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models and engineering sciences. In these problems, the main goal is to
find the minimum of the objective function with no restrictions at all
on the values of variables. We consider the unconstrained optimization
problem

min
x∈Rn

f(x), (1)

where f : Rn → R is a twice continuously differentiable and smooth
function. Gradient ∇f(x) and Hessian ∇2f(x) are denoted by g(x) and
H(x), respectively. Throughout this paper, we assume that the solution
set of (1) is nonempty.

There are many useful algorithms to solve unconstrained optimization
problems such as: Newton method and modified Newton methods, quasi-
Newton methods, conjugate gradient methods, trust region methods,
etc. [3, 11, 14]. Among the methods mentioned above, the classical New-
ton method is very famous for its fast convergence property. There are
several modifications of the Newton method for unconstrained mini-
mization to achieve global and local convergence, see [3, 14] and the
references therein. In Newton method, the positive definiteness of the
Hessian matrix of the objective function is an essential condition to get
the local minimum and the fast local convergence. At each iteration, the
Newton method computes the trial step

dk = −H−1
k gk, (2)

where gk = g(xk) and Hk = H(xk). To overcome the difficulty caused
by the possible singularity of Hessian, Sun in [19] proposed a regular-
ized Newton method, where the trial step is the solution of the linear
equations

(Hk + λkI)dk = −gk, (3)

where I is the identity matrix and λk is a positive parameter which
is updated from iteration to iteration. Fan in [6] proposed λk = gkδ

with δ ∈ [1, 2]. Also Fan in [7, 8] showed that the choice of λk = fk
performs more stable and preferable. A new trust region method for
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nonlinear equations with the trust region radius converging to zero is
proposed in [5], and its convergence under some weak conditions is pro-
vided. Ueda and Yamashita [20] applied a regularized algorithm for non-
convex minimization problems. They gave a global complexity bound
and analyzed the super linear convergence of their method. The disad-
vantage of this method is that calculating the most negative eigenvalue
by decomposition methods or the method is computationally expen-
sive. Also, in [21], they proposed a regularized Newton method with-
out line search. Their method controls a regularized parameter instead
of a step size in order to guarantee the global convergence. Wang in
[22] proposed a modified regularized Newton method with correction for
unconstrained nonconvex optimization. Also, he proved that the mod-
ified regularized Newton method has a global convergence and a local
cubic convergence under some appropriate conditions. Shen et al. [17]
proposed a regularized Newton method for solving unconstrained non-
convex minimization problems without the nonsingularity assumption of
solutions. Under suitable conditions, the global convergence of the reg-
ularized Newton method and fast local convergence are established. Li
in [12] showed that the regularized Newton method has quadratic con-
vergence under the local error bound condition, where the trial step is
the solution of the linear equations

(Hk + CgkI)dk = −gk,

where C is a positive constant. Zhou in [23] proposed a two-step method
for convex minimization problems whose Hessian matrices may be sin-
gular. Then solves the linear equations

(Hk + CgkI)dk = −g(yk),

where yk = xk + dk, to obtain the approximate Newton step dk.
In this paper, we present an approximate of Hk and proposed a new
algorithm for solving unconstrained nonconvex optimization and use
λk = µkfk.
The organization of the paper is as follows: In Section 2, we present
a new modified algorithms for solving nonconvex optimization prob-
lems. In Section 3, we show that the new algorithm preserves the same
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global convergence as the existing modified Levenberg-Marquardt (LM)
algorithms under suitable conditions. The proposed method is tested on
several examples taken from the literature and the numerical experi-
ments are presented in Section 4. Finally, the conclusions are described
in the last section.

2. The Algorithm

In this section, we introduce a regularized Newton method based on
Zhou method [23]. We propose a new symmetric matrix instead of Hk

and use a trust region technique to globalize the proposed method. De-
fine the actual reduction of f(x) at the k−th iteration as

Aredk = f(xk)− f(xk + dk + dk). (4)

We suggest that the regularized Newton step dk is the minimizer of the
problem:

min
d∈Rn

ϕk,1 =
1
2
dTSkd+ gTk d+

1
2
λkd2, (5)

where Sk is a symmetric matrix with Hessian matrix properties. Let
Sk = ( 1

fk
gkg

T
k −Hk), where fk = f(xk) and fk = 0. Also define

∆k,1 = dk =  − (Bk + µkfkI)−1 gTk fk, (6)

where Bk = (gkgTk − fkHk). Then similar to [18](Theorem 6.1.2), dk is
also a solution of the trust region problem:

min
1
2
dTBkd+ gTk d,

s.t. dk  ∆k,1.

Similar to the famous result given by Powell in [15], we know that

ϕk,1(0)− ϕk,1(dk) 
1
2
fkgkmin


dk,

fkgk
Bk


. (7)
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Also, dk is the minimizer of the problem:

min
d∈Rn

ϕk,2 =
1
2
dTBkd+ f(yk)gTk d+

1
2
λkd2, (8)

and similar to dk, dk is the solution of the following trust region problem:

min
d∈Rn

1
2
dTBkd+ f(yk)gTk d,

s.t. dk  ∆k,2,

where

∆k,2 = dk =  − (Bk + µkfkI)−1 gTk f(yk). (9)

Therefore, similar to (7)

ϕk,2(0)− ϕk,2(dk) 
1
2
f(yk)gkmin{dk,

f(yk)gk
Bk

}. (10)

Now we define prediction reduction as

Predk = ϕk,1(0)− ϕk,1(dk) + ϕk,2(0)− ϕk,2(dk), (11)

which satisfies

Predk 
1
2
fkgkmin{dk,

fkgk
Bk

}+ 1
2
f(yk)gkmin{dk,

f(yk)gk
Bk

}. (12)

The ratio of the actual reduction to the predicted reduction, rk = Aredk
Predk

,
plays an important role to decide that whether or not accept the trial
step and how to adjust the regularized parameter. We set Bk = Bk+Ek

where Ek = 0 if Bk is positive definite, otherwise Ek is chosen to ensure
that Bk is positive definite [14]. The regularized Newton algorithm for
unconstrained optimization problems is stated as follows:
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3. Global Convergence

In this section, we study the global convergence of Algorithm 2.1. We
first give the following assumptions.

Assumption 3.1. f(x), g(x) and H(x) are Lipschitz continuous, that
is, there exists positive constants L1, L2 and L3 such that

f(y)− f(x)  L1y − x, x, y ∈ Rn, (13)

g(y)− g(x)  L2y − x, x, y ∈ Rn, (14)

and
H(y)−H(x)  L3y − x, x, y ∈ Rn. (15)

Without loss of generality, suppose L = max(L1, L2, L3).

Assumption 3.2. The mapping f is twice continuously differentiable
and the level set

L(x0) = {x ∈ Rn|f(x)  f(x0)},

is bounded.

Lemma 3.3. Suppose A is symmetric positive semidefinite. Then,

A+ ϕI  ϕ, (16)

and

(A+ ϕI)−1  ϕ−1, (17)

hold for any ϕ > 0.

Proof. See [8]. 

Theorem 3.4. Let Assumptions 3.1 and 3.2 hold. Then Algorithm 2.1
terminates in finite iterations or satisfies

lim
k→∞

gTk fk = 0. (18)
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Proof.We use the contradiction to prove the theorem in a similar man-
ner with [9]. Suppose (18) is not true, then there exists  > 0 and an
integer k such that

gTk fk  , ∀k  k. (19)

Without loss of generality, suppose k = 1. Set T = {k|xk+1 = xk}, Then

{1, 2, . . .} = T ∪ {k|xk+1 = xk}.

Now we will analysis the following two cases:

Case (a): Suppose T is finite. Then there exists an integer k1 such
that

xk1 = xk1+1 = xk1+2 = . . . .

Therefore, according to Step 3 of Algorithm 2.1, we have

rk < p0, ∀k  k1.

Therefore by Step 4 of Algorithm 2.1, we deduce

µk → ∞, λk → ∞, (20)

where λk = µkfk. Since xk+1 = xk, ∀k  k1, from relation (20) and
definition of dk in Algorithm 2.1 and Lemma 3.3 we get

dk =  − ( Bk + λkI)−1fkgk  µ−1
k gk → 0. (21)

From the definition of dk in Algorithm 2.1 and by using (13), (20) and
assuming that g(x∗) = 0 , we have

dk =  − ( Bk + λkI)−1f(yk)gTk 

 ( Bk + λkI)−1(f(yk)− fk)gTk + ( Bk + λkI)−1fkg
T
k 
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 Ldk( Bk + λkI)−1gTk + dk


C1

λk
xk − x∗2 + 1


dk  Kdk, (22)

where C1 and K are positive constants. According to definition of (4)
and (11), we have

|Aredk − Predk| =


f(xk)− f(xk + dk + dk)


−

ϕk,1(0)− ϕk,1(dk) + ϕk,2(0)− ϕk,2(dk)

 


f(yk + dk)− f(yk)−

1
2
d
T

k
Bk
dk − f(yk)gTk dk



+
f(yk)− f(xk)−

1
2
dTk
Bkdk − fkgTk dk



= o(dk2) + o(dk2). (23)

Moreover, from (12), (14), (19) and (21), we have

Predk 
1
2
τ min


dk,

τ

L


 1
2
τdk, (24)

for sufficiently large k. According to (23) and (24), we get

rk − 1
 =

Aredk − Predk

Predk

 =
o(dk2) + o(dk2)

dk
→ 0, (25)

which implies that rk → 1. Therefore from Step 4 in Algorithm 2.1,
there exists constant ξ > 0 such that

µk  ξ,

which contradicts to the basic assumption (19).

Case b: Suppose T is an infinite set. From Assumption 3.2, (12) and
(19), we have
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∞ > f(x1)− lim infk→∞ f(xk) 
∞

i=1 f(xi)− f(xi+1)

=


k∈T f(xk)− f(xk+1) 


k∈T p0Predk

 p0

1
2fkgkmin


dk, fkgk Bk


+ 1

2f(yk)gkmin

dk, f(yk)gk Bk






k∈T

p0
τ

2
min


dk,

τ

L


, (26)

which relation (26) implies that

lim
k→∞,k∈T

dk = 0. (27)

From (27) and µk produced by Algorithm 2.1, we have

λk → ∞. (28)

sk = dk + dk  dk+ dk  cdk, ∀ k ∈ T. (29)

This equality together with (26) yields


k∈T

sk =


k∈T

dk + dk <∞, (30)

which implies that


k∈T

xk+1 − xk <∞. (31)

Then

xk → x. (32)

From definition of dk, (22), (28) and (32), we get

dk → 0, dk → 0. (33)
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Since

Bk + λkI


dk = −gTk fk then from (19), we have

λkdk = gTk fk + Bkdk  gTk fk −  Bkdk  τ −  Bkdk, (34)

therefore from (13), (14) and (15)

λk 
τ

dk
−  Bk 

τ

dk
− gk2 + fkHk 

τ

dk
+ C, (35)

where C is a positive constant. Which (35) according to (33) means

λk → ∞. (36)

By the same analysis as (25) we know that rk → 1. Hence, there exists a
positive constant η > m such that µk  η holds for all sufficiently large
k, which implies a contradiction to (19). Therefore initial assumption is
false and the proof is completed. 

4. Local Convergence

In this section, we study the local convergence properties of the proposed
algorithm. In a similar manner with [16], the local convergence theory
requires the following assumptions. We assume that the solution set of
(1) is nonempty and denote it by X∗. Also {xk} converges to x∗ ∈ X∗
and lies in some neighborhood of x∗.

Assumption 4.1.
(I) There exists a solution x∗ ∈ X∗ of (1).
(II) g(x) is Lipschitz continuous on N(x∗, b) = {x ∈ Rn| x−x∗  b},
i.e., there exists a positive constant L such that

g(y)− g(x)  Ly − x, ∀x, y ∈ N(x∗, b), (37)

where 0 < b < 1.

Assumption 4.2. (A) g(x) provides a local error bound on some
neighbourhood of x∗, i.e., there exist two positive constants c and b such
that

g(x)  c dist(x,X∗), ∀x ∈ N(x∗, b), (38)



126 T. DEHGHAN NIRI, M. M. HOSSEINI AND M. HEYDARI

(B) The Hessian H(x) is Lipschitz continuous on N(x∗, b), that is, there
exists a constant L such that

H(y)−H(x)  Ly − x, ∀x, y ∈ N(x∗, b). (39)

Lemma 4.3. According to Assumptions 3.2, 4.1 (II), 4.2 (B) and defi-
nition of S, there exist constants K1 and C1 such that

S(y)− S(x)  C1y − x2 +K1y − x, ∀x, y ∈ N(x∗, b). (40)

Proof. Under Assumptions 4.1 (II) and 4.2 (B), and since {f(xk)} is a
monotone decreasing sequence and has a bound from below, we have

S(y)− S(x) Mg(y)g(y)T − g(x)g(x)T + H(y)−H(y) 

M
�
g(y)g(y)T − g(y)g(x)T + g(y)g(x)T − g(x)g(x)T 


+ Ly − x 

M
�
g(y)g(y)T − g(x)T + g(y)− g(x)g(x)T 


+ Ly − x 

MLy − x (g(y)+ g(x)) + Ly − x 

MLy − x

g(y)− g(x)+ 2g(x)− g(x∗)


+ Ly − x 

C1y − x2 +K1y − x,

where C1 =ML2 and K1 = L(1 + 2MLb). 
In the following, we denote xk the vector in the solution set X∗ that
satisfies

dist(xk, X
∗) = xk − xk.

To obtain faster convergence of the modified regularized Newton method,
we need to estimate dk more accurately. We will use the SV D tech-
nique to derive the local convergence rate of algorithms 2.1. Since Bk(x∗)
is a symmetric matrix, there is an orthogonal matrix (U∗1 , U

∗
2 ) such that

Bk(x∗) = (U∗1 , U
∗
2 )


Σ∗1 0
0 0


V ∗

T

1

V ∗
T

2


,
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where Σ∗1 is a diagonal matrix. Also, we can suppose that Bk(x) has the
following decomposition,

Bk(x) = (U1, U2)


Σ1 0
0 Σ2


V T
1

V T
2


= U1Σ1V

T
1 + U2Σ2V

T
2 ,

where rank(Σ1) = rank(Σ∗1) and Σ2 converges to zero as x → x∗. We
first prove the linear convergence of Algorithm 2.1, which implies that
xk − x∗ = dist(xk, X

∗).

Lemma 4.4. Under Assumption 4.1, if xk, yk ∈ N(x∗, b
2), we have

(a)dk  c1 dist(xk, X
∗),

(b)dk  c2 dist(xk, X
∗),

(c)sk  c3 dist(xk, X
∗),

for sufficiently large k, where c1, c2 and c3 are positive constants.

Proof. The proof is similar to Lemma 3.2 in [10]. 

Lemma 4.5. Under Assumption 4.1, if xk, yk ∈ N(x∗, b
2), then there

exists a positive constant δ > m such that for all sufficiently large k,

µk  δ, (41)

holds.

Proof. Proof in [10]. 

Lemma 4.6. Let Assumptions 4.1 and 4.2 hold. Then we have

dist(xk+1, X
∗) = O(dist(xk, X

∗)). (42)

Proof. According to Assumptions 4.1, 4.2 and Lemma 4.3, we have

c xk+1 − xk+1  g(xk+1) = g(yk + dk)

 g(yk + dk)− g(yk)− S(yk)dk+ g(yk) + S(yk)dk

 Ldk2 + g(yk) + Sk
dk+ S(yk)dk − Sk

dk
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 Ldk2 + g(yk) + Sk
dk+


C1dk2 +K1dk


dk

 Ldk2 +

C2dk+ λkdk


+

C1dk2 +K1dk


dk.

Therfore from Lemma 4.4 and λk = µkfk, we get

c xk+1 − xk+1  g(xk+1)  k1dk+ k2dk2 + k3dk3,

where k1, k2 and k3 are positive constants. 

Theorem 4.7. Let Assumption 4.2 hold. Then we have

sk+1 = O(sk), xk+1 − x∗ = O(xk − x∗). (43)

Proof. Proof in [23]. 

Lemma 4.8. Under Assumption 4.1, if xk, yk ∈ N(x∗, b
2), then we have

(a) g(yk)  O(xk − x∗k),

(b) U2U
T
2 g(yk)  O(xk − x∗k2),

for all sufficiently large k.

Proof. We can find the proofs of (a) and (b) in [23]. 

Theorem 4.9. Let the sequence {xk} is generated by Algorithm 2.1,
under the conditions of Assumption 4.1 the sequence {xk} converges
quadratically to a solution of (1).

Proof. Theorem is proved in a similar manner with [9] and [23]. 
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