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1. Introduction

Let the class of functions of the form

f(z) = z +
∞∑

k=2

akz
k,

that are analytic in the unit disk D = {z : z ∈ C : |z| < 1} be denoted by A.
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Sǎlǎgean [7] introduced the differential operator Dnf, n ∈ N0 = 0, 1, 2, · · · for
functions f(z) belonging to class A of analytic functions in the unit disk D;

Dnf(z) = z +
∞∑

k=2

knakz
k.

The sigmoid function

h(z) =
1

1 + e−z

is differentiable and has the following properties:

1. It outputs real numbers between 0 and 1.

2. It maps a very large input domain to a small range of outputs.

3. It never loses information because it is a one-to-one function.

4. It increases monotonically.

Fadipe-Joseph et al. [4] studied the modified sigmoid function

G(z) =
2

1 + e−z
,

and obtained another series of the modified sigmoid function

G(z) = 1 +

( ∞∑
m=1

(−1)m

2m

( ∞∑
n=1

(−1)n

n!
zn

)m)
.

Definition 1.1. (Duren [3], Goodman [6]) Let f(z) = a0 + a1z+ a2z
2 + · · · be

analytic and univalent in a domain D and suppose g(z) ∈ D. If g(z) is analytic
in D, f(0) = g(0) and f(z) ⊂ g(z), then we say that f(z) is subordinate to
g(z) in D and it is denoted by

f(z) ≺ g(z).

Definition 1.2. A function f ∈ A is said to be in the class Gγ(n, µ, λ) : n ∈
N0,
µ > 1, 0 6 λ 6 1, if the following subordination holds

(1− λ)
(
Dnfγ(z)

z

)µ

+ λf ′γ(z)
(
Dnfγ(z)

z

)µ−1

≺ G(z). (1)
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Altinkaya and Yalcin [1] defined a subclass of univalent functions and obtained
coefficients expansion using Chebyshev polynomial. Also, Altinkaya and Yal-
cin [2] obtained the Faber polynomial coefficient bound for a subclass of bi-
univalent function. The definition of this class was motivated by their work.

Lemma 1.3. Let f(z) and g(z) be analytic in D and suppose that g(z) is
univalent in D. Then f(z) ≺ g(z) if and only if there exists a Schwarz function
ω(z) with the property |ω(z)| 6 |z| such that

f(z) = g(ω(z)).

1.1 Sǎlǎgean differential operator involving modified sig-
moid function

Consider the function

fγ(z) = z +
∞∑

k=2

γ(s)akz
k, (2)

where,

γ(s) =
2

1 + e−s
,

which are analytic and univalent in the unit disk. Then functions of the form
(2) belong to the class Aγ .

Let Dnfγ(z);n ∈ N0 = {0, 1, 2, · · · } denote the Sǎlǎgean differential operator
involving modified sigmoid function, then

D0fγ(z) = fγ(z),

D1fγ(z) = γ(s)zf ′γ(z),

...

Dnfγ(z) = γ(s)z(Dn−1fγ(z))′. (3)

Taking lims→0 γ(s) = 1, we have the Sǎlǎgean differential operator. (Fadipe-
Joseph et al. [5])

2. Main Results

Theorem 2.1. If f(z) belongs to the class Gγ(n, µ, λ) : n ∈ N0, µ > 1, 0 6 λ 6
1, then

|a2| 6
1

2(A+B)
,
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|a3| 6
1

2(A′ +B′)
+

D + E

4(A+B)2(A′ +B′)
,

|a4| 6
11

24(D′ + E′)
+

F +G

4(A+B)(A′ +B′)
+

(D + E)(F +G)
8(A+B)3(A′ +B′)

+
F ′ +G′

8(A+B)3
.

In particular, when

G(z) = 1 +

( ∞∑
m=1

(−1)m

2m

( ∞∑
n=1

(−1)n

n!
zn

)m)
.

Taking m = 1, we have

G(z) = 1 +
∞∑

n=1

cnz
n; cn =

(−1)n+1

2n!
.

If ω(z) = G(z)− 1, then

a2 =
1

4(A+B)
,

a3 =
−1

8(A′ +B′)
− D + E

16(A+B)2(A′ +B′)
,

a4 =
7

192(D′ + E′)
+

F +G

32(A+B)(A′ +B′)(D′ + E′)
,

+
(D + E)(F +G)

64(A+B)3(A′ +B′)(D′ + E′)
− F ′ +G′

64(A+B)3(D′ + E′)

where,
A = (1− λ)2nµγnµ+1(s),

B = λγn(µ−1)+1(s)(2n(µ− 1) + 2),

A′ = (1− λ)3nµγnµ+1(s),

B′ = λγn(µ−1)+1(s)(3n(µ− 1) + 3),

D = (1− λ)22nµ(µ− 1)
2!

γnµ+2(s),

E = λγn(µ−1)+2(s)
(

(µ− 1)(µ− 2)
2!

22n + 2n+1(µ− 1)
)
,

D′ = (1− λ)4nµγnµ+1(s),

E′ = λγn(µ−1)+1(s)(4n(µ− 1) + 4),
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F = (1− λ)2n+1 · 3nµ(µ− 1)
2!

γnµ+2(s),

G = λγn(µ−1)+2(s)
(

(µ− 1)(µ− 2)
2!

2n+1 · 3n + (µ− 1)(2 · 3n + 3 · 2n)
)
,

F ′ = (1− λ)23nµ(µ− 1)(µ− 2)
3!

γnµ+3(s),

G′ = λγn(µ−1)+3(s)
(

(µ− 1)(µ− 2)(µ− 3)
3!

23n +
(µ− 1)(µ− 2)

2!
22n+1

)
.

Proof. If f(z) ∈ Gγ(n, µ, λ) , then from (1)

(1− λ)
(
Dnfγ(z)

z

)µ

+ λf ′γ(z)
(
Dnfγ(z)

z

)µ−1

≺ G(z),

fγ(z) = z +
∞∑

k=2

γ(s)akz
k, (4)

where,

γ(s) =
2

1 + e−s
; s > 0,

fγ(z) = z + γ(s)(a2z
2 + a3z

3 + a4z
4 + a5z

5 + · · · ). (5)

From (3), we have

Dnfγ(z)
z

=
γn(s)z +

∑∞
k=2 k

nγn+1(s)akz
k

z
,

Dnfγ(z)
z

= γn(s) +
∞∑

k=2

knγn+1(s)akz
k−1, (6)

Dnfγ(z)
z

= γn(s)+2nγn+1(s)a2z+3nγn+2(s)a3z
2+4nγn+3(s)a4z

3+5nγn+4(s)a5z
4+· · ·(

Dnfγ(z)
z

)µ

= γnµ(s)(1+2nγ(s)a2z+3nγ2(s)a3z
2+4nγ3(s)a4z

3+5nγ4(s)a5z
4+· · · )µ,

(
Dnfγ(z)

z

)µ

= γnµ(s)


1 + µγ(s)

(
2na2z + 3na3z

2

+4na4z
3 + 5na5z

4 + · · ·

)
+µ(µ−1)

2! γ2(s)
(

2na2z + 3na3z
2

+4na4z
3 + 5na5z

4 + · · ·

)2

+µ(µ−1)(µ−2)
3! γ3(s)

(
2na2z + 3na3z

2

+4na4z
3 + 5na5z

4 + · · ·

)3

+ · · ·

 ,

(7)
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
Dnfγ(z)

z

µ
= γnµ(s) + 2nµγnµ+1(s)a2z

+

3nµγnµ+1(s)a3 + 22n µ(µ−1)

2! γnµ+2(s)a2
2


z2

+


4nµγnµ+1(s)a4 + 2n · 3n 2µ(µ−1)

2! γnµ+2(s)a2a3

+23n µ(µ−1)(µ−2)
3! γnµ+3(s)a3

2


z3.

+ · · ·
(8)Similarly,


Dnfγ(z)

z

µ−1

= γn(µ−1)(s) + 2n(µ− 1)γn(µ−1)+1(s)a2z

+

3n(µ− 1)γn(µ−1)+1(s)a3 + 22n (µ−1)(µ−2)

2! γn(µ−1)+2(s)a2
2


z2

+




4n(µ− 1)γn(µ−1)+1(s)a4

+2n · 3n 2(µ−1)(µ−2)
2! γn(µ−1)+2(s)a2a3

+23n (µ−1)(µ−2)(µ−3)
3! γn(µ−1)+3(s)a3

2



 z3

+ · · ·
(9)

Differentiating (5) with respect to z, we have

f γ(z) = 1 + γ(s)(2a2z + 3a3z
2 + 4a4z

3 + 5a5z
4 + · · · ) (10)

Multiplying (9) and (10), we have

f γ(z)

Dnfγ(z)

z

µ−1

= γn(µ−1)(s) + γn(µ−1)+1(s)(2n(µ− 1) + 2)a2z

+

γn(µ−1)+1(s)(3n(µ− 1) + 3)a3 + γn(µ−1)+2


22n (µ−1)(µ−2)

2! + 2n+1(µ− 1)

a2

2


z2

+





γn(µ−1)+1(s)(4n(µ− 1) + 4)a4

+γn(µ−1)+2(s)

2n+1 · 3n (µ−1)(µ−2)

2! + (µ− 1)(2n · 3 + 2 · 3n)

a2a3

+γn(µ−1)+3(s)

23n (µ−1)(µ−2)(µ−3)

3! + 22n+1 (µ−1)(µ−2)
2!


a3

2



 z3+

· · ·

(1− λ)

Dnfγ(z)

z

µ
+ λf γ(z)


Dnfγ(z)

z

µ−1

= (1− λ)γnµ(s) + λγn(µ−1)(s)

+((1− λ)2nµγnµ+1(s) + λγn(µ−1)+1(s)(2n(µ− 1) + 2))a2z

+




((1− λ)3nµγnµ+1(s) + λγn(µ−1)+1(s)(3n(µ− 1) + 3))a3

(1− λ)22n µ(µ−1)
2! γnµ+2(s)

+λγn(µ−1)+2(s)


(µ−1)(µ−2)
2! 22n + 2n+1(µ− 1)



a2

2



 z2

(11)
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
Dnfγ(z)

z

µ
= γnµ(s) + 2nµγnµ+1(s)a2z

+

3nµγnµ+1(s)a3 + 22n µ(µ−1)

2! γnµ+2(s)a2
2


z2

+


4nµγnµ+1(s)a4 + 2n · 3n 2µ(µ−1)

2! γnµ+2(s)a2a3

+23n µ(µ−1)(µ−2)
3! γnµ+3(s)a3

2


z3.

+ · · ·
(8)Similarly,


Dnfγ(z)

z

µ−1

= γn(µ−1)(s) + 2n(µ− 1)γn(µ−1)+1(s)a2z

+

3n(µ− 1)γn(µ−1)+1(s)a3 + 22n (µ−1)(µ−2)

2! γn(µ−1)+2(s)a2
2


z2

+




4n(µ− 1)γn(µ−1)+1(s)a4

+2n · 3n 2(µ−1)(µ−2)
2! γn(µ−1)+2(s)a2a3

+23n (µ−1)(µ−2)(µ−3)
3! γn(µ−1)+3(s)a3

2



 z3

+ · · ·
(9)

Differentiating (5) with respect to z, we have

f γ(z) = 1 + γ(s)(2a2z + 3a3z
2 + 4a4z

3 + 5a5z
4 + · · · ) (10)

Multiplying (9) and (10), we have

f γ(z)

Dnfγ(z)

z

µ−1

= γn(µ−1)(s) + γn(µ−1)+1(s)(2n(µ− 1) + 2)a2z

+

γn(µ−1)+1(s)(3n(µ− 1) + 3)a3 + γn(µ−1)+2


22n (µ−1)(µ−2)

2! + 2n+1(µ− 1)

a2

2


z2

+





γn(µ−1)+1(s)(4n(µ− 1) + 4)a4

+γn(µ−1)+2(s)

2n+1 · 3n (µ−1)(µ−2)

2! + (µ− 1)(2n · 3 + 2 · 3n)

a2a3

+γn(µ−1)+3(s)

23n (µ−1)(µ−2)(µ−3)

3! + 22n+1 (µ−1)(µ−2)
2!


a3

2



 z3+

· · ·

(1− λ)

Dnfγ(z)

z

µ
+ λf γ(z)


Dnfγ(z)

z

µ−1

= (1− λ)γnµ(s) + λγn(µ−1)(s)

+((1− λ)2nµγnµ+1(s) + λγn(µ−1)+1(s)(2n(µ− 1) + 2))a2z

+




((1− λ)3nµγnµ+1(s) + λγn(µ−1)+1(s)(3n(µ− 1) + 3))a3

(1− λ)22n µ(µ−1)
2! γnµ+2(s)

+λγn(µ−1)+2(s)


(µ−1)(µ−2)
2! 22n + 2n+1(µ− 1)



a2

2



 z2

(11)
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2.1 Fekete-szego inequality

The Fekete-Szego functional |a3 − ρa22| for functions of the form

f(z) = z + a2z
2 + a3z

3 + · · ·
that are normalized and univalent in the unit disk is given as

|a3 − ρa22|  1 + 2exp(−2ρ/(1− ρ)); 0 < ρ < 1.

Theorem 2.6. If f(z) belongs to the class Gγ(n, µ, λ) : n ∈ N0, µ 
1, 0  λ  1, then

|a3 − ρa22| 
1

2(A +B)
max


1,


D + E

2(A+B)2
+
ρ(A +B)
2(A+B)2




.

Proof. From (20),
a2 =

c1
2(A+B)

,

a3 =
c2

2(A +B)
− c21(D + E)

4(A+B)2(A +B).

Substituting these into |a3 − ρa22|, we have

|a3 − ρa22| =


c2
2(A +B)

− c21(D + E)
4(A+B)2(A +B)

− ρc21
4(A+B)2



=


c2
2(A +B)

− c21


D + E

4(A+B)2(A +B)
+

ρ

4(A+B)2



=
1

2(A +B)

c2 − c21


D + E

2(A+B)2
+
ρ(A +B)
2(A+B)2

 .

Then, from the inequality (19), we have

|a3 − ρa22| 
1

2(A +B)
max


1,


D + E

2(A+B)2
+
ρ(A +B)
2(A+B)2




. 
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|a3| 
1

2(A +B)
+

D + E

4(A+B)2(A +B)
,

|a4| 
11

24(D + E)
+

F +G

4(A+B)(A +B)
+

(D + E)(F +G)
8(A+B)3(A +B)

+
F  +G

8(A+B)3
.

In particular, when

G(z) = 1 +

 ∞

m=1

(−1)m
2m

 ∞

n=1

(−1)n
n!

zn

m
.

Taking m = 1, we have

G(z) = 1 +
∞

n=1

cnz
n; cn =

(−1)n+1

2n!
.

If ω(z) = G(z)− 1, then
a2 =

1
4(A+B)

,

a3 =
−1

8(A +B)
− D + E

16(A+B)2(A +B)
,

a4 =
7

192(D + E)
+

F +G

32(A+B)(A +B)(D + E)
,

+
(D + E)(F +G)

64(A+B)3(A +B)(D + E)
− F  +G

64(A+B)3(D + E)

where,
A = (1− λ)2nµγnµ+1(s),

B = λγn(µ−1)+1(s)(2n(µ− 1) + 2),

A = (1− λ)3nµγnµ+1(s),

B = λγn(µ−1)+1(s)(3n(µ− 1) + 3),

D = (1− λ)22nµ(µ− 1)
2!

γnµ+2(s),

E = λγn(µ−1)+2(s)

(µ− 1)(µ− 2)

2!
22n + 2n+1(µ− 1)


,

D = (1− λ)4nµγnµ+1(s),

E = λγn(µ−1)+1(s)(4n(µ− 1) + 4),




