 00 as m — oo, the results easily follow. [

Theorem 3.3. Let {(2n,yn)},>_3 be a well-defined solution of system
(23). Assume that a = o= —1,2_1 =x_3,y_1 =y—3,b0 = #0. Then,
{(@nyn) b3 is four-periodic.

Proof. From assumption of this theorem and Theorem 3.1, we have that

. o, ﬁ (—D2T (2 —y_q2_9B) +y_12_28 (-2 T (2—y_q2_98) +y_12_28
a2 2o (—1)23+HH (2 -2 oy _gb) +x_sy_3b (—1)2IF (2—2_sy_3b) +z_sy_3b

. ﬁ (DT (2 —y_qw_sb) +y_jz_b (-DPTITL(2—y_ju_5b) +y_1z_ob
Bt D2 FT (2= 2 _2y_1b) +2—2y_1b (—1)2F (2—2_5y_1b) + 2_2y_1b

= Z2i—4, (44)

T (12T (2 -y gz _38) +y_se_sB (-1)F T (2—y_sa_3B) + y_ow_38
j=o0 (—1)2+ (2 —z_qy_9b) +z_1y_ob (1)L (2—a_1y_9b) +x_1y_2b

Tygm42i—1 =  T2i-5
M (D)2 (2 - y_gz_1b) +y_oz_1b (-DF T (2 - y_sx_1b) +y_oz_1b
joo (FDPTE(2 —w_qy_ob) +w_qy_ob (-1)2TIT1 (2 —2_1y_sb) +@_1y_2b

= @25, (45)

Z2i—5

(-2 (2 —z_yy_ob) +a_qy_ob (-1 T L (2 -z 1y _sb) +a_1y_ob
1)21+1+1(2*y 27 _38) +y_gz_38 (-1 (2—y_ sz _38) +y_2z_38

Yam42i =  Y2i— 4H

-y ﬁ (DT (2 —a_yy_sb) +a_qy_2b (-DPTTL(2— a1y 5b) +a_1y_ob
Fd —1)2FiHL (2 —y_ox_1b) +y_ox_1b (—1)2IFTI (2 —y_sx_1b) +y_ox_1b

= Y2i-4, (46)

ﬁ' (-2 (2 -z _sy_gb) + x_gy_3b (=)7L (2—2_sy_3b) + w_oy_sb

Yam+2i—1 = Y2i—5

0 (FD2T(2—y_jz_9B) +y_12_28 (-1)HFTTL(2—y_12_58) +y_12_28

(=D (2 -3 oy 1b) +w oy 1b (“DP P T (23 5y 1b) 42 oy b

B OJHQ (—=1)2+ (2 —y_12_3b) +y_12_ob (-1 (2—y_12_9b) +y_173_3b
= Y2i-5, (47)

for m > —1 and i € {1,2}. From (44)-(47), the result easily follows. [

Theorem 3.4. Let {(2y,Yn)},>_3 be a well-defined solution of system
(23). Assume that aa # 0,a = a, b = =0, z_1 = z_3,y_1 =
y_3. Then, the following results are true.

(a) If la| > 1, then x4m+2i — 0 and yagmy2i — 0, for i € {1,2}, as
m — 0o.
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(b) If la] < 1, |zamt2i] — o0 and |yamyoi| — oo, for i € {1,2}, as
m — 00.
() If a=1, {(zn,yn)},>_3 is four-periodic,
(d) Ifa=—1, {(zn,yn)},>_3 is four-periodic.
Proof. From assumption of this theorem and Theorem 3.1, we have that

(1—a)a®t (1—a)a®+i-1

Tom+2i — T2i—4 H 1 — (1 CL2J+Z+1 (1 — a)asz
= X2i-4 H pox (48)
7=0
B 1 _ a) 2541 (1 _ a)a2j+i—1
$4m+21—1 - .1‘22 5 H )CLQJ‘H (1 _ a)a2j+i_1
j= 0

= T2i—5, (49)

1 o a 2j+’£ (1 _ a)a2j+ifl

Yam+2i = Y2i— 4H (1—a) a23+z+1 (1-— a)a2j+i
= Y24 H 22 (50)
7=0
1 . a) 2j+1 (1 _ a)a2j+i—1
Yam+2i—-1 = Y2i-5 H )a23+z (1 _ a)a2j+i—1
j= 0

= Y2i-5- (51)

From (48)-(51) the results in (a), (b) and (d) can be seen easily. From
Theorem 3.1 and the assumption of this theorem, the statement (c)
easily follow. [
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