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Abstract. In this paper, motivated by [F. Vetro, Filomat, 29:9 (2015),
2011-2020] we present some fixed point results for a class of nonex-
pansive self-mappings and multi-valued mappings in the framework of
b-metric spaces. Our results generalize and improve the consequences
of [ Khojasteh et al. Abstract and Applied Analysis, vol. 2014, Article
ID 325840, 5 pages, 2014.] and [F. Vetro, Filomat, 29:9 (2015), 2011-
2020]. Some examples are provided to illustrate our results.
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1. Introduction

Assume that (X, d) be a metric space and f : X — X be a single-valued
mapping. Then, f is called a k-Lipscitz mapping if d(fz, fy) < kd(x,y)
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for all xz,y € X, where kK > 0. If £ € [0,1), then it is called a con-
tractive mapping and if k = 1, f is called a nonexpansive mapping. In
[2] Banach proved a very important fixed point result for a contrac-
tive self-mapping. Obviously, any contractive mapping is nonexpansive,
but the reverse is not true in general. Several researchers investigated
fixed point theory for nonexpansive mappings such as [7, 8]. In [9]
Khojasteh et al. investigated fixed point results for a new type of self-
mappings and multivalued mappings. Then, Vetro in [17] extended their
results for nonexpansive mappings using a binary relation on X, called
f-invariant. Also, he established fixed point results for nonexpansive
multi-valued mappings with a new type of contraction. On the other
hand, fixed point theory for mappings on b-metric spaces as a general-
ization of metric spaces has attracted many researchers for many years
(see [1, 3, 4, 5, 6, 10, 12, 13, 14, 15, 16, 18, 19, 20, 21, 22 ]). In this pa-
per, motivated by Vetro [17] we give some fixed point results for a class
of nonexpansive self-mappings and multi-valued mappings on b-metric
spaces. Our results generalize and improve the results of Khojasteh et
al. [9] and Vetro [17]. Some examples are given to illustrate our results.

2. Preliminaries

In this section we give some notions and results that will be needed in
the sequel.

Definition 2.1. [1] Let X be a nonempty set and s > 1 be a constant
real number. The function d : X x X — [0,00) is called a b-metric on
X if the following conditions hold:

(i) d(x,y) =0 iff x =y for all x,y € X;
(ii) d(x,y) = d(y,x) for all x,y € X;
(iii) d(z,y) < sld(z,z) + d(z,y)] for all x,y,z € X.

In this case, (X,d) is called a b-metric space with parameter s.

Denote by CB(X) the set of all nonempty closed bounded subsets of X.
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Assume that H be the Pompeiu-Hausdorff metric on C'B(X) defined by

H(A, B) = max{supd(z, B),supd(y, A)},
€A yeB

for all A,B € CB(X), where d(x, B) = infycpd(z,y). An element x €
X is said to be a fixed point of a multi-valued mapping T : X —
CB(X) whenever x € Tz. It is said that T : X — C'B(X) is contractive
whenever H(Tx,Ty) < kd(z,y) for all z,y € X, where k € [0,1). If
k =1, then T is called a nonexpansive multivalued mapping. Nadler [11]
proved the existence of fixed point for contractive multivalued mappings.

Lemma 2.2. [17] If {a,} be a nonincreasing sequence of nonnegative

real numbers, then the sequence {-—22t%ntl

m} s nonincreasing too.
n n

Corollary 2.3. Let (X,d) be a b-metric space and f : X — X be a
nonezpansive mapping. If xg € X and {x,} be a Picard sequence starting
with xg, that is, x, = fx,_1 for all n € N, then, the sequence

d(l'n—ly xn) + d(xna xn—l—l)
d(xnfla xn) + d(xna $n+1) +1

}

1§ monincreasing too.

3. Fixed Point Results for Nonexpansive Self-
Mappings

We prove some results for single-valued mappings defined on a b-metric
space endowed with an arbitrary binary relation. Let X be a nonempty
set, f: X — X be a mapping and R be a binary relation on X, that is,
R is a subset of X x X. Then, R is Banach f-invariant if (fz, f?z) €
R, whenever (x, fr) € R. Also, a subset Y of X is well ordered with
respect to R if for all z,y € Y we have (z,y) € R or (y,z) € R. Let
Fiz(f) ={zx € X : z = fz} denotes the set of all fixed points of f on X.

Theorem 3.1. Let (X,d) be a complete b-metric space with parameter
s > 1 endowed with a binary relation R on X and f : X — X be a
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nonexrpansive mapping such that

d(z, fy) + d(y, fz)
WD < (Rate 7o) + dty, fu) + 1
for all (x,y) € R, where k € [0,1). Also assume that

+k)d(z,y) (1)

(a) R is Banach f -invariant,

(b) if {xn} is a sequence in X such that (xp_1,2z,) € R for alln € N
and T, — z € X as n — o0, then (ry,—1,2) € R, for alln € N;

(c) Fixz(f) is well ordered with respect to R.
Let there exists xy € X such that (zo, fro) € R and \s < 1, where

d(zo, fxo) + d(fxo; f2x0) Tk
d(xo, fxo) + d(fxo; f2xo) +1

A pu—
Then,
(i) f has at least one fized point z € X,

(ii) the Picard sequence of initial point xo € X converges to a fized
point of f,

(iii) if z,w € X are two distinct fixed points of f, then d(z,w) > sgk.

Proof. Let xy € X be such that (zg, fzo) € R, As < 1 and let {z,} be
a Picard sequence with initial point xg. If x,_1 = x, for some n € N,
then z,_1 is a fixed point of f and the existence of a fixed point is
proved. Now, we suppose that z,_1 # x,, for all n € N. From (z9,z1) =
(x0, fro) € R, since R is Banach f-invariant, we deduce that (z1,x2) =
(fxo, f?9) € R. This implies that (z,_1,7,) = (f* 1xg, ffr0) € R
for all n € N. Using the contractive condition (1) with x = z,_; and
Y = Tp, Wwe get

d(xn—1,fxn)+d(xn,fTn—
o) = o, o) < (ltefodilontied o b, 1,0

( d(xn—l,xn+1) )+1] + ]{J)d(ffnfla ’In)

sld(zn—1,2n)+d(Tn,Tny1

d(:l?n, ,LEn)‘l'd(mn,mn )
< ([d(xn—l,1£Cn)+d(xn>$n+51+1] + k)d(l’n_l, xn) (2)

for all n € N. From (2), by Corollary 2.3, we get
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d(xp— ,Tn d Tn,Tn
dlan o) < (bt ety + F)d@n-1,20)
d(zo,z1)+d(z1,22)
< ([d(:co,(j’cl)l—i—d(xl,lng—i-l] + k')d(l'n—la xn) (3)
= Ad(xnflaxn)a

for all n € N. Thus, for any m,n € N with m > n, we have

sld(@n, Tnt1) + d(Tnt1, Tm)]

sd(Tn, Tpy1) + SPd(Tpy1, Tngo) + o+ 8T (T 1, Tn)
S S (Tt Tngd) < iy ST (g, 1)

= A" d(wg, @) T (s’

= X" Ud(zg, 21)(As) " 7 (As)?

= d(wo,x1)s' L (Ns)' (4)

d(zp, )

NN

As As < 1 and s > 1, the last term in the above tends to zero, as
m,n — oo. Thus, {z,} is a Cauchy sequence. Since (X, d) is complete,
there exists z € X such that z,, — z. Now we show that z is a fixed
point of f. By assumption (b), we deduce that (x,,z) € R. So, by (1),
we have

d(wns1, f2) = d(fzn, f2) < (ueiitasls + kde, 2)

_ d(zn,fz)+d(z,2n
- (S[d(inﬁn-‘,—)ﬂfd(z,f;%ll} + k‘)d(ﬂ?n, )

(5)
Taking limit as n — oo, in the above inequality, we get d(z, fz) <
0. Thus, d(z, fz) = 0, that is z = fz. Thus (i) and (ii) hold. Now, let
z,w are two distinct fixed points of f. Then, we have
d(z, fu) +d(w, 2) +
s

d(z,w) = d(fz, fw) < (

Sy . —k
which implies that d(z,w) > *5*. O

)d(z, w),

Also, we can prove the following result with a weaker contractive condi-
tion.
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Theorem 3.2. Let (X,d) be a complete b-metric space with parameter
s > 1 endowed with a binary relation R on X and f : X — X be a
nonexpansive mapping such that

d(z, fy) +d(y, fz)
[d(z, fz) + d(y, fy) + 1]

(. fy) < (- + R)d(a,y) + Ld(y. f2) (6)

for all (z,y) € R, where k € [0,1) and L is a nonnegative real num-
ber. Also, assume that

(a) R is Banach f-invariant,

(b) if {xn} is a sequence in X such that (xp—1,2,) € R for alln € N
and x, — z € X asn — oo, then (rp_1,2) € R, for alln € N;

(¢) Fix(f) is well ordered with respect to R.

Let there exists xog € X such that (xg, fro) € R and As < 1, where

d(zo, fx0) 4 d(fxo; f2x0)

A= d(wo, fro) + d(fxo; f220) + 1

+ k.

Then,
(i) f has at least one fized point z € X,

(ii) the Picard sequence with initial point xo € X converges to a fized

point of f,
(iii) if z,w € X are two distinct fized points of f, then d(z,w) >
maX{W,O}.

Proof. Let xy € X be such that (zg, fzg) € R, As < 1 and let {z,,} be
a Picard sequence with initial point xg. If x,_1 = x, for some n € N,
then z,_1 is a fixed point of f and the existence of a fixed point is
proved. Now, we suppose that x,_1 # z,, for all n € N. From (xg,z1) =
(zo, fxo) € R, since R is Banach f-invariant, we deduce (z1,x2) =
(fzo, f2r9) € R. This implies that (z,_1,7,) = (f" 120, ff20) € R
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for all n € N. Using the contractive condition (6) with z = z,,—1 and
Y = Ty, We get

d(xmx‘n+1) _ d(f.fL’n_h fmn) < (g[d((iiin_i}j;i"_)j;j—(dx(’;ig};;l)l'l] + k)d(xn—la fﬁn) + Ld(xmxn)
_ d(Tn—1,Znt1)
- (S[d(In—l1xn)+1d(x::zn+1)+1] + k)d(xn717xn)
d(zn—1,20)+d(Tn,Tni1)
< @t tdmani ) T R)AEn-1,20)

for all n € N. As in the proof of Theorem 3.1, {z,,} is a Cauchy sequence.
Since (X, d) is complete, there exists z € X such that x,, — z. Now we
show that z is a fixed point of f. By assumption (b), we deduce that
(Zn, z) € R. So, by (6), we have

d(wni1, £2) = d(frn, f2) < (sEsfael s + kd(z,, ) + Ld(z,, 2)

Tn,f2)+d(z,2n
= (s[dc(i.gtn,xiﬁj;%»(d(z,f;%ll] + k)d(xny Z) + Ld(fEn, Z).
(7)

Taking limit as n — oo in the above inequality, we get d(z, fz) <

0. Thus, d(z, fz) = 0, that is z = fz. Thus, (i) and (ii) hold. Now,

let z,w are two distinct fixed points of f. Then, we have

d(z, fw) + d(w, fz) + k
s

d(z,w) = d(fz, fw) <(

Yd(z,w) + Ld(z,w),

which implies that d(z,w) > 23=E=F Thys, (iii) holds. [

Putting R = X x X in Theorems 3.1 and 3.2, we obtain the following
results in b-metric spaces:

Theorem 3.3. Let (X,d) be a complete b-metric space with parameter
s>1andlet f: X — X be a nonexpansive mapping such that

d(z, fy) +d(y, fz)
[d(z, fx) +d(y, fy) + 1]

for all x,y € X, where k € [0,1). Assume that there exists xo € X such
that As < 1, where

(. f) < (- + k)d(,y)

\ = d(zo, fxo) + d(fxo; f2ao) Lk
d(xo, fro) + d(fxo; f2xo)+1
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Then,
(i) f has at least one fized point z € X,

(ii) the Picard sequence with initial point xo € X converges to a fized
point of f,

(iii) if z,w € X are two distinct fized points of f, then d(z,w) > Sgk.

Theorem 3.4. Let (X,d) be a complete b-metric space with parameter
s>1andlet f: X — X be a nonexpansive mapping such that

d(z, fy) +d(y, fz)
[d(z, fz) +d(y, fy) + 1]

for all (x,y) € X, where k € [0,1) and L is a nonnegative real number.

d(fz, fy) < (S + k)d(z,y) + Ld(y, fz)

Let there exists xg € X such that As < 1, where

d(xo, fxo) + d(fxo, fx0) Lk

A= d(l‘()7f$())+d(fﬂf0,f2$0)+1 .

Then,
(i) f has at least one fized point z € X,

(ii) the Picard sequence with initial point xo € X converges to a fized

point of f,
(iii) if z,w € X are two distinct fived points of f, then d(z,w) >
max{w,()}.

Example 3.5. Let X = [0,1]U[2,00) and d : X x X :— [0, 00) be defined

T+le ifxefo,1],

(a2 . _
by d(z,y) = (x—y)*. Define f : X — X by fz {Z‘Féw if v €2 00).

It is clear that (X, d) is a complete b-metric space with parameter s = 2
and f is nonexpansive. Also, if z,y € [0,1] or z,y € [%, 00), then

]

N |

d(fz, fy) = %(1‘ —y)? <
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If 2 €[0,1] and y € [, 00), then

d(z, fy) +d(y, fz) 3
ST, fo) + dly Jy) + 1]~ 4° (8)

In fact,

d(z,fy)+d(y,fz) 3
sld(z, fx)+d(y,fy)+1] = 4
1

(e—5-39)°+W—3-3
[(z—5—32)%+(y—7—39)2+1]

207+ 205 + )2 —da(5 + Jy) + 202 + 2(5 + 32)% — 4y (5 + L)
> 322 +3(5 + 22)% —62(3 + 32) + 3y +3(5 + 3y)2 — 6y(53 + 3y) + 3

—

\Y
N

> T2® + 7y? — 162y — 10z + 17y > T
=Ty —2)?+17y > 8B + W 4 22(y +5). (9)

Since (y —z) > 3, thus 7(y — 2)? > %. It is sufficient to show that
17y > Y + 22(y + 5). Now, since = < 1, it is sufficient to show 17y >
1L+ 2(y +5) or equally y > 21 which is desired. Thus, (7) holds. Now
d(fz, fy) = (3+3y—3-32)°

= G+i-o)

d(z,fy)+d(y,fz) 1
< (e forrdy.fon + 24 y).

Also, for k = i and o = é, we have
d(wo, fxo) +d(fxo, [*z0) 245 1

A = —_— T
d(xg, fro) + d(fxo, f2xo) + 1 1269 ' 4

Therefore, As = (555 + )2 = 555 + 3 < 1. Thus, all of the conditions
of Theorem 3.3 are satisfied and so T" has a fixed point. Here, z = 1 and
w = % are two fixed points of f. Also,

5
d(z,w) = (1 - 5)2 =

9

i

47 8 2 2
Note that f is not a contraction. In fact, d(f1, f53) = d(1, 3).
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Let (X,d) be a b-metric space and < be an order on X. Then, the
triple (X, d, <) is called a partial ordered b-metric space. Then, two
elements z,y € X are called comparable if z < y or y = z. Also,
(X,d, =) is called regular if for any nondecreasing sequence {x,} in X
such that z,, — z € X as n — oo, then x,, < z, for all n € N. Note that
R = {(x,y) : x = y} is a binary relation on X. Also, if f: X — X be
nondecreasing, then R is Banach f-invariant.

Theorem 3.6. Let (X, d, <) be a complete ordered b-metric space with
parameter s > 1 and f : X — X be a nonexpansive nondecreasing
mapping such that

d(z, fy) +d(y, fx)
[d(z, fz) + d(y, fy) + 1]

for all comparable elements x,y € X, where k € [0,1). Also assume that

Az, fy) < (- + k)d(a,y)

(a) (X,d, =) is regular,
(b) Fix(f) is well ordered with respect to <.

Let there exists xg € X such that xg = fxg and As < 1, where

d(xo, fxo) + d(fxo; f220)

(w0, fxo) + d(fro; f220) +1 o

)\:d

Then,
(i) f has at least one fized point z € X,

(ii) the Picard sequence with initial point xo € X converges to a fized
point of f,

(iii) if z,w € X are two distinct fized points of f, then d(z,w) > Sgk.

Theorem 3.7. Let (X,d, =) be a complete ordered b-metric space with
parameter s > 1 and f : X — X be a nonexpansive nondecreasing
mapping such that

d(z, fy) +d(y, fz)
[d(z, fz) + d(y, fy) + 1]
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for all comparable elements x,y € X, where k € [0,1) and L is a non-
negative real number. Also assume that

(a) (X,d, =) is regular,
(b) Fix(f) is well ordered with respect to <.
Let there exists xg € X such that zo < fxrg and As < 1, where

d(xo, fx0) + d(fxo; f2x0)

A= d(zo, fro) + d(fxo; f2x0) + 1

+ k.

Then,
(i) f has at least one fized point z € X,

(i) the Picard sequence with initial point xo € X converges to a fized
point of f,

(iii) if z,w € X are two distinct fived points of f, then d(z,w) >
s(1—L)—k
.

4. Fixed Point Results for Nonexpansive Multi-
Valued Mappings

In this section, we give some fixed point results for nonexpansive multi-
valued mappings in b-metric spaces. Let (X, d) be a b-metric space and
K (X) be the set of all nonempty compact subsets of X.

Definition 4.1. Let R be a binary relation on X. Then, R is called
Banach T-invariant if for any x € X and y € Tx with (xz,y) € R, then
we have (y,z) € R for all z € Ty.

Note that if T be a single-valued mapping, then Definition 4.1 reduces
to the definition of f-invariant for single-valued mappings.

Theorem 4.2. Let (X,d) be a complete b-metric space with parameter
s > 1 endowed with a binary relation R on X and T : X — K(X) be a
nonexpansive multi-valued mapping such that
d(z,Ty) + d(y, Tx)
sld(xz, Tx) + d(y, Ty) + 1]
for all (x,y) € R, where k € [0,1). Also, assume that

H(Tz,Ty) < ( +k)d(z,y) (11)
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(a) R is Banach T-invariant,

(b) if {xzn} is a sequence in X such that (xn—1,2,) € R for alln € N
and x, — z € X asn — oo, then (rp_1,2) € R, for alln € N;

Let there ezists xg € X and x1 € Txg such that (xo,x1) € R, d(zo, 1) =
d(xo,Txo) and A\s < 1, where

d(zg, 21) + d(z1, Tx1)
d(zo,x1) + d(x1, Tx1) + 1
Then, T has at least one fized point z € X.

A\ =

+ k.

Proof. Let g € X and x; € Tz be such that (zo,z1) € R, d(xg,x1) =
d(xo,Tzg) and As < 1. Since Tz is compact, there exists o € Tz such
that d(ml, xg) = d(azl, Txl).

From (zg,z1) € R, since R is Banach T-invariant, we get (x1,z2) €
R. Continuing this process, we have a sequence {x,} in X, such that
(Tp—1,2n) € R, 2y, € Txp_1 and d(zp—1,2,) = d(xp_1,Txy_1) for all
n € N. Since T' is nonexpansine, we have d(zy, Tn1+1) = d(zp, T2y) <
H(Tzp—1,Txy,) < d(xp—1,2y). Thus, by Corollary 2.3,

d(m’n*ly xn) + d(l‘n, xn+1)
d(l'nfh xn) + d(xna xn+1) +1

is nonincreasing. Using the contractive condition (11) with x = x,_1
and y = z,, we get
d(xp, xne1) = d(zn,Txy) < H(Tzp—1,Txy)

d(xp—1,TTn)+d(Tn,TTn_1)
< (s[d(g(cn,liTrnfl)+d(wn,Tmn3+1} + k)d($n_1,xn)

d(Ty—1,Tn+1)
e rdir e T kd(@n—1, zn)

(12)

d Tn—1,Tn +d Tn,Tn )
g ( [d(m(nfliﬂn)ld(w(n,anrf)l—&-l] + k)d(xn—lv CCn)

for all n € N. Thus, we get
d(xpn_ ,Tn d Tn , Tn
d(wn,en1) < (gskBltietenl, 4 k)d(e, 1, z,)

d(xg,r1)+d(x1,x
< ( [d(w(o,0x1)14)rd(z(1 ,1mg)2J)rl] + k)d<$n_17 xn) (13)

- )\d(ﬂ?n_l,{lfn),
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for all n € N. Thus, as in Theorem 3.1, {x,} is a Cauchy sequence. Since
(X,d) is complete, there exists z € X such that x, — z. Now, we
show that z is a fixed point of 7. By assumption (b), we deduce that

(Tn,2) € R. So, by (11), we have
d(z,T2) sld(z, xnt1) + d(zng1, T72)]
sd(z,xpy1) + sH(Txy, Tz) ”
d(z, 00 41) + (sl aET) L kYd(a,, 2) (14)
(

d(xp,T2)+d(z,xn
= Sd z $n+1 + ([d(lgn,xn+1);_+((i(Z,T:)l<|)>l] + k)d(xn, Z).

IN NN

»

Taking limit as n — oo, in the above inequality, we get d(z,Tz) <
0. Thus, d(z,Tz) =0, that is, z € Tz. O

Also, we can prove the following result for nonexpansive multi-valued
mapping with a weaker contractive condition.

Theorem 4.3. Let (X,d) be a complete b-metric space with parameter
s > 1 endowed with a binary relation R on X and T : X — K(X) be a
nonexpansive multi-valued mapping such that

d(z,Ty) + d(y, Tx)
sld(z,Tx) + d(y, Ty) + 1]

H(Tz,Ty) < ( +k)d(z,y) + Ld(z,y) (15)

for all (z,y) € R, where k € [0,1) and L is a nonnegative real num-
ber. Also, assume that

(a) R is Banach T-invariant,

(b) if {xn} is a sequence in X such that (xp—1,2,) € R for alln € N
and x, — z € X asn — oo, then (zp—1,2) € R, for alln € N;

Let there exists xy € X, x1 € Txg such that (zg,z1) € R, d(xo,z1) =
d(zo,Txo) and As < 1, where

d(xo, 1) + d(x1, T71)

=
d(xo,x1) +d(z1,Tz1) + 1

+ k.

Then, T has at least one fized point z € X.

Putting R = X x X in Theorems 4.2 and 4.3, we obtain the following
results in b-metric spaces:
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Theorem 4.4. Let (X,d) be a complete b-metric space with parameter
s>1andT: X — K(X) be a nonexpansive multi-valued mapping such

that
d(z,Ty) + d(y, Tx)

sld(xz, Tz) + d(y, Ty) + 1]
for all x,y € X, where k € [0,1). Assume that there exists o € X and
x1 € Txg such that d(xg,x1) = d(zo, Txo) and As < 1, where

H(Tz,Ty) < ( + k)d(z,y)

d(xo, 1) + d(x1, T21) T

A= .
d(zg,x1) + d(x1, Tz1) + 1

Then, T has at least one fized point z € X.

Theorem 4.5. Let (X,d) be a complete b-metric space with parameter
s>1and T : X — K(X) be a nonexpansive multi-valued mapping such
that

d(z,Ty) + d(y, Tx)
sld(z, Tx) + d(y, Ty) + 1]

H(Tz,Ty) < ( + k)d(z,y) + Ld(z,y)

for all x,y € X, where k € [0,1) and L is a nonnegative real num-
ber. Assume that there exists xg € X and 1 € Txg such that d(xg, 1) =
d(zo,Txo) and \s < 1, where

d(zo, 1) + d(x1, Tx1) k

A= .
d(zo,x1) +d(z1,Tz1) + 1

Then, T has at least one fized point z € X.

Example 4.6. Let X = [0,1] U [5,00) and let d : X x X :— [0,00) be

defined by d(z,y) = (z — y)%. Define T : X — K(X) by

1 1 i
Ty — [§+§{L‘71]71.fx€[0’1’
= BT i e

It is clear that (X, d) is a complete b-metric space with parameter s = 2
and T is nonexpansive. Also, if z,y € [0,1] or z,y € [%, 00), then

]

N |

1
H(Tz,Ty) = (2~ y)? <
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If 2 € [0,1] and y € [3, 00), then

d(z,Ty) +d(y, Tx) S 3
sld(x, Tx) +d(y, Ty) +1] ~ 4

Now,
H(Tz,Ty) = max{3 -1 -1z 1+ %y 1
= max{2 - 52,5y})* < (§ + 3)(y — 2)?
1)

d(z,Ty)+d(y,Tx)
< (s[d(;v,T:v)+d(y,Ty)+1] +

Also, for k = % and zg = %, d(xo, Txo) = d(% 3. Thus, with 2; = 1%

N

we have

5= d(xo,x1) + d(z1,T21) k= 245 1

 d(wg, 1) +d(x1, Txy) + 1 1269 4°
Therefore, As = (&5 + 1)2 = 15 + 5 < 1. Thus, all of the conditions
of Theorem 4.4 are satisfied and so T" has a fixed point. Here, z = 1 and
w = % are two fixed points of T'. Also,
5 9 7 2-1 sk

Note that 7" is not a contraction. In fact, H(T1,T3) = d(1, 3).

Theorem 4.7. Let (X, d, =) be a complete ordered b-metric space with
parameter s > 1 and T : X — K(X) be a nonexpansive multi-valued
mapping such that

d(xz,Ty) + d(y, Tz)

H(Tz,Ty) < (s[d(ac, Tx)+d(y, Ty) + 1]

+k)d(z,y)

for all comparable elements x,y € X, where k € [0,1). Also, assume that

(a) for any x € X and y € Tx with x <y, then we have y = z for all
z€e€Ty.

(b) (X,d, =) is regular,
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Let there exists g € X and x1 € Txg such that d(zg, Txo) = d(xg,x1),
xo X 1 and As < 1, where

d(xo,x1) + d(x1, Tx1) Tk

A= .
d(l‘o,xl) + d(ml,T:cl) +1

Then, T has at least one fixed point z € X.

Theorem 4.8. Let (X,d, X) be a complete ordered b-metric space with
parameter s > 1 and T : X — K(X) be a nonexpansive multi-valued
mapping such that

d(z,Ty) + d(y, Tx)
sld(z, Tz) + d(y, Ty) + 1]

H(Tz,Ty) < ( + k)d(z,y) + Ld(z,y)

for all comparable elements x,y € X, where k € [0,1) and L is a non-
negative real number. Also, assume that

(a) for any x € X and y € Tx with x <y, then we have y = z for all
z €Ty,

(b) (X,d, =) is regular.

Let there exists g € X and x1 € Txg such that d(zg, Txo) = d(xg,x1),
xo X1 and As < 1, where

d(wo,l'l) +d(331,T$1) —i—k‘

A= .
d(xo,.%'l) + d(ml,Txl) +1

Then, T has at least one fixed point z € X.
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