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Abstract. In this paper, we classify translation surfaces of Typel
in the three dimensional semi- isotropic space SI® under the condition
Al = Aiz;, where A7’ denotes the Laplacian of the surface with re-
spect to the first, the second and the third fundamental forms. We also
give explicit forms of these surfaces.
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1. Introduction

A surface that arises when a curve a(u) is translated over another curve
B(v), is called a translation surface. A translation surface can be de-
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fined as the sum of the two generating curves a(u) and ((v). Therefore,
translation surfaces are made up of quadrilateral, that is, four sided,
facets. Because of this property, translation surfaces are used in architec-
ture to design and construct free-form glass roofing structures. A trans-
lation surface in a Euclidean 3-space E3 formed by translating two curves
lying in orthogonal planes is the graph of a function z(u,v) = f(u)+g(v),
where f(u) and g(v) are smooth functions on some interval of R ([1,11]).
In 1835, H. F. Scherk studied translation surfaces in E3 defined as graph

of the function z(u,v) = f(u) + g(v) and he proved that, besides the
planes, the only minimal translation surfaces are the surfaces given by

1

2, 0) = Lo cos(au)

1 1
= — log |cos(au)| — = log |cos(av)],
a a

cos(av)

where a is a non-zero constant. These surfaces are now referred as
Scherk’s minimal surfaces ([19]).

Translation surfaces have been investigated from various viewpoints by
many differential geometers. Liu described translation surfaces having
constant Gaussian and mean curvature in the Euclidean and Minkowski
space ([14]). Goemans proved classification theorems of Weingarten trans
lation surfaces ([11]). Baba-Hamed, Bekkar and Zoubir studied coor-
dinate finite type translation surfaces in a 3-dimensional Minkowski
space ([5]). Yoon classified coordinate finite type translation surfaces
in a 3-dimensional Galilean space ([19]). Bekkar and Senoussi studied
the translation surfaces in the 3-dimensional Euclidean and Lorentz-
Minkowski space under the condition

I
ATy = iy,

([6]). Cakmak, Karacan, Kiziltug and Yoon studied the translation sur-
faces in the 3-dimensional Galilean space under the condition

11
AYX; = NiXg,

([10]). Sipus described translation surfaces in a simply isotropic space
having constant isotropic Gaussian or mean curvature ([17]). Aydin stud-
ied the translation surfaces generated by a space curve and a planar
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curve in the isotropic 3-space I3 ([4]). Bukcu, Karacan and Yoon classi-
fied translation surfaces of Type 1 and Type 2 that satisfy the condition

LILIT, _
A X; = \iXj,

in the 3-dimensional simply isotropic space ([8,9,13]). Aydin defined
semi-isotropic space SI® which is Lorentz-Minkowski version of the isotropic
space ([2,3]).

In this work, we describe the translation surfaces of Type 1 that satisfy
the conditions ATy, — \ix; A\ € R.

2. Preliminaries

The semi-isotropic space SI? is an a affine 3-space R? endowed with the
(semi-) norm defined as

(u1)2 + (u2)2 , if up#0orug#0

ug if uy = up =0, u=(uy,u,uz) € SI°.

lull =

The group of motions of SI® is based a six-parameter group Gg of affine
transformations (z,y,z) — (2/,y/,2'),

' = a+ xcoshp + ysinh ¢
y' = b+ xsinh p + ycosh ¢ (1)
Z=c+dr+ey+ 2z

where a, b, c,d, p € R. We call such transformations semi-isotropic con-
gruence transformations or (s — i)-motions. Note that (s — i)-motions
are the composition an affine shear transformation in z-direction and
a Lorentzian motion in zy—plane. By a Lorentzian motion, we mean a
translation and the following Lorentzian rotation

coshp sinhy
sinh coshy /)’

which is one of the four kind isometries of the Lorentz-Minkowski plane
R%. In the sequel, many of metric properties in semi-isotropic geometry
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(invariants under (1)) are Lorentzian invariants in their projections onto
2

Rl-

The semi-isotropic scalar product between two vectors u = (u1, ug, us)

and v = (vy,ve,v3) € SI? is given by

(,0) { u1v1 — uovy , if at least one of u; or v; is non zero, i = 1,2
u,v) =

ugvg , ifu;=v;=0,1i=1,2.
The vector product in the sense of semi-isotropic space is

€1 —€2 0
U Xv=| U U9 us |,
U1 V2 U3

for e; = (1,0,0) and e = (0,1,0). It can be easily check that
(u X v,w) = det (u,v,w),

where @ denotes the canonical projection of w onto R?. We call the
vectors of the form u = (0,0, u3) in SI? isotropic vectors and ones of the
form u = (u # 0,u3) in SI® non-isotropic vectors. A vector u € SI® is
called spacelike, timelike and null (or lightlike) respectively if (u,u) > 0
oru =0, (u,u) < 0and (u,u) =0 (u # 0), respectively. We remark that
only non-isotropic vectors have causal character which is the property
to be spacelike, timelike or null.

The set of all null vectors of SI® is called null-cone, i.e.,
C:{(z,y,2) € SIB| 22 — ¢% = 0} —{0e S]I?’}.
Timelike-cone is the set of all timelike vectors of SI?,
T:{(z,y,2) € SP| 22 — 2 < 0}.

The semi-isotropic angle of two timelike non-isotropic vectors u,v €
SI? lying in the same timelike-cone is defined as the Lorentzian angle
between their projections onto R?, i.e.,

(u,v) = = [[ul| [[v]| cosh .
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For a spacelike plane I'" determined by the non-isotropic vectors u, v the
induced metric on I' is positive definite and hence the angle between u
and v is the usual Euclidean angle between u and v.

Note that all isotropic vectors are orthonogal to non-isotropic ones. Fur-
ther, two non-isotropic vectors u, v in SI® are orthonogal if (u,v) = 0. Let
M be a surface immersed in SI? without isotropic tangent planes. Then
we call such a surface admissible. Denote g the metric on M induced
from SI®. The surface M is said to be spacelike (resp. timelike, null ) if
g is positive definite (resp.a metric with index 1, degenerate).

Throughout this paper we consider only spacelike and timelike admissi-
ble surfaces in SI®. Assume that M has a local parameterization in SI®
as follows

x:D CR*5SI 1 (ug,up) — (x (u1, u) ,y (u1, ug) , 2 (u1, up)) .

If (gs5) is the matrical expression of g with respect to the basis {xy, , Xy, },
then we have

ox

Gij = (Xui,xuj>, Xy, = Bu’ 1,7 =1,2.

The metric g is positive definite if and only if det(g;;) > 0. If the surface
M is timelike then det (g;;) < 0. If M is a graph surface in SI® of the
form

x (ug,u2) = (ug,uz, z (ug, u2)) (2)
then the metric on M induced from SI® is g = du? — du? and it always
becomes a at timelike surface. So, its Laplacian turns to

0? 0?
The unit normal vector field of M is the isotropic vector (0,0,1) since
it is perpendicular to all non-isotropic vectors. The coefficients of the
second fundamental form are

P det (Xul’XU‘Q’Xu’iuj) X _ a2x Z ] —1.92
1] - det (glj) I Ui U 8U7,au‘77 ’ 9 S
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For the surfaces of the form (2), these coefficients are

0%z o
hij == Rugu; = m, 1,j =1,2.

Thus the semi-relative curvature and the semi-isotropic mean curvature

of M are defined by
det(hij)

K — —SSN)
det(gi;)

and
_guihae — 2g12h12 + g22hny

H =
2d6t(gi]’) ’

where € = sgn(det(g;;)),respectively. We call a surface semi-isotropic flat
or (s —i)-flat (resp. semi-isotropic minimal or (s — 7)-minimal) in SI? if
K (resp. H) vanishes ([2, 3]).

It is well known in terms of local coordinates {u,v} of M the Laplacian
operators AT, AT AHI of the first, the second and the third funda-
mental forms on M are defined by ([5, 6, 7, 9, 12, 13, 16])

8@ ( g22Xu—g12Xu )
1 E —?
AIX _ \/’911922 912’ (3)

2
g11922 — g _0 | _g12Xu—g11Xe
‘ 12| = \/\911922—gf2\
a@ ( haoXy—hioXy )
AIIX _ _ 1 U \/|h11h22—h%2| , (4)
|hithos — By| | _ 0 [ _hasxu—huix,
O\ J|hihas—h3, |
and
0 Zxy—Y Xy
AllL, 1 u (h11h22—h%2)\/’911922—9f2|
- )
hithas — b3\ /911922 — g% ,a@ Yy~ XXy
v

(h11h22—h%2)\/|911922—Q%2‘

(5)
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where
X = guhiy —2g12h11h12 + gaohiy,
Y = giihishos — gi2hi1hos + gashi1hia — giahis,
Z = gahiy —2gi2hashiz + gi1h3,.

2.1 Translation surfaces in SI®

In order to describe the semi-isotropic analogues of translation surfaces
of constant curvatures, we consider translation surfaces obtained by
translating two planar curves. The local surface parametrization is given

by

x(u,v) = a(u) + 5(v). (6)
Therefore, the obtained translation surfaces allow the following parametriza-
tions:

Type 1: The surface M is parametrized by

x(u,v) = (u, v, f(u) + g(v)), (7)
and the translated curves are a(u) = (u, 0, f(u)), B(v) = (0,v,g(v)).
Type 2: The surface M is parametrized by

x(u,v) = (u, f(u) + g(v),v), (8)

and the translated curves are a(u) = (u, f(u),0), B(v) = (0,g(v),v). In
order to obtain admissible surfaces, ¢'(v) # 0is assumed (i.e. g(v) #const.).

Type 3: The surface M is parametrized by

X(u,v):%(f(u)—l—g(v),u—v%-ﬂ,u—i-v), 9)
and the translated curves are
o(w) = ¢ (Fwyu+ Tu—T).80) = (90). 5 — 0.7 +0)
2 ) 2’ 2 ) g b 2 ) 2 *

In order to obtain admissible surfaces, f’(u) + ¢’(v) # 0 is assumed
(i.e. f'(u) # —g'(v) = a =constant.) ( [17]).
In this paper, we will investigate the translation surface of Type 1 in
the three dimensional semi-isotropic space.
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3. Translation Surfaces of Type 1 Satisfying
AIXZ': )\iXi
In this section, we classify translation surface in SI® satisfying the equa-

tion
AIXZ‘: /\ixi, (10)

where \;€R, i=1,2,3 and
Alx = (Ale,AIXQ,AIX3) ) (11)

where
X1 =U, X2 =0, X3 = f(u) +g<’U)

For the translation surface given by (7), the coefficients of the first and
second fundamental forms are

g11 = 1,912 = 0,920 = —1, (12)

hi1 = f", h1a = 0,haa = 4", (13)

respectively. Since gi11g22 — g% < 0, translation surface of Type 1 is
timelike. The semi relative Gaussian curvature K and the semi- isotropic
mean curvature H are

")~ g"(v)

K = —f"(u)g"(v), H =,

(14)

respectively. By a straightforward computation, the Laplacian operator
on M with the help of (3), (11) and (12) turns out to be

Alx; = (0,0, f"(u) — g"(v)) - (15)
Suppose that M satisfies (10). Then from (15), we have
(f"(w) = g"(v)) = A(f(u) +g(v)), (16)

where A € R. This means that M is at most of 1-type. We discuss two
cases according to constant \. First of all, we assume that M satisfies
the condition Alx; = 0. We call a surface satisfying that condition a
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harmonic surface or semi-isotropic minimal. In this case, we get from
(16)

f'(u) = g"(v) = 0. (17)
Here u and v are independent variables, so each side of (17) must equal
to a constant, call it p. Hence, the two equations

ff=p=4" (18)
Thus we get
w2
f(u) =p5 taute,
2 (19)
g(v) = Py + c3v + 4.

where p, ¢; € R. In this case, M is parametrized by

u? v?
x(u,v) = <u, v, <p2 + ciu + 02> + <p2 + cgv + C4>> . (20)
In particular, if p =0, we have

f(u) = cru + e,

(21)
g(v) = cau + ¢y,
where ¢; € R. In this case, M is parametrized by
x(u,v) = (u,v, (cru+ c2) + (c3v + c4)) . (22)

Theorem 3.1. Let M be a translation surface given by (7) in SI3. If M
is harmonic or semi-isotropic minimal, then it is congruent to an open
part of the surface (20) or (22).

If A#0, from (16), we have
F(w) = Af(u) = g"(v) + Ag(v). (23)

Here u and v are independent variables, so each side of (23) is equal to
a constant, call it p. Hence, we have the two equations

f'(w) = Af(u) = p = g"(v) + Ag(v). (24)
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These equations are second order linear differential equations with con-
stant coefficients. We discuss two cases according to constant A.

Case 1: A > 0, from (24), we obtain

f(u) = Af(u) = p,
g"(v) + Ag(v) = p,

and
flu) = Py cretV> 4 0267“\&,
- (26)
g(v) = X + ez cos vV + cgsinvVA,

where A, ¢; # 0 € R. In this case, M is parametrized by

u,
v

x(u,v) = (_g F etV g cze_“ﬁ) . (27)
+ (§ + ¢3 cos vV + ¢4 8in vﬁ)

In particular, if p =0, we have

flu) = 16V 4 cpe VN,

(28)
g(v) = ez cos vV + ¢y sinvVA,

where ¢; € R. In this case, M is parametrized by

u?
/U7
x(u,v) = (cle“ﬁ + 62671“5) . (29)

+ (03 cos vV + ¢4 sin vﬁ)
Case 2: A < 0, from (23), we obtain

f(u) + Af(u) = p,
g"(v) = Ag(v) = p,
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and

flu) = B%—clcosuﬁ—i-@sinuﬁ,
A

g(v) = —g + 3™V o egemV A,
where A, ¢; # 0 € R. In this case, M is parametrized by
u?
/U7

x(u,v) = (% + ¢1 cosuv/A + ca sin Uﬁ)
+ (—§ + c3e?V A C4€_vm>

In particular, if p = 0, we have
f(u) = ¢ cosuv'\ + ¢ sinuv/\,

g(v) = 3V A 4 cpetV A

)

where ¢; € R. In this case, M is parametrized by

u,

U?
x(u,v) = (cl cos uV/\ + co sin uﬁ)
+ (Cgev\/j + C4€_v\/j)

147

(32)

(33)

(34)

Theorem 3.2. Let M be a non harmonic translation surface given by
(7) in the three dimensional semi-isotropic space SI?. If the surface M
satisfies the condition AYx;=\;x;, where \;€R, i=1,2, 3, then it is con-

gruent to an open part of the surfaces (27), (29), (32) or (34).

4. Translation Surfaces of Type 1 Satisfying

I,
A X;,= >\Z'Xi

In this section, we classify translation surfaces with non-degenerate sec-

ond fundamental form in SI?® satisfying the equation

Alx= \ix;,

(35)
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where \;€R, i=1,2,3 and
Allx = (AIIX1,AIIX2,AIIX3) ) (36)

By a straightforward computation, the Laplacian operator on M with
the help of (4), (14) and (36) turns out to be

" " " 11
AHXZ ( f//2’ g//2’_2+ff//2+gg//2>'
21" 2g 2f 29

(37)

The equation (35) by means of (37) gives rise to the following system of
ordinary differential equations

f//l
2f7 = >\1U, (38)
g///
QgT = )\Q'U, (39)
fl// g///
24 g = X )+ 4(0)). (10)

where A; € R. This means that M is at most of 3- types. Combining
equations (38), (39) and (40), we have

Muf — A3f — 2= —Xvg + A\3g. (41)

Here u and v are independent variables, so each side of (41) is equal to
a constant, call it p. Hence, we have the two equations

Muf —X3f —2=p=—Xvg + A\3g. (42)
Thus we get
2 A3
fw) = -2
A (43)
g(v) = — + vz,
A3

where for some constants ¢; # 0 and \; # 0. In particular, if p = 0,

then we have
2 Ao
flu) = —— 4+ cu’r,
A3 (44)
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We discuss seven cases according to constants A1, Ag, As.

Case 1: Let Ay =0, A2 # 0, \3 # 0, from (42), we obtain
XN f—-2=p= —)\Qvg’ + Asg.

This differential equations admit the solutions

_ 2+p
f(U)— )\3 9
A3

g(v) = crvde + 2
A3

where p,c; # 0 € R.
Case 2: Let Ay =0,\2 =0, A3 # 0, from (42), we obtain

—X3f —2=p=Asg.

We can get easily

where p € R.
Case 3: Let A\ =0, 2 # 0, A3 =0, from (42), we obtain
-2 =—\vg.

We can get easily
2logv

Ao

glv) = e +

149

(45)

(47)

(49)

(50)

where ¢; € R. Here, the function f(u) independent of selection of the

function g(v). We can choose the function f(u) as below
f(u) = cou® 4 csu + c4.
Case 4: Let A1 # 0, 2 =0, A\3 = 0, from (42), we obtain

Aluf/ —-2=0.

(51)

(52)
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Also, the general solution of (52) can be given by

2logu
A1

where ¢; € R. Here, the function g(v) independent of selection of the

flu)=c1 + (53)

function f(u). We can choose the function g(v) as below

g(v) = cov® + c3v + ¢4, (54)
Case 5: Let A\ # 0, Ay # 0, A3 = 0, from (42), we obtain

Muf —2=p=—-X\wg. (55)

Hence, the general solutions of (55) are given by

2+ p)logu
R
' (56)
plogv
g(U) =C2 — A\ )
2
where c1,c0,p € R .
Case 6: Let A\ # 0, Ay =0, A3 # 0, from (42), we obtain
Muf' = A3f —2=p=Asg. (57)
and its general solutions are
2 Az
flw) = =P 4 e,
’ (58)
g(v) = -,
A3

where c1,p € R.
Case 7: Let \j = Ay = A3 = 0, from (42), we obtain —2 = 0. We obtain
a contradiction.

The solutions (48) and (58) give a contradiction with our assumption
saying that the solution must be non-degenerate second fundamental
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form. The solutions (43), (44), (46) do not satisfy (38) and (39) simul-
taneously. The solutions (50), (51), (53), (54) and (56) satisfy (38) and
(39) simultaneously.

Definition 4.1. A surface in the three dimensional semi-isotropic space
SI? is said to be II—harmonic if it satisfies the condition AMx = 0.

Corollary 4.2. There is no II—harmonic translation surface of Type 1
given by (7) in the three dimensional semi- isotropic space SI®.

Theorem 4.3. Let M be a non II-harmonic translation surface of Type
1 with non-degenerate second fundamental form given by (7) in the three
dimensional semi-isotropic space SI®. If the surface M satisfies the con-
dition AU x;=\;x;, where \;€R, i=1,2,3, then it is congruent to an open
part of the following surfaces:

1
x(0) = (1,0, (eai? e+ ) + (e + 2550 ),
2

2logu
x(u,v) = (u,v, <01 + )\g > + (021)2 + c3u + 04)) ,
1

2 1 1
x(u,v) = | u,v, 614_% + CQ—pogU )
)\1 )\2

5. Translation Surfaces of Type 1 Satisfying
AHIXZ': )\iXZ'

or

In this section, we classify translation surface of Type 1 with non-
degenerate second fundamental form in SI® satisfying the equation

AHIXi: )\Z'XZ‘, (59)
where \;€R, 1=1,2,3 and

AL, _ (AIIIXhAIIIXZ’AIIIXS) ‘ (60)
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Using (60), the Laplacian of M can be expressed as follows

3,2 2 3 3 3
AIIIX _ (_f/// _|_g/// _f// g// + f// g// . f/g// f/// +g/f// g///
f//3 ) g//3 ’ f//3 g//3 ’

(61)
By using (59) and (61), we have the following equations

- (£5) = (62)

g"
<+//3> = Ao, (63)
g

_ f//3 g//2 + f//2 g//3 _ f/ g//3 f/// + g/ f//3 g///
f//3g//3 =3 (f(u) + g(’U)) ’ (64)

where A1, A2 and A3 € R. This means that M is at most of 3- types. Com-
bining equations (62), (63) and (64), we have

1 1
f’)\lu + P —M3f = —g,>\2U + ? + A3g. (65)

Here u and v are independent variables, so each side of (65) is equal to
constant, call it p. Hence, we have

1 1
' Au + F —Mf=p=—g v+ ? + Asg. (66)
If we choose p = 0, then we get
1 1
f'hu+ 7 A3f =0=—g'\pv+ 7 + A39, (67)

where ¢;, \; € R.

We discuss only one case according to constants A1, A2, A3. Because, there
are no any suitable solutions for the functions f(u) and g(v) satisfying
the equation A™x,;= \;x; in the other cases.

Case 1: Let A\; = A2 = A3 =0, from (62), (63) and (68), we obtain
f///(u) _ 07

. gm(’i) =0, (68)
=0.

Ty
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Their common solutions are given by

w2
flu) = —+cau+c

2p

2 (69)
g(v) = % + c3v + ¢4,

where ¢;, p € R. In this case, M is parametrized by

U2 ’U2 7
x(u,v) = (u,v, <2p+clu+cz> + <2p+03v+04>> ) (70)

Definition 5.1. A surface in the three dimensional semi-isotropic space
SI? is said to be IXI-harmonic if it satisfies the condition A™x = 0.

Theorem 5.2. Let M be a translation surface of Type 1 with non-
degenerate second fundamental form given by (7) in the three dimen-
sional semi-isotropic space SI>. The surface M satisfies the condition
AMx,=0, then it is congruent to an open part of the surface (74).

Theorem 5.3. (Classification)Let M be a translation surface of Type 1
with non-degenerate second fundamental form given by (7) in the three
dimensional semi-isotropic space SI®. There is no surface M satisfies
the condition AMx;=\;x;, where \;eR.
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