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1. Introduction

In the year 1989, Bakhtin introduced the concept of b-metric spaces as
a generalization of metric spaces [2]. Later several authors proved so
many results on b-metric spaces [5, 6, 7, 8]. Mustafa and Sims defined
the notion of a generalized metric space, which is called a G-metric space
and established a fixed point theory for various mappings in this new
structure [9]. Shoaib et al. [15] obtained some fixed point theorems for
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a contractive dominated self-mapping in an ordered complete dislocated
quasi G-metric space. Aghajani, Abbas, and Roshan presented a new
type of metric which is called Gb-metric and studied some properties of
this metric [1]. Sedghi, Shobe, and Aliouche gave the notion of an S-
metric space and obtained some fixed point theorems for a self-mapping
on a complete S-metric space [14]. Recently, Sedghi et al. [13] defined
Sb-metric spaces, using the concept of S-metric spaces.

On the other hand, Wardowski [16] introduced a new contraction, the
so-called F -contraction, and proved some fixed point results for such
mappings on a complete metric space. After that, Wardowski and Dung
[17] defined the notion of F -weak contractions in metric spaces and gen-
eralized the theorem of Wardowski [16]. Dung and Hang [3] studied the
notion of a generalized F -contraction and extended a fixed point theo-
rem for such mappings. Piri and Kumam [11] further described a large
class of functions by replacing condition (F3) instead of the condition
(F3) in the definition of F -contraction.

Motivated by these researches, in this paper we introduce the notion of
dislocated Sb-metric spaces and prove some fixed point theorems for F -
contractions in complete dislocated Sb-metric spaces. We provide some
examples to verify the effectiveness and applicability of our results.
We begin with some definitions and auxiliary facts which will be needed
further on.

Throughout this paper, R, R+, and N denote the set of all real num-
bers, the set of all nonnegative real numbers, and the set of all positive
integers, respectively.

Definition 1.1. [13] Let X be a nonempty set. An S-metric on X is a
function S : X3 → [0,∞) that satisfies the following conditions for each
x, y, z, a ∈ X :

(S1) 0 < S(x, y, z) for all x, y, z ∈ X with x = y = z = x,

(S2) S(x, y, z) = 0 if and only if x = y = z,

(S3) S(x, y, z)  S(x, x, a) + S(y, y, a) + S(z, z, a).

Then the pair (X,S) is called an S-metric space.
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Lemma 1.2. [14] Let (X,S) be an S-metric space. Then for each x, y ∈
X we have S(x, x, y) = S(y, y, x).

Definition 1.3. [13] Let (X,S) be an S-metric space, let {xn} be a
sequence in X, and let x ∈ X. Then
• (i) the sequence {xn} is said to be a Cauchy sequence if, for each ε > 0,
there exists n0 ∈ N such that S(xn, xn, xm) < ε for each m,n  n0;

• (ii) the sequence {xn} is said to be convergent to a point x ∈ X if,
for each ε > 0, a positive integer n0 exists such that for all n  n0,
S(x, x, xn) < ε.

• (iii) (X,S) is said to be complete if every Cauchy sequence is conver-
gent.

Remark 1.4. • Let (X, d) be a metric space. Put Sd(x, y, z) = d(x, z)+
d(y, z) for all x, y, z ∈ X; then (X,Sd) is an S-metric space. Sd is called
the S-metric generated by d. It can be easily shown that (X, d) is complete
if and only if (X,Sd) is complete [10].
• Let X = R. Consider the function S(x, y, z) = |x − z| + |x + z − 2y|
for all x, y, z ∈ R. Then (X,S) is an S-metric space and S = Sd for all
metrics d; see [10].

Definition 1.5. [13] Let X be a nonempty set, and let b  1 be a
given real number. Suppose that a mapping Sb : X3 → R+ is a function
satisfying the following properties:
(Sb1) 0 < Sb(x, y, z) for all x, y, z ∈ X with x = y = z = x,

(Sb2) Sb(x, y, z) = 0 if and only if x = y = z,

(Sb3) Sb(x, y, z)  b(Sb(x, x, a) + Sb(y, y, a) + Sb(z, z, a)) for all x, y, z, a ∈ X.

Then the function Sb is called an Sb-metric on X and the pair (X,Sb)
is called an Sb-metric space.

Definition 1.6. Let (X,Sb) be an Sb-metric space, and let b > 1. Then
Sb is called symmetric if

Sb(x, x, y) = Sb(y, y, x) (1)

for all x, y ∈ X.
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According to Lemma 1.2, the symmetry condition (1) is automatically
satisfied by an S-metric.

Definition 1.7. [13] If (X,Sb) is an Sb-metric space, then a sequence
{xn} in X is said to be:

(1) Cauchy if, for each ε > 0, there exists n0 ∈ N such that Sb(xn, xn, xm)
< ε for each m,n  n0.

(2) convergent to a point x ∈ X if, for each ε > 0, there exists n0 ∈ N
such that Sb(xn, xn, x) < ε or Sb(x, x, xn) < ε for all n  n0. In this
case, we denote it by lim

n→∞
xn = x.

Definition 1.8. [13] An Sb-metric space (X,Sb) is called complete if
every Cauchy sequence is convergent in X.

Example 1.9. [4] Let X = [0, 1]. Define Sb : X3 → R+ by Sb(x, y, z) =
(|y+ z− 2x|+ |y− z|)2; then (X,Sb) is a complete Sb-metric space with
b = 4.

We conclude this section, recalling the following fixed point theorems of
Wardowski and Dung [16, 17]. Before this, we quote some definitions.

Definition 1.10. [16] Let F be the family of all functions F : R+ → R
such that:

(F1) F is strictly increasing, that is, for all α, β ∈ R+ if α < β, then
F (α) < F (β);

(F2) for each sequence {αn} of positive numbers, lim
n→+∞

αn = 0 if and

only if lim
n→+∞

F (αn) = −∞;

(F3) there exists k ∈ (0, 1) such that lim
α→0+

αkF (α) = 0.

Recently, Piri and Kumam [11] described a large class of functions by
replacing the condition (F3) by the following one:

(F3) F is continuous on (0,+∞).

They denote by F the family of all functions F : R+ → R which satisfy
conditions (F1), (F2), and (F3).
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Example 1.11. [11] Let F1(α) = − 1
α , F2(α) = − 1

α + α, F3(α) = 1
1−eα ,

F4(α) = 1
eα−e−α , and F5(α) = lnα. Then F1, F2, F3, F4, F5 ∈ F.

Definition 1.12. [16] Let (X, d) be a metric space. A mapping T : X →
X is said to be an F -contraction on (X, d) if there exist F ∈ F and
τ > 0 such that, for all x, y ∈ X,

d(Tx, Ty) > 0⇒ τ + F
�
d(Tx, Ty)


 F

�
d(x, y)


.

Theorem 1.13. [16] Let (X, d) be a complete metric space, and let
T : X → X be an F -contraction. Then T has a unique fixed point
x∗ ∈ X and for every x ∈ X, the sequence {Tnx} converges to x∗.
There is an analogue to the theorem above for F ∈ F (see [11]).

Definition 1.14. [17] Let (X, d) be a metric space. A mapping T : X →
X is said to be an F -weak contraction on (X, d) if there exist F ∈ F
and τ > 0 such that, for all x, y ∈ X,

d(Tx, Ty) > 0⇒ τ + F
�
d(Tx, Ty)


 F

�
M(x, y)


,

where

M(x, y) = max

d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(y, Tx)
2


.

Theorem 1.15. [17] Let (X, d) be a complete metric space, and let
T : X → X be an F -weak contraction. If T or F is continuous, then
T has a unique fixed point x∗ ∈ X and for every x ∈ X the sequence
{Tnx} converges to x∗.

2. Main Results

In this section, we introduce the concept of dislocated Sb-metric space
and then we demonstrate some fixed point results for F -contractions
in the setup such spaces. Our results are remarkable for two reasons:
first, the dislocated Sb-metric is more general; second, the contractivity
condition involves auxiliary functions form a wider class.
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Definition 2.1. Let X be a nonempty set, and let b  1 be a given real
number. A function Sb : X3 → R+ is a dislocated Sb-metric if, for all
x, y, z, a ∈ X, the following conditions are satisfied:
(dSb1) Sb(x, y, z) = 0 implies x = y = z,

(dSb2) Sb(x, y, z)  b
�
Sb(x, x, a) + Sb(y, y, a) + Sb(z, z, a)


.

A dislocated Sb-metric space is a pair (X,Sb) such that X is a nonempty
set and Sb is a dislocated Sb-metric on X. In the case when b = 1, Sb is
denoted by S and it is called the dislocated S-metric, and the pair (X,S)
is called the dislocated S-metric space.

Definition 2.2. Let (X,Sb) be a dislocated Sb-metric space, let {xn} be
any sequence in X, and let x ∈ X. Then:

(i) the sequence {xn} is said to be a Cauchy sequence in (X,Sb) if,
for each ε > 0, there exists n0 ∈ N such that Sb(xn, xn, xm) < ε

for each m,n  n0.

(ii) the sequence {xn} is said to be convergent to x if, for each ε > 0, a
positive integer n0 exists such that Sb(x, x, xn) < ε for all n  n0
and we denote it by lim

n→∞
xn = x.

(iii) (X,Sb) is said to be complete if every Cauchy sequence is conver-
gent.

The following examples show that a dislocated Sb-metric is not neces-
sarily a dislocated S-metric.

Example 2.3. Let X = {0, 1, 2}. Define Sb : X3 → R+ by

Sb(x, y, z) =






1
4 , x = y = z or x = y = z = x,
1
3 , x = z = y,
1
2 , y = z = x,
1
5 , x = y = z = 0,
0, x = y = z = 1 or 2,

for all x, y, z ∈ X. It is easy to show that (X,Sb) is a complete dislocated
Sb-metric space when b = 2. It is not a dislocated S-metric space. For
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this, we show that (dSb2) does not hold when b = 1. To prove this, let
x = 1 and y = z = 2. Then 1

2 = S(1, 2, 2)  S(1, 1, 2) + 2S(2, 2, 2) =
1
4 . Note that Sb is symmetric, in the sense of Definition 1.6.

Example 2.4. Let X = [0, 1]; then the mapping Sb : X3 → R+ defined
by Sb(x, y, z) = x + y

2 + 2z is a complete dislocated Sb-metric on X

with b = 3
2 . Obviously, Sb is not symmetric. Also, it is not a dislocated

S-metric space. Indeed, we have

2 = S(0, 0, 1)  2S(0, 0, 0) + S(1, 1, 0) =
3
2
.

Example 2.5. Let X = R+; then the mapping S : X3 → R+, defined
by S(x, y, z) = x+2y+z, is a complete dislocated S-metric on X, which
is not symmetric, since 1 = S(0, 0, 1) = S(1, 1, 0) = 3.

Definition 2.6. Let (X,Sb) be a dislocated Sb-metric space. A mapping
T : X → X is said to be an F -contraction on (X,Sb) if there exist F ∈ F
and τ > 0 such that for all x, y ∈ X,

Sb(Tx, Tx, Ty) > 0⇒ τ + F
�
b2Sb(Tx, Tx, Ty)


 F

�
Sb(x, x, y)


. (2)

Our first main result is the following.

Theorem 2.7. Let (X,Sb) be a complete dislocated Sb-metric space, and
let T : X → X be an F -contraction. Then T has a unique fixed point in X.

Proof. Let x0 ∈ X be arbitrary and fixed. Let {xn} be the Picard
sequence of T based on x0, that is, xn+1 = Txn for n = 0, 1, 2, . . . . If
n0 ∈ N exists such that Sb(xn0 , xn0 , xn0+1) = 0, then xn0 is a fixed point
of T and the existence part is proved. On the contrary case, assume
that Sb(xn, xn, xn+1) > 0 for all n ∈ N∪{0}. Applying the contractivity
condition (2), we get

τ + F
�
b2Sb(Txn, Txn, T 2xn)


 F

�
Sb(xn, xn, Txn)


. (3)

We will show that

Sb(xn+1, xn+1, Txn+1) < Sb(xn, xn, Txn), (4)
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for all n ∈ N. Suppose, on the contrary, that Sb(xn0+1, xn0+1, Txn0+1) 
Sb(xn0 , xn0 , Txn0) for some n0 ∈ N. From (3), we have

F
�
b2Sb(xn0+1, xn0+1, Txn0+1)


 F

�
Sb(xn0 , xn0 , Txn0)


− τ,

which together condition (F1) implies that

Sb(xn0+1, xn0+1, Txn0+1) < Sb(xn0 , xn0 , Txn0).

It gives us a contradiction. Therefore, (4) holds. So, {Sb(xn, xn, Txn)}
is a decreasing positive sequence in R+ and it converges to some A 
0. We claim that A = 0. To prove the claim, let it be untrue, and let
A > 0. Then, for any ε > 0, it is possible to find a positive integer m
such that

Sb(xm, xm, Txm) < A+ ε.

By (F1), we get

F
�
Sb(xm, xm, Txm)


< F (A+ ε). (5)

Since Sb(xn, xn, xn+1) > 0 for all n, then by repeatedly using (2) and
taking (5) into account, we obtain

F
�
b2Sb(Tnxm, T

nxm, T
n+1xm)



 F
�
Sb(Tn−1xm, T

n−1xm, T
nxm)


− τ

 F
�
b2Sb(Tn−1xm, T

n−1xm, T
nxm)


− τ

 F
�
Sb(Tn−2xm, T

n−2xm, T
n−1xm)


− 2τ

...

 F
�
Sb(xm, xm, Txm)


− nτ

< F (A+ ε)− nτ.

Letting n→∞ in the above inequality, we get

lim
n→+∞

F
�
b2Sb(Tnxm, T

nxm, T
n+1xm)


= −∞.
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Hence, from (F2), we derive lim
n→+∞

Sb(Tnxm, T
nxm, T

n+1xm) = 0. Then

Sb(xm+n, xm+n, Txm+n) < A for n large enough. It is a contradiction
with the definition of A; therefore,

lim
n→+∞

Sb(xn, xn, Txn) = 0. (6)

Now, we prove that {xn} is a Cauchy sequence in (X,Sb). Suppose
the contrary. Then ε > 0 exists for which we can find monotonically
increasing sequences {p(n)} and {q(n)} of natural numbers such that

p(n) > q(n) > n,

Sb(xq(n), xq(n), xp(n))  ε

Sb(xq(n), xq(n), xp(n)−1) < ε. (7)

Regarding (2) and (7), we can write

F
�
b2Sb(xq(n), xq(n), xp(n))


 F

�
Sb(xq(n)−1, xq(n)−1, xp(n)−1)


− τ

< F
�
Sb(xq(n)−1, xq(n)−1, xp(n)−1)


, (8)

which together (F1) implies

Sb(xq(n), xq(n), xp(n)) < Sb(xq(n)−1, xq(n)−1, xp(n)−1).

Using this together with (dSb2), we get

ε  Sb(xq(n), xq(n), xp(n))

< Sb(xq(n)−1, xq(n)−1, xp(n)−1)

 2bSb(xq(n)−1, xq(n)−1, xq(n)) + bSb(xp(n)−1, xp(n)−1, xq(n))

 2bSb(xq(n)−1, xq(n)−1, xq(n)) + 2b2Sb(xp(n)−1, xp(n)−1, xp(n)−1)

+b2Sb(xq(n), xq(n), xp(n)−1)

 2bSb(xq(n)−1, xq(n)−1, xq(n)) + 6b3Sb(xp(n)−1, xp(n)−1, xp(n))

+b2Sb(xq(n), xq(n), xp(n)−1).

By virtue of this fact and in view of (6) and (7), we have

ε  lim sup
n→+∞

Sb(xq(n), xq(n), xp(n))  lim sup
n→+∞

Sb(xq(n)−1, xq(n)−1, xp(n)−1)  b2ε. (9)
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Using (8), (9), (F1), and (F3), we find that

F (b2ε)  F
�
b2 lim sup

n→+∞
Sb(xq(n), xq(n), xp(n))



 F
�
lim sup
n→+∞

Sb(xq(n)−1, xq(n)−1, xp(n)−1)

− τ,

 F (b2ε)− τ,

which leads to a contradiction with the assumption τ > 0. Therefore
{xn} is a Cauchy sequence in the complete dislocated Sb-metric space
X. Then, v ∈ X exists such that xn → v as n → ∞, that is, for any
ε > 0, there exists n1 ∈ N such that Sb(v, v, xn) < ε for all n  n1.

We are going to show that v is a fixed point of T . First note that if
Sb(Tv, Tv, Txn) = 0, for some n  n1, then, from (dSb2), we obtain

Sb(Tv, Tv, v)  2bSb(Tv, Tv, Txn) + bSb(v, v, Txn) < bε.

On the other hand, if for each n  n1, Sb(Tv, Tv, Txn) > 0, then, using
(2), we have

F
�
b2Sb(Tv, Tv, Txn)


 F

�
Sb(v, v, xn)


− τ.

It enforces that Sb(Tv, Tv, Txn) < Sb(v, v, xn) < ε for each n  n1. From
(dSb2) it follows that

Sb(Tv, Tv, v) < 2bSb(Tv, Tv, Txn) + bSb(v, v, Txn)

< 3bε

for each n  n1. Since ε > 0 is arbitrary, in each cases, we deduce
Sb(Tv, Tv, v) = 0, that is Tv = v. Hence, v is a fixed point of T. Next,
we study the uniqueness of the fixed point of T . Assume that T has
two different fixed points v1 and v2. Then Sb(v1, v1, v2) > 0, and from
condition (2) we get
0 < τ  F

�
Sb(v1, v1, v2)


− F

�
b2Sb(Tv1, T v1, T v2)



 F
�
b2Sb(v1, v1, v2)


− F

�
b2Sb(v1, v1, v2)


= 0,

which is a contraction. Then Sb(v1, v1, v2) = 0, and so v1 = v2 which is
a contradiction. Therefore, the fixed point is unique. 
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Remark 2.8. Let (X, d) be a complete metric space. If we take S(x, y, z) =
d(x,z)+d(y,z)

2 , then (X,S) is a complete S-metric space and S(x, x, y) =
d(x, y). So Theorem 1.13 (see [16]) is a special case of Theorem 2.7.

Now, we present an example illustrating the applicability of our main
result.

Example 2.9. Let (X,Sb) be the same as Example 2.4. Define the
mapping T : X → X by

T (x) =


x
40
, x ∈ [0, 1),

1
10
, x = 1,

and take F (α) = lnα; we obtain the result that T is an F -contraction
with 0 < τ  ln 3. To see this, let us consider the following calcula-
tions. First observe that

τ + F
�
b2Sb(Tx, Tx, Ty)


 F

�
Sb(x, x, y)


⇔ ln

Sb(x, x, y)

b2Sb(Tx, Tx, Ty)
 τ.

We distinguish the following cases:
(i) For x = 1 and 0  y < 1, we have Sb(Tx, Tx, Ty) > 0 and

ln
3
2
+ 2y

9
80
y + 27

80

 τ.

(ii) For 0  x < 1, y = 1, we have Sb(Tx, Tx, Ty) > 0 and

ln
3
2
x+ 2

27
320

x+ 18
40

 τ.

(iii) For x = y = 1, we have Sb(T1, T1, T1) = 7
20 and

ln
40

9
 τ.

(iv) For 0  x < y < 1, we have Sb(Tx, Tx, Ty) > 0 and

ln
3
2
x+ 2y

27
320

x+ 9
80
y
 τ.

(v) For 0  y < x < 1, we have Sb(Tx, Tx, Ty) > 0 and

ln
3
2
x+ 2y

27
160

x+ 9
40
y
 τ.
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and take F (α) = lnα; we obtain the result that T is an F -contraction
with 0 < τ  ln 3. To see this, let us consider the following calcula-
tions. First observe that

τ + F
�
b2Sb(Tx, Tx, Ty)


 F

�
Sb(x, x, y)


⇔ ln

Sb(x, x, y)

b2Sb(Tx, Tx, Ty)
 τ.

We distinguish the following cases:
(i) For x = 1 and 0  y < 1, we have Sb(Tx, Tx, Ty) > 0 and

ln
3
2
+ 2y

9
80
y + 27

80

 τ.

(ii) For 0  x < 1, y = 1, we have Sb(Tx, Tx, Ty) > 0 and

ln
3
2
x+ 2

27
320

x+ 18
40

 τ.

(iii) For x = y = 1, we have Sb(T1, T1, T1) = 7
20 and

ln
40

9
 τ.
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ln
3
2
x+ 2y

27
320

x+ 9
80
y
 τ.

(v) For 0  y < x < 1, we have Sb(Tx, Tx, Ty) > 0 and

ln
3
2
x+ 2y

27
160

x+ 9
40
y
 τ.
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(vi) For 0 < x = y < 1, we have Sb(Tx, Tx, Ty) > 0 and

ln
160

9
 τ.

From the above cases it may readily be seen that if 0 < τ  ln 3, then
ln Sb(x,x,y)

b2Sb(Tx,Tx,Ty)
 τ . Hence T is an F -contraction. So, all the required

hypotheses of Theorem 2.7. are satisfied and T has the unique fixed
point 0.
For F1(α) = 1

1−eα , F2(α) = lnα+ α, F3(α) = −1
α + α, and F4(α) = −1√

α
,

we also include the range of changes of τ in Table 1.

Table 1: The range of changes of τ

On the other hand, F (α) = 1
eα−e−α does not satisfy condition (2). To

see this, take x = 1, y ∈ [0, 1). Then

F
�
Sb(1, 1, y)


− F

�
b2Sb(

1

10
,
1

10
,
y

40
)

=

1

e
3
2+2y − e−

3
2−2y

− 1

e
9y+27
80 − e−

9y+27
80

. (10)

Minimum value of (10) is −7.29579×1010, and it occurs at y = 5.74918×
10−11. It enforces that τ < 0, which is a contradiction.

Definition 2.10. Let (X,Sb) be a dislocated Sb-metric space. A mapping
T : X → X is said to be an F -weak contraction on (X,Sb) if there exist
F ∈ F and τ > 0 such that for all x, y ∈ X,

Sb(Tx, Tx, Ty) > 0⇒ τ + F
�
b2Sb(Tx, Tx, Ty)


 F

�
M(x, y)


, (11)

where

M(x, y) = max

Sb(x, x, y), Sb(Tx, Tx, Ty),

Sb(y, y, Tx)

10b2
,
Sb(y, y, Ty)

10b


.
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Our second fixed point result is a version of Theorem 1.15, for F -weak
contractions in dislocated Sb-metric spaces.

Theorem 2.11. Let (X,Sb) be a complete dislocated Sb-metric space,
and let T : X → X be an F -weak contraction satisfying the following
condition:

max
Sb(y, y, Ty)

10b
,
Sb(y, y, Ty)

5b
+
Sb(Tx, Tx, Ty)

10b

 Sb(Tx, Tx, Ty).

Then T has a unique fixed point in X.

Proof. Let x0 ∈ X be arbitrary and fixed. Define a sequence {xn} in
X such that x1 = Tx0 and xn+1 = Txn for all n ∈ N. We may suppose
that xn+1 = xn for all n, otherwise T has obviously a fixed point. Then
Sb(xn, xn, xn+1) > 0 for any n ∈ N ∪ {0} and hence (11) implies that

F
�
b2Sb(Txn−1, Txn−1, Txn)


 F

�
M(xn−1, xn)


− τ. (12)

Now, using (dSb2), we obtain

max

Sb(xn−1, xn−1, xn), Sb(Txn−1, Txn−1, Txn)



 M(xn−1, xn)

= max

Sb(xn−1, xn−1, xn), Sb(Txn−1, Txn−1, Txn),

Sb(xn, xn, Txn−1)

10b2
,
Sb(xn, xn, Txn)

10b



 max

Sb(xn−1, xn−1, xn), Sb(Txn−1, Txn−1, Txn),

3
Sb(xn, xn, Txn)

10b
,
Sb(xn, xn, Txn)

10b



= max

Sb(xn−1, xn−1, xn), Sb(xn, xn, xn+1)


,

then (12) becomes
F
�
b2Sb(Txn−1, Txn−1, Txn)


 F

�
max


Sb(xn−1, xn−1, xn), Sb(xn, xn, xn+1)


− τ.

If we assume that

max

Sb(xn−1, xn−1, xn), Sb(xn, xn, xn+1)


= Sb(xn, xn, xn+1)

for some n, then from (12) we have

F
�
b2Sb(Txn−1, Txn−1, Txn)


 F

�
Sb(Txn−1, Txn−1, Txn)


− τ

< F
�
Sb(Txn−1, Txn−1, Txn)


.



82 H. MEHRAVARAN, M. KHANEHGIR AND R. ALLAHYARI

Using condition (F1), we conclude that Sb(xn, xn, xn+1) < Sb(xn, xn, xn+1),
which is a contradiction. Therefore

max

Sb(xn−1, xn−1, xn), Sb(xn, xn, xn+1)


= Sb(xn−1, xn−1, xn)

for each n. Applying again (12) and (F1), we deduce that

Sb(xn, xn, xn+1) < Sb(xn−1, xn−1, xn).

That is,

Sb(xn, xn, xn+1)


is a strictly decreasing positive sequence in

R+ and it converges to some A  0. We declare that A = 0. Suppose, it
is not true, then A > 0. For each ε > 0, let us choose m ∈ N such that

Sb(xm, xm, Txm) < A+ ε.

From (F1), we have

F
�
Sb(xm, xm, Txm)


< F (A+ ε). (13)

Since T is an F -weak contraction and taking into account Sb(Txm, Txm, T 2xm) >
0, we get

τ + F (b2Sb(Txm, Txm, T 2xm)

 F

�
M(xm, Txm)


. (14)

SinceM(xm, Txm) = max

Sb(xm, xm, Txm), Sb(Txm, Txm, T 2xm)


, then

from (11) and (F1), we get

max

Sb(Txm, Txm, T 2xm), Sb(xm, xm, Txm)


= Sb(xm, xm, Txm).

Hence (14) becomes

F
�
b2Sb(Txm, Txm, T 2xm)


 F

�
Sb(xm, xm, Txm)


− τ.

This yields

F
�
b2Sb(T

2xm, T 2xm, T 3xm)


 F
�
Sb(Txm, Txm, T 2xm)


− τ

 F
�
b2Sb(Txm, Txm, T 2xm)


− τ

 F
�
Sb(xm, xm, Txm)


− 2τ.

Continuing the above process and using (13), we observe that
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F
�
b2Sb(T

nxm, Tnxm, Tn+1xm)


 F
�
Sb(T

n−1xm, Tn−1xm, Tnxm)

− τ

 F
�
b2Sb(T

n−1xm, Tn−1xm, Tnxm)

− τ

 F (Sb(T
n−2xm, Tn−2xm−1, T

n−1xm−1)

− 2τ

...

 F
�
Sb(xm, xm, Txm)


− nτ

< F (A + ε)− nτ.

Passing to the limit n→ +∞ in the above relation, we obtain

lim
n→+∞

F
�
b2Sb(Tnxm, T

nxm, T
n+1xm)


= −∞.

It follows from (F2) that

lim
n→+∞

Sb(Tnxm, T
nxm, T

n+1xm) = 0.

So, Sb(Tnxm, T
nxm, T

n+1xm) = Sb(xm+n, xm+n, Txm+n) < A for n suf-
ficiently large, which is a contradiction with the definition of A. There-
fore

lim
n→+∞

Sb(xn, xn, xn+1) = 0. (15)

Next, we intend to show that the sequence {xn} is a Cauchy sequence
in (X,Sb). Arguing by contradiction, we assume that ε > 0, and the
sequences {p(n)} and {q(n)} of natural numbers exist such that, for all
n ∈ N,

p(n) > q(n) > n,

Sb(xq(n), xq(n), xp(n))  ε,

Sb(xq(n), xq(n), xp(n)−1)) < ε. (16)

In the light of (16) and condition (11), we find that

F (b2Sb(Txq(n)−1, Txq(n)−1, Txp(n)−1)  F (M(xq(n)−1, xp(n)−1)

− τ. (17)
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Applying (dSb2) and our hypothesis, we get
max


Sb(xq(n)−1, xq(n)−1, xp(n)−1), Sb(Txq(n)−1, Txq(n)−1, Txp(n)−1)



 M(xq(n)−1, xp(n)−1)

= max

Sb(xq(n)−1, xq(n)−1, xp(n)−1),

Sb(Txq(n)−1, Txq(n)−1, Txp(n)−1),
Sb(xp(n)−1, xp(n)−1, Txq(n)−1)

10b2
,

Sb(xp(n)−1, xp(n)−1, Txp(n)−1)

10b



 max

Sb(xq(n)−1, xq(n)−1, xp(n)−1), Sb(Txq(n)−1, Txq(n)−1, Txp(n)−1),

Sb(xp(n)−1, xp(n)−1, Txp(n)−1)

5b
+

Sb(Txq(n)−1, Txq(n)−1, Txp(n)−1)

10b
,

Sb(xp(n)−1, xp(n)−1, Txp(n)−1)

10b



 max

Sb(xq(n)−1, xq(n)−1, xp(n)−1), Sb(Txq(n)−1, Txq(n)−1, Txp(n)−1)



As a consequence of (17) and (F1), we have

max

Sb(xq(n)−1, xq(n)−1, xp(n)−1), Sb(xq(n), xq(n), xp(n))


= Sb(xq(n)−1, xq(n)−1, xp(n)−1).

Accordingly, (17) becomes

F
�
b2Sb(xq(n), xq(n), xp(n))


 F

�
Sb(xq(n)−1, xq(n)−1, xp(n)−1)


− τ,

and so using (F1), we get

Sb(xq(n), xq(n), xp(n))

< Sb(xq(n)−1, xq(n)−1, xp(n)−1). (18)

By (16), (18), and using (dSb2), we obtain

ε  Sb(xq(n), xq(n), xp(n))

< Sb(xq(n)−1, xq(n)−1, xp(n)−1)

 2bSb(xq(n)−1, xq(n)−1, xq(n)) + bSb(xp(n)−1, xp(n)−1, xq(n))

 2bSb(xq(n)−1, xq(n)−1, xq(n)) + 2b2Sb(xp(n)−1, xp(n)−1, xp(n)−1)

+b2Sb(xq(n), xq(n), xp(n)−1)

 2bSb(xq(n)−1, xq(n)−1, xq(n)) + 6b3Sb(xp(n)−1, xp(n)−1, xp(n))

+b2Sb(xq(n), xq(n), xp(n)−1).
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Sb(xp(n)−1, xp(n)−1, Txq(n)−1)

10b2
,

Sb(xp(n)−1, xp(n)−1, Txp(n)−1)

10b



 max

Sb(xq(n)−1, xq(n)−1, xp(n)−1), Sb(Txq(n)−1, Txq(n)−1, Txp(n)−1),

Sb(xp(n)−1, xp(n)−1, Txp(n)−1)

5b
+

Sb(Txq(n)−1, Txq(n)−1, Txp(n)−1)

10b
,

Sb(xp(n)−1, xp(n)−1, Txp(n)−1)

10b



 max

Sb(xq(n)−1, xq(n)−1, xp(n)−1), Sb(Txq(n)−1, Txq(n)−1, Txp(n)−1)



As a consequence of (17) and (F1), we have

max

Sb(xq(n)−1, xq(n)−1, xp(n)−1), Sb(xq(n), xq(n), xp(n))


= Sb(xq(n)−1, xq(n)−1, xp(n)−1).

Accordingly, (17) becomes

F
�
b2Sb(xq(n), xq(n), xp(n))


 F

�
Sb(xq(n)−1, xq(n)−1, xp(n)−1)


− τ,

and so using (F1), we get

Sb(xq(n), xq(n), xp(n))

< Sb(xq(n)−1, xq(n)−1, xp(n)−1). (18)

By (16), (18), and using (dSb2), we obtain

ε  Sb(xq(n), xq(n), xp(n))

< Sb(xq(n)−1, xq(n)−1, xp(n)−1)

 2bSb(xq(n)−1, xq(n)−1, xq(n)) + bSb(xp(n)−1, xp(n)−1, xq(n))

 2bSb(xq(n)−1, xq(n)−1, xq(n)) + 2b2Sb(xp(n)−1, xp(n)−1, xp(n)−1)

+b2Sb(xq(n), xq(n), xp(n)−1)

 2bSb(xq(n)−1, xq(n)−1, xq(n)) + 6b3Sb(xp(n)−1, xp(n)−1, xp(n))

+b2Sb(xq(n), xq(n), xp(n)−1).
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Regarding to (15) and (16), we have

ε  lim sup
n→+∞

Sb(xq(n), xq(n), xp(n))

 lim sup
n→+∞

Sb(xq(n)−1, xq(n)−1, xp(n)−1)  b2ε. (19)

In view of (18) and (19) together with (F1), (F3), we have

F (b2ε)  F
�
b2 lim sup

n→+∞
Sb(xq(n), xq(n), xp(n))



 F
�
lim sup
n→+∞

Sb(xq(n)−1, xq(n)−1, xp(n)−1)

− τ

 F (b2ε)− τ.

It is a contradiction with τ > 0, and it follows that {xn} is a Cauchy
sequence inX. By completeness of (X,Sb), {xn} converges to some point
v ∈ X. Therefore, for each ε > 0, there exists n1 ∈ N such that

Sb(v, v, xn) < ε, (20)

for all n  n1. We claim that v is a fixed point of T. If Sb(Tv, Tv, Txn) =
0 for some n  n1, then from (dSb2) we deduce that

Sb(Tv, Tv, v)  2Sb(Tv, Tv, Txn) + bSb(v, v, Txn) < bε.

Also, if Sb(Tv, Tv, Txn) > 0 for all n  n1, then from (11) we have

F
�
b2Sb(Tv, Tv, Txn)


 F

�
M(v, xn)


− τ. (21)

In view of (dSb2) and our assumptions, we obtain
max


Sb(v, v, xn), Sb(Tv, Tv, Txn)



 M(v, xn)

 max

Sb(v, v, xn), Sb(Tv, Tv, Txn),

Sb(xn, xn, Txn)

5b



+
Sb(Tv, Tv, Txn)

10b
,
Sb(xn, xn, Txn)

10b



 max

Sb(v, v, xn), Sb(Tv, Tv, Txn)


.

Then (21) turns into

F
�
b2Sb(Tv, Tv, Txn)


 F

�
max


Sb(v, v, xn), Sb(Tv, Tv, Txn)


− τ.
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If max

Sb(v, v, xn), Sb(Tv, Tv, Txn)


= Sb(Tv, Tv, Txn), then from (21)

and (F1) we lead to a contradiction and consequently

max

Sb(v, v, xn), Sb(Tv, Tv, Txn)


= Sb(v, v, xn)

and so
F
�
b2Sb(Tv, Tv, Txn)


 F

�
Sb(v, v, xn)


− τ. (22)

Employing (22) and (F1), we derive that

Sb(Tv, Tv, Txn) < Sb(v, v, xn). (23)

From (dSb2), (23), and (20) for each n  n1, we have

Sb(Tv, Tv, v)  2Sb(Tv, Tv, Txn) + bSb(v, v, Txn) < 3bε.

Thus, in each cases Sb(Tv, Tv, v) = 0 which implies that Tv = v. Hence,
v is a fixed point of T. Finally, we show that T has at most one fixed
point. Indeed, if v1, v2 ∈ X are two fixed points of T such that v1 = v2,

then from (11) we obtain

F
�
b2Sb(Tv1, T v1, T v2)


 F

�
M(v1, v2)


− τ. (24)

Applying (dSb2) and the assumption of the theorem, it follows that

Sb(v1, v1, v2)  M(v1, v2)

 max

Sb(v1, v1, v2), Sb(Tv1, T v1, T v2),

Sb(v2, v2, T v2)

5b
+
Sb(Tv1, T v1, T v2)

10b
,

Sb(v2, v2, T v2)

10b



 max

Sb(v1, v1, v2), Sb(Tv1, T v1, T v2)



= Sb(v1, v1, v2).

Due to this fact and applying (24), we yield Sb(v1, v1, v2) < Sb(v1, v1, v2),
which is a contradiction. Hence v1 = v2. This completes the proof. 

Example 2.12. Let X = R, and define Sb : R3 → R+ by Sb(x, y, z) =
|x|
4 +

|y|
4 +

3
2 |z|. Then (X,Sb) is a complete dislocated Sb-metric space with
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b = 3. Let T : X → X be defined by T (x) = x
16 . Also, take F (α) = lnα

for α > 0. Note that M(x, y) = |x|+3|y|
2 and if x or y is nonzero, then

Sb(Tx, Tx, Ty) > 0. In this case, we have

τ + F
�
b2Sb(Tx, Tx, Ty)


 F

�
M(x, y)


⇔ ln(

16
9
)  τ.

Also, we observe that

max
Sb(y, y, Ty)

10b
,
Sb(y, y, Ty)

5b
+

Sb(Tx, Tx, Ty)

10b


= max

19|y|
960

,
41|y|+ |x|

960



 30|x|+ 90|y|
960

= Sb(Tx, Tx, Ty)

for all x, y ∈ X. Now, if we assume that 0 < τ  ln(169 ), then all
conditions of Theorem 2.11 hold and 0 is a unique fixed point of T .
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