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Abstract. In this work, a new subclass of function, G~ (n, u, \) :

n € No,u = 1,0 < A < 1, was defined using the Salagean differen-
tial operator involving the modified sigmoid function and subordination
principle. The initial coefficient bounds and the Fekete-Szego functional
of this class were obtained.
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1. Introduction

Let the class of functions of the form
flz)=2z+ Zam’ﬂ
k=2

that are analytic in the unit disk D = {z: z € C: |z| < 1} be denoted by A.
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Sélagean [7] introduced the differential operator D™ f,n € Ny = 0,1,2,--- for
functions f(z) belonging to class A of analytic functions in the unit disk D;

D"f(z) =2+ Z Eagz".
k=2

The sigmoid function
1

1 +e*
is differentiable and has the following properties:

h(z)

1. It outputs real numbers between 0 and 1.
2. It maps a very large input domain to a small range of outputs.
3. It never loses information because it is a one-to-one function.
4. Tt increases monotonically.

Fadipe-Joseph et al. [4] studied the modified sigmoid function

B 2
T 14e 7’

G(z)

and obtained another series of the modified sigmoid function

G -1+ (Z o (z <‘nl!>"zﬂ> ) |

m=1

Definition 1.1. (Duren [3], Goodman [6]) Let f(z) = ap + a1z +ag2*+ -+ be
analytic and univalent in a domain D and suppose g(z) € D. If g(z) is analytic
in D, f(0) = ¢g(0) and f(z) C g(z), then we say that f(z) is subordinate to
g(z) in D and it is denoted by

f(z) = g(2).
Definition 1.2. A function f € A is said to be in the class Go(n,pu,A) 1 n €
NO7
w=1,0< A< 1, if the following subordination holds

(1- ) (mf;”(z)>“+xf;(z> <W>“—1 < G(2). (1)

z
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Altinkaya and Yalcin [1] defined a subclass of univalent functions and obtained
coefficients expansion using Chebyshev polynomial. Also, Altinkaya and Yal-
cin [2] obtained the Faber polynomial coefficient bound for a subclass of bi-
univalent function. The definition of this class was motivated by their work.

Lemma 1.3. Let f(z) and g(z) be analytic in D and suppose that g(z) is
univalent in D. Then f(z) < g(z) if and only if there exists a Schwarz function
w(z) with the property |w(z)| < |z| such that

1.1 Salagean differential operator involving modified sig-
moid function

Consider the function

Fo(2) = 24 Y y(s)ar", (2)
k=2
where, )
V(s) = Ttes’

which are analytic and univalent in the unit disk. Then functions of the form
(2) belong to the class A.,.

Let D" f,(z);n € No = {0,1,2,---} denote the Salagean differential operator
involving modified sigmoid function, then

D°f,(2) = f1(2),
D fy(2) = 7(s)2f5(2),

D" fy(2) = ~(s)2(D" 1 f(2))"- (3)
Taking lims_,gy(s) = 1, we have the Salagean differential operator. (Fadipe-
Joseph et al. [5])

2. Main Results

Theorem 2.1. If f(z) belongs to the class G(n, 1, A) :n € No,u 21,0 < A <
1, then

1
< -
jaz] < 2A+ B)’
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las| < 1 L D+ FE 7
2(A"+ B')  4(A+ B)*(A'+ B')
11 F+G (D+ E)(F+G) F'+G
las] <

WD+ E) HATB) A+ B) SA+BRA+B) AL BE

In particular, when

G(z)=1+<i( (i S )m>

m=1 n=1

Taking m = 1, we have

el (_1)n+1
z)=1+ chz"; Cn = )

2n!
Ifw(z) = G(z) — 1, then
1
2= YAt B
1 D+E
“TRA+ B 16(A+ B2(A + B’
B 7 . F+@G
“ T 992D + B " 32(A+ B)(A' + B)(D + E)’
. (D + E)(F +G) F +G

64(A+ B)3(A' + B') (D' + E')  64(A+ B)3(D' + E')
where,
= (1= N)2" " (s),
B =y ”“(s)( "(p=1)+2),
— A)3" " (s),
B = M"(“‘”“(S)(3”(u 1) +3),

D= (1 _ )\)22n%7nu+2(8)

E= )\,Yn(ufl)+2(s) <(/~L — 1)2('/1‘ — 2) 92n + 2n+1(lu _ 1)> 7

)

D' = (1 — N4y (s),
B = My () (47 (= 1) + 4),
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F=(1-x)2". 3”M7nﬂ+2(5)7

2!
G = My =H2(g) (ngl 3"+ (p—1)(2-3"+3- 271)) 7
= (1— )\)23n plp — 13)'(,LL —2) 7nu+3(8)7
e )\,Yn(,ufl)+3(3) <(ﬂ - 1)(#; 2)(pn—3) 93n 4 (pn— 1)2('.“ —2) 22n+1) '

Proof. If f(z) € G,(n,u, ) , then from (1)
a-x (L) e (2B <6,

z

fi(2) =2+ a(s)arst, (4)
k=2
where,
()= 520
Y\S8) = 1 _|_ e_sa s=2U,
4(2) = 2 +y(s)(agz? + az2® + agz* + as2® + - +). (5)

From (3), we have

D fy(2) _ ™M)z + 3, Ky (s)ae”

)

z z
an’)/(z) . .n - n_n+1 k—1
5 =)+ DK (s)ar (6)
k=2
an"{(z) _ n( 2n n+1 3n n+2 2 477, n+3 3 5n n+4 4
— =" $)+2"" T (8)agz+3"y" T (8)azz +4" Y T (8)agz +5" Y T (s)as 2"+
D" (2)\"
(FLE) o142 s)ans 352 a4 (a5 o)

1+/"Y(3)< +47q, 23 + 5Pagzt 4+ - -

an’)’(z) g _nu p(p—1) 92 2"@22+3"a3z2 2
<Z =7 (5) +T7 (5) +4na423+5na524_~__“

3
wp=1)(u=2) 3 2"azz + 3"az2?
+ 3l 7 (s) < Arayd + 5rast e ) T

2"a9z + 3"as2> )
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n 1
(D fw(z)> _ 7”“(3)4—2”#7”“"’1(3)&22

z

+ <3nlu,ynu+1 (8)&3 + 22n M(l;'*l) 7nu+2(8)a%> 22

4”,[1,’}/”’”—1(8)(14 4+9n.3n QIl(grl),ynu-‘r2(S)a2a3 5
+ o3n u(ufl?’)!(uﬂ)vnwzz,(s)ag z

(8)

Similarly,

n P H_l
(D f-( )) _ ’y"(“*l)(s) + 27 (p — 1)7n(ufl)+1(s)a22

+ (gn(u _ 1),Yn(,u—1)+1(5)a3 4 92n (u—l)2(!u—2) 7n(;¢—1)+2(5)a%) 52

4" (= Dy DH (s)ay
+ 49on . 3n 2(H—12)!(H—2) ,yn(ufl)+2(s)a2a3 3.
_|_23n (u—l)(u;Z)(u—B) ,}/n(u—l)+3(s)a§

Differentiating (5) with respect to z, we have

f1(2) =1+ 7(s)(2a22 + 3a32”® + dasz® + bagzt + ) (10)

Multiplying (9) and (10), we have

f;(z) (W)Wl _ ,anfl)(s) i ’Y"(“*l)ﬂ(s)(Q”(u “1) 4 2)asz
(A0 5)(87 (1 — 1) + B)ag + 97 DF (2 Uy gnti(y 1)) F ) 22
A=A () (47 (1 — 1) + 4)ay
N (a1 +2(g) <2n+1 . 3nw +(p-1)2"-34+2- 3n)> azaz | 34
_I_,Yn(/t—1)+3(s) (23n% + 22n+1W) a3
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(12 (ZE2)" Az (2) (ZE2) T = (1= 0y(s) + 200 (s)

(1= N2y (5) 4+ Ay =D+ ()27 (1 — 1) + 2))as2

(1= X)3"uy™ 1 (s) + M(”(“l)l)“( s)(3"(n—1) +3))as
2n p{p nu—|—2
+ (1 A)(2 1)( 2) (s) 2
_|_>\,yn(u 1)+2 < n— li 2271 + 271—5—1(# _ 1))

(1= APy 1 (s) 4+ My B0+ () (47 (11 = 1) + 4) Jag
(1= 2t 3:“(%?)3;“2(5)
+ B HZ\=2) gntl 3" 903
4y p=1)+2 ( 2! )
+ ! O\ 4T3 +3.27)
(1 _)\)2371/»(#—13)1(M—2),ynu+3<8) ) ) )

+ ( ‘|')\’Yn(“_1)+3(3> <(#_1)(#;2)(H—3) 93n + (H—l)Q(!H—Q) 92n+1 a3

z3 z5

G<w<z>>=1+§w<z>—24 () + 5ggele) =

w(z) =c1z+ 22 +e32® ezt + -,
W (2) = 323 +3c22 + (3ckes + 3c13) 25 4 -+
W (2) =320 4 -
Substituting (14), (15) and (16) into (13), we have

3 2
C1 C2 o C3 c1 3 Cy CciC2 4
=1 _ I
G(w(z)) tort oz +(2 24>z +<2 8>z+

It is well known that if |w(2)| = |e12 + 2% +---| < 1, then
el <1,

for all j € N and
ez — pei] < maz{1, |pl}.

Equating (11) and (17) and comparing the coefficients, we have




46 O. A. FADIPE-JOSEPH, N. A. ADENIRAN AND O. J. WINDARE

(1= 02y (s) 4 DD (5) (27 (u — 1) + D)aaz =
(1= N)3™ ™ (s) + My B=DF () (3" (1 — 1) + 3))ag
+ (1 _ /\)2271%771#4-2(8) + /\,}/n(p—l)+2(8) ((#-1)2#—2)2271 + 2n+l(u _ 1))) a% —

Q
o

2
(1= N)4mpy™ 1 (s) + Xy (s) (4" (1 — 1) + 4))aa
(1- )\)2n+1 3nli(lt 1) nu+2( )+
Ay =142 () ( = 1) (=)= gnt1 3n 4 (- )(2.3n+3.2n)) aaz

—~

_|_

3n#(# 1)(# 2) nu+3
N (1—N)2 A3 (g) 4 G
Ay (=143 (5 )((u 1)(u 2)(M 3)93n 4 (1= 1)(# 2)22n+1) 2= % T2
Simplifying the above, we have
a2 = Z(AchrB)’
— C2 C?(D+E)
3 = 3@ ¥B) ~ I(ATB)2(A+B)
i = L ffes _ A\ _ _cca(F+G) (20)
4 D'+E’ 2 24 1(A+B)(A’+B")

+ c}(D+E)(F+G) c‘i’(F’-&-G’)}.
8(A+B)3(A'+B") 8(A+B)3

Then, from the inequality (18), we have

a2l = | st

< 2(A+B) ’
_|__e c}(D+E) (D+E)
|as| = ’Q(A/j-B’) T IATBP BT | S 2(A’+B/) + 1A eraTEy
1 f(a_d M 11 n (F+G)
lag| = | DFF\2 2 WA+B)(A'FB) | o 2A(D'+E) " A(A+B)(A+B)
4= S(D+E)(F+G)  S(F'+G) S| _(D4E)(F+G) (F'+G")
8(A+B)3(A’+B’')  8(A+B)3 8(A+B)3(A’+B’) ' 8(A+B)?
(21)
Also, when
(e (S ey )
G(z)-l—&-(ﬂ%j1 om nz::l Y
for m =1,
/ 1 1
G(z)—lziz—zzz—i—ﬁz?’—
Comparing with (14), we have
=3 C=-1 =15 - (22)
Substituting (22) into (20), we have
1

T HATrB)’
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e D+E
BTYA+B) 16(A+BRA +B)
o 7 N F+@G
YT 192D+ E) | 32(A+ B) (A + B) (D' + E')’
(D + E)(F + G) ~ F' + G

AT BRA +B) D+ E) GHA+BPD +E)

where,
A= (1= X)2"uy™+(s),

B =M 0F (5)(2" (- 1) + 2)
A= (1= N3 uy™ 1 (s),

D () (37— 1) + 3),

D = (1 /\)2211 M(Mz 1)’}/n#+2(8)a

B = )\,yn(,u—l)-;—Q(S) ((/-L - 1)2(!,U — 2) 92n + 2n+1(u _ 1)) R

D' = (1= N4 ™ (s),
B = D () (47— 1) + )

-1
F = (1 _ /\)2n+1 .3n :LL(/L2| )’yn#+2(5),

G = M2 (s) <(“ — 1)2(!“ “Dontl gn (- 1)(2-37 + 3 2")>,

F' = (1-— /\)QS”WVMWNS)’
G = )\7"(“’1)”’(3) ((H - 1)(#; 2)(p—3) 93n | (e — 1)2(!u -2) 22%1). 0

Corollary 2.2. If f(z) belongs to the class G,(0,1,0), then

1
27(s)’

1
2y(s)’

11
24~(s

las| <

|as| <

|as] <

~
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Proof. Substituting n = 0, u = 1 and A = 0 into the inequalities (21), we have
the above result. [

Corollary 2.3. If f(z) belongs to the class G,(0,1,1), then
1
47(s)
1
6(s)
11

< - .
94l < 5655)

Proof. Substituting n = 0, p = 1 and A = 1 into the inequalities (21), we have
the above result. 0O
Corollary 2.4. If f(z) belongs to the class G4(1,1,0), then

1
4v3(s)
|a[| < #

1 62(s)
\a ‘ < L .

1S 9672 (s)

las| <

)

b

las| <

las| <

Proof. Substituting n =1, u = 1 and A = 0 into the inequalities (21), we have
the above result. [0
Corollary 2.5. If f(z) belongs to the class G,(1,1,1), then
1
4y(s)
1
6v(s)
11
96(s

laz| <

)

las| <

)

las] <

~

Proof. Substituting n =1, u = 1 and A = 1 into the inequalities (21), we have
the above result. [J

2.1 Fekete-szego inequality
The Fekete-Szego functional |az — pa3| for functions of the form

f(2) =z+ax2® +azz®+---»
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that are normalized and univalent in the unit disk is given as
laz — pa3| <1+ 2exp(=2p/(1—-p)); 0<p<L

Theorem 2.6. If f(z) belongs to the class Gy(n,pu,A) : n € No,pu >
1,0 < A< 1, then

1 D+ FE p(A'+ B')
—pad| < ——— 1 .
a3 = pa| 2(A’+B’)max{ "2(A+B)2 T 5a 1By

Proof. From (20),

2= 54+ By
- Cco B C%(D + E)
2(A +B) 4(A+B)2(A+B).

Substituting these into |ag — pa3|, we have

az

las — a2|: C2 _ C%(D—l—E) . pC%
TP 9T B) T 4(A+BR(A +B) 4(A+ B)?

c2 9 D+ FE p
= ‘2@4/ By 4 (4(A TBPA 1 B) TAA+ 3)2)‘
1 o D+ E p(A'+ B)
:%A+BQ@_Q<%A+BP+2M+BVN'
Then, from the inequality (19), we have
D+FE p(A"+ B')
2(A+ B)?  2(A+ B)?

1
2
|laz — pa3| < mmax {1;
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