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Abstract. In 1993, Moneyhun showed that if L is a Lie algebra such
that dim(L/Z(L)) = n, then dim(L?) < 3n(n — 1). The author and
Saeedi investigated the converse of Moneyhun’s result under some con-
ditions. In this paper, We extend their results to obtain several upper
bounds for the dimension of a Lie algebra L in terms of dimension of
L?, where L? is the derived subalgebra. Moreover, we give an upper
bound for the dimension of the c-nilpotent multiplier of a pair of Lie
algebras.
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1. Introduction

Let G be an arbitrary group. A theorem of Schur [20] asserts that if the
center of a group G has finite index, then the derived subgroup of G is
finite. Also, some bounds for the order of the derived subgroup in terms
of the index of the center were given by some authors. The best bound
was given by Wiegold [21] which shows that if [G : Z(G)] = n, then
|G'| < n21°8% _Several authors have investigated the converse of Schur’s
theorem. Macdonald [10] gave an explicit bound for [G : Z2(G)]. Also,
Podoski and Szegedy [16] improved the Macdonald’s bound.
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Neumann [13], proved that the converse of Schur’s theorem is true for
finitely generated groups. Niroomand [14] showed that the converse of
Schur’s theorem holds when G/Z(G) considered to be finitely gener-
ated and in such case he could obtain a bound for [G : Z(G)| as
(G : Z(@G)] < |G'|HCIZ(E) | where d(G/Z(G)) denotes the minimal num-
ber of generators of G/Z(G) (See [7, 8, 9, 17] for more information).

The Lie algebra analogue of Schur’s theorem is well-known. In 1993 K.
Moneyhun [12] proved that if L is a Lie algebra such that dim L/Z(L) =
n, then dim L? < in(n —1). In [6], the authors discussed some results
concerning the converse of Moneyhun’s theorem. In this paper, we give
some upper bounds for the dimension of a Lie algebra L in terms of
dimension of L?. Moreover, we obtain an inequality for the dimension of
the c-nilpotent multiplier of a pair of Lie algebras.

2. Some Inequalities for the Dimension of Lie
Algebras

In this section, we give some upper bounds for the dimensions of Lie
algebras. First we discuss some preliminaries which are needed for the
proof of our main results.

All Lie algebras are considered over a fixed field A and [,] denotes the Lie
bracket. We recall that a Lie algebra L is called a Heisenberg algebra
provided that L? = Z(L) and dim L? = 1. A Heisenberg Lie algebra
has odd dimension with a basis e, eq,..., €2, subject to the relations
[€2i—1,€e2;] = e for i = 1,...,m. The Heisenberg Lie algebra of dimension
2m + 1 is denoted by H(m).

A Lie algebra L is said to abelian, if [z,y] = 0, for all z,y € L and A(n)
will denote the abelian Lie algebra of dimension n. Also ®(L) denotes
the Frattini subalgebra. The Frattini subalgebra ®(L) of a Lie algebra
L is the intersection of all maximal subalgebras of L.

Recall that a Lie algebra L is called capable, if there exists a Lie algebra
K such that L =2 K/Z(K). The following results are proved by the
author and Saeedi in [6] which have an important role in the proof of
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our results.

Theorem 2.1. [6, Corollary 3.9] Let L be a capable Lie algebra such
that dim L? = n. Then dim(L/Z(L)) < 2n?.

Theorem 2.2.[6, Corollary 3.13] Suppose that L is a Lie algebra such
that dim L? = n and Zo(L) is abelian, then

dim(L/Z(L)) < 2(n® 4+ n?).
In the following result, we extend [9, Theorem C].

Corollary 2.3. Let L be a capable nilpotent Lie algebra of finite dimen-
sional such that dim L? = 1. Then dim L/Z(L) = 2.

Proof. Let dim L = n. Since L is a nilpotent Lie algebra and dim L? = 1,
then using [15, Lemma 3.3] we have

L=H(m)®An—-2m—1), (m=>1). (1)

On the other hand, L is a capable Lie algebra so, dim L/Z (L) = 2m < 2,
by (1) and Theorem 2.1. So, m =1. O

In the following corollary, we generalize [7, Theorem 1.1].

Corollary 2.4. Let L be a finite dimensional Lie algebra over a field of
characteristic zero such that dim L? = n and ®(L) = 0. Then

dim(L/Z(L)) < 2(n® 4+ n?).

Proof. By [11], we have L? N Z(L) < ®(L) = 0. This implies that
Z(L/Z(L)) = 0. Hence, by Theorem 2.2 we have

dim(L/Z(L)) < 2(n® 4+ n?). O
The next lemma, is useful in the proof of our results.
Lemma 2.5. Let L be a Lie algebra such that dim L? = n. Then

dim(L/Cp(L?)) < n?.
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Proof. Suppose that A = {i1,l3,...,l,} is a basis for L?. Define the
following mapping
¢ :L/CL(L?) — &}, L?
Y(l+C(L?) = (4], [l 1)
where Cr(L?) = {x € L : [z,y] = 0, for all y € L?} is the centralizer of
L?in L. Let 2,y € L. [z,1;] = [y,1;] if and only if [z — y,l;] = 0 if and

only if x —y € CL(L?). Hence, v is a well-defined and one-to-one linear
transformation. Thus,

dim(L/Cp(L*) < n? O
By Lemma 2.5, we prove the following results

Corollary 2.6. Let L be a Lie algebra such that dimension of L? is finite
and Cp(L?) < L%, where C(L?) is the centralizer of L* in L. Then
dimension of L is finite. Moreover,

dim L < (dim L?)(dim L* + 1).

Proof. Suppose that {I1,ls,...,1,,} is a basis for L?. We can see that
dim L/Cp(L?) < m?, by Lemma 2.5. Since Cp,(L?) < L?, we have

dim L/L* < dim L/Cp(L*) < m?. (2)

Hence, L/L? is a finite dimensional Lie algebra. On the other hand, L?
is a finite dimensional Lie algebra so, dimension of L is finite. Moreover,
using 2, we obtain

dim L < (dim L?)(dim L> 4+ 1). O

Example 2.7. Let L = (21,9, 23,24, 75,26 | [x1,22] = 23, [21,23] =
x4, [x1,24] = x5, [12,25] = 26, [T3,24] = —26). A simple observation
shows that Cp(L?) = (x5,76) S L? and dim L < (dim L?)(dim L? +
1). Also, if L = (x1,x9, x3, x4, x5 | [v1, 2] = 23, [T1,23] = 24, [0, 23] =
75), then we can see that C(L?) = L? and

dim L < (dim L?)(dim L? + 1).
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Isaacs in [9] proved that if G is a group such that Z(G) =1 and |G| =
n. Then |G| < F(n), where F(n) is a function. Here, we extend this
result.

Theorem 2.8. Let L be a Lie algebra such that dimension of L? is finite
and Z(L) = 0. Then

dim L < (dimL?)3 + (dimL?)?.
Proof. Let A be an abelian subalgebra of L such that dim(L/A) =m
and dim L? = n, by [6, Lemma 3.12] we have
dim(L/Z(L)) < mn + m. (3)

On the other hand, [CL(L?),CL(L?),L] = 0, hence; [Cr(L?),Cr(L?)]
< Z(L). since Z(L) = 0, so C(L?) is an abelian Lie algebra. Also,
dim(L/Cr(L?)) < n? by Lemma 2.5. Therefore, by 3 we have

dimL < n?(n+1). O

Let L be a finite dimensional Lie algebra such that dim L? = 1 and the
set {[a,b]} be a basis of L? for some a,b € L. Using Jacobi identity, it is
easy to see that

Cr(a)NCL(b) C CL(LQ). (4)

In the following theorem we show that for a Lie algebra L with dim L? =
1, the equality in 4 does not hold.

Theorem 2.9. Let L be a finite dimensional Lie algebra with dim L? =
1. Then Cr(a) N CL(b) is a proper subalgebra of Cr(L?) for all a,b € L,
where {[a,b]} is a basis of L?.

Proof. If L is a nilpotent Lie algebra of dimension n, then by [15, Lemma
3.3] we have

L=H(m)® An—2m—1) (m >1).

Clearly, C,(L?) = L. Since H(m) has a basis {e, ..., €am, e} such that
[e2i—1,e9i] = e for i =1,...,m, we have

Cr(e2i—1)NCr(ey) = K ® A(n —2m — 1),
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where K is a subalgebra of H(m) with basis {e1, ..., eam, e} \{€2-1, €2}
and the result follows.

Now, let L be an n-dimensional non-nilpotent Lie agebra and suppose
{[a,b]} is a basis of L? and Cf(L?) = Cp(a) N Cr(b). Consider a map ¢
as follows:
¢:LJCL(L?) — L2@ L
v+ CL(L?) +— ([a, 2], [z, b]).

Since Cp(L?) = Cp(a) N CL(b), it is easy to see that = € Cp(L?) if and
only if [a,z] = [z,b] = 0. Therefore, ¢ is a well-defined and one-to-one
linear transformation. Also, we have

p((Ba + ab) + CL(L?)) = (afa,b], 5[a, b]).
Hence, ¢ is onto. Thus dim L/Cp(L?) = 2, which is a contradiction by
Lemma 2.5. This completes the proof of the theorem. [J

Now, we prove the last theorem. Let (N, L) be a pair of Lie algebras,
in which N is an ideal in L, if N has a complement in L, then for
each free presentation 0 — R — F — L — 0 of L, MO(N,L) =
RN[S,c F|/[R, F] is the c-nilpotent multiplier of the pair (N, L). (¢ > 1),
where S is an ideal in free Lie algebra F' such that N = S/R. see [1, 2,
3, 4, 18] for more information.

We recall that the subalgebras Z.(N,L) and [N, L], for all ¢ > 1 as
follows:

ZJN,L)={neN|[nl,...,l.]=0,Y0,,l. € L},
[NoL] = (n,0y,...,1] | n€N,u,...,l.€ L),

where [n,li,....l.] = [...[n,l1],12],...,l.]. Moreover, a pair (N, L) is
called nilpotent of class k, if [V, L] = 0 and [N,;—1 L] # 0, for some
positive integer k.

In [5], the authors proved the following results.

Lemma 2.10. Let L and K be two Lie algebras with central subalgebras
N and M, respectively. If 0 : L — K is an epimorphism with O(N) = M,
then

dim M (M, K) < dim M (N, L).
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Lemma 2.11. Let (M, K) be a pair of nilpotent Lie algebras. Then for
each pair (N, L) of finite dimensional Lie algebras with L/Z.(N, L) = K
and N/Z.(N,L) = M,

dim([N,. L] N Z.(N, L)) < dim M@ (M/[M,. K], K/[M,. K))
+ dim([M,. K])(d(K/Zc(M, K)) = 1).
In the following theorem, we extend a result of Salemkar and Niri [19].

Theorem 2.12. Let (N, L) be a pair of finite dimensional nilpotent Lie
algebras such that N has a complement in L. Then

dim M© (N, L) < dim(N/[N,. L], L/[N,. L])
where d(X) is the minimal number of generators of a Lie algebra X .

Proof. Let 0 : M — L be a c-cover of the pair (N, L). By [19], there
exists a Lie algebra H containing M such that

M(N, L) = Kero C [M,. H) N Z,(M, H),

and
(N,L) = (M/Kero,H/Kero).
On the other hand, (M, H) is a pair of nilpotent Lie algebras. Set

M H
M, H|N Z(M,H)’ [M,.H] ﬂZC(M,H))'

(PvK):(

Using Lemma 2.10 and Lemma 2.11, we obtain

dimM (N, L) < dim([M,. H] N Z.(M, H))
< dim(M(P/[M,. K], K/[M,. K]))
+ (dim[P,c K])(d(K/Z(P, K)) — 1)
< dim M(N/[N, L], L/[N,. L})
+ (dim[N.c L))(d(L/Zc(N, L)) — 1),

as required. [
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