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1. Introduction

In recent times, one of the most attractive research topics in fixed point theory
is to study these results in the setting of partially ordered metric spaces. After
the appearance of the first works in this sense (cf. e.g. [7, 11, 14, 17] and
the references therein), the literature on this topic has expanded significantly.
The notion of C'*-algebra-valued metric spaces has been investigated by Ma
et al., in [8]. They presented some fixed point theorems for self-maps with
contractive or expansive conditions on such spaces. On the other hand in 1993,
Czerwik [6] studied b-metric spaces as a generalization of metric spaces and
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proved the contraction mapping principle in these spaces that is an extension
of the famous Banach contraction principle in metric spaces. After that series
of articles about fixed point theorems in b-metric spaces started to appear (cf.
e.g. [1,2,4,5,12, 13, 15, 16]). Very recently, the authors [10] proved some
fixed point theorems by introducing the notion of bo-metric spaces. Using the
concepts of by-metric spaces and C*-algebra-valued metric spaces, we define a
new type of extended metric spaces. Then, we prove some fixed point theorems
in this structure. As an application we investigate existence and uniqueness
solution for a type of integral equation.

We provide some notations, definitions and auxiliary facts which will be used
later in this paper.

Let A be a unital algebra with unit I. An involution on A is a conjugate-linear
map a — a* on A, such that a** = @ and (ab)* = b*a* for all a,b € A. An
assign to each x-algebra is (A, x). A Banach #-algebra is a x-algebra A together
with a complete submultiplicative norm such that ||a*|| = ||a|| for all a € A. A
C*-algebra is a Banach x-algebra such that ||a*al| = |la||?> (a € A). For more
details we refer the reader to [9].

Throughout this manuscript, A stands for a unital C*-algebra with unit I. We
say an element x € A a positive element, denote it by = > 0, if x = 2* and
o(xz) C R4 =[0,00), where o(x) is the spectrum of x. Using positive elements,
one can define a partial ordering < as follows: x < y if and only if y — 2 > 0
(z,y € A). From now on, by A; we denote the set {x € A : z = 0} and
2] = (" 2)*.

Remark 1.1. When A is a unital C*-algebra, then for any x € Ay, © 2 I if
and only if ||z|| <1 (/9)).

Definition 1.2. ([8]) Let X be a nonempty set. Suppose the mapping d :
X x X — A satisfies:

1) 0 X d(z,y) for all xz,y € X and d(x,y) =0 if and only if v = y;

2)d(z,y) = d(y, ) for all z,y € X;

3)d(z,y) < d(z,2) +d(z,y) for all x,y,z € X.

Then d is called a C*-algebra-valued metric on X and (X,A,d) is called a
C*-algebra-valued metric space.

Lemma 1.3. ([9]) Suppose that A is a unital C*-algebra with unit I.

1)Ifa € Ay with |lal| < %, then I — a is invertible and ||a(] — a)7!|| < 1;
2)suppose that a,b € A with a,b > 0 and ab = ba, then ab > 0;

3)by A’ we denote the set {a € A : ab = ba, forallb € A}. Let a € A/,
if bc € A withdb > ¢ = 0 and I —a € A’Jris an invertible element, then
(I—a)"'h= (I —-a)le

Lemma 1.4. ([9]) Let a,b € Ay and a < b, then for any x € A both x*ax and
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x*bxr are positive elements and r*ax < x*bx.

Definition 1.5. ([6]) Let X be a nonempty set and s > 1 be a given real
number. A function d: X x X — Ry is a b-metric on X, if for all x,y,z € X,
the following conditions hold:

(b1) d(z,y) = 0if and only if x = y;

(b2) d(z,y) = d(y,z);

(bs) d(z, z) < sld(x,y) + d(y, 2)].

In this case, the pair (X, d) is called a b-metric space.

Definition 1.6. ([10])Let X be a nonempty set, s > 1 be a real number and let
d: X xX xX — R be a map satisfying the following conditions:

1)for every pair of distinct points x,y € X, there exists a point z € X such
that d(z,y,z) #0;

2)if at least two of three points x,y,z are the same, then d(x,y,z) = 0;

3)the symmetry: d(x,y,z) = d(z,z,y) = d(y,z,z) = d(y, z,x2) = d(z,z,y) =
d(z,y,x) for all x,y, z € X;

4) the rectangle inequality: d(z,y, z) < sld(z,y,t) +d(y, z,t) + d(z, x,t)] for all
x,y,z,t € X.

Then d is called a by-metric on X and (X, d) is called a by-metric space with
parameter s.

Now we introduce a new type of metric spaces as an extension of both concepts
bo-metric spaces and C*-algebra-valued metric spaces.

2. Main Results

Definition 2.1. Let X be a nonempty set, s > 1 be a real number, A be a C*-

algebra and d : X x X x X — A be a map satisfying the following conditions:

(bM1) for every pair of distinct elements x,y € X, there exists z € X such that
d(w,y,z) # 0;

(bM2) if at least two of three elements xz,y, z are the same, then d(x,y, z) = 0;

(bM3) the symmetry: d(x,y,z) = d(x, z,y) = d(y, x, 2) = d(y, z,z) = d(z,z,y) =

d(z,y,x) for all z,y,z € X;

(bM4) the rectangle inequality: d(z,y,z) = s[d(t, z,y) + d(t,y, z) + d(t, z, 2)]

for all x,y,z,t € X.

Then d is called a C*-algebra-valued ba-metric on X and (X, A,d) is called a

C*-algebra-valued bs-metric space with parameter s.

Remark 2.2. Using condition (bM1) it readily verified that if for all a € X,
d(z,y,a) =0, then x = y.
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Example 2.3. Let X be a set with the cardinal card(X) > 4. Suppose that
X = X; U Xy is a partition of X such that card(X;) > 3 and A is a unital
C*-algebra. Let s > 1 be an arbitrary element in R and 0 < A < %I. It is easy
to verify that d : X x X x X — A defined by

0, if at least two of three elements x,y, z are the same,
d(z,y,2) =< sA, x,y,z € Xq,

1, otherewise,

is a C*-algebra-valued bs-metric on X.

Definition 2.4. Let {z,,} be a sequence in a C*-algebra-valued ba-metric space

(X, A, d).
1. {x,} is said to be a by-convergent to x € X with respect to A, denoted by
lim z, =z, if for alla € X, lim |d(z,,z,a)| = 0.

2. {xp} is said to be a ba-Cauchy sequence with respect to A in X, if for all
a€ X, lim |d(xn,xm,a)l =0.

3. (X, A, d) is a complete C*-algebra-valued bs-metric space if every ba-Cauchy
sequence with respect to A is convergent.

Example 2.5. Consider the set X = Cr(FE) of all real valued continuous
functions on E and H = L?(E), where E is a nonempty Lebesgue measurable
compact set in Ry. By L(H) we denote the set of bounded linear operators on
Hilbert space H. Clearly L(H) is a C*-algebra with the usual operator norm.
Define d: X x X x X — L(H) by

A 92) = T acrmin {1 £(0) = 901, £(6) = b lo(2) — h(1)|}]""

where 7o : H — H, (a € C), defined by m,(p) = a.¢ for each ¢ € H, and
p = 1. We know that, d’ : X x X x X — [0,00) is defined by

d(f,9,h) = [maxmin {|£(t) = ()], | () = h(B)], l9(t) = h(B)[}]"

is a bp-complete by-metric spaces with s = 37~ [10].
Now, d(f,g,h) = Ta (t,4,n), for each f, g, h. Take

a=3""d'(f,g,k) +d'(f,h, k) + d'(g,h, k)] = d'(f,9,h).
Rectangle inequality for d’ implies that o > 0. Therefore (7m0, p) > 0, where

¢ € H and (.,.) is the inner product of H, which means the self-adjoint operator
Tq 18 positive. This shows that (bM4) is satisfied.
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Definition 2.6. Let (X, A,d) be a C*-algebra-valued by-metric space, T : X —
X be a given mapping and o : X x X x X — R be a mapping, we say that T
is a-admissible if for all x,y,z € X

alz,y,2) 21 = a(Tz,Ty,z) > 1.

Definition 2.7. A mapping T : X — X is called triangular a-admissible if it
18 a-admissible and satisfies

a(a:7y7 a) 2 17 a(y7 Z? a) 2 1 :> a(x’ Z? a) 2 17
where x,y,z,a € X.

The following crucial lemma is useful in proving our main results which state
and prove according to Lemma 8 [3].

Lemma 2.8. Let T : X — X be a triangular a-admissible mapping. Also there
exists xog € X such that a(xg, Txo,a) 2 1, a(Tx,x0,a) = 1 for alla € X. If
Xy = T™xg, then a(xpy,xn,a) = 1 for allm,n € N and for all a € X.

Definition 2.9. Suppose that (X, A, d) is a C*-algebra-valued by-metric space,
a: XxXxX — Ry isamapping andT : X — X is a triangular a-admissible
mapping. Then T is called a-contractive on X, if there exists an A € A with
A]| < 1 such that fulfills the following condition:

sa(z,y,a)d(Tz, Ty, a) = A%d(z,y,a)A,
for all x,y,a € X.

Theorem 2.10. Let (X, A, d) be a complete C*-algebra-valued by-metric space,
a: X xX xX — Ry be amapping and T : X — X be an a-contractive
mapping satisfying the following conditions:

(i) there exists xg € X such that a(Txg,xo,a) > 1 and a(xg, Txg,a) > 1
(ii) if {xn} is a sequence in X such that v, — x, a(Tpi1,Tn,a) =
oy, Tpy1,a) = 1 asn — oo, then a(x,,x,a) = 1.

Then T has a fized point in X.

1 and

Proof. Let zp € X be such that condition (¢) holds. Define the sequence
{zn} in X as &, = Txp_1 = T"209, n=1,2,... . Since T is a-admissible and
a(Txg, x0,a) = a(x1,x0,a) = 1, then

a(T:CthO’a) :OZ(I27I’1,U,) 2 1a (1)
for all @ € X. Repeatedly using (1) for all a € X we obtain

o(Tpy1,Tn,a) =21, VneN. (2)
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Let a be an arbitrary and fixed element of X. For convenience, by B, we denote
the element d(z1,xg,a) in A. We are going to show that {z,} is a by-Cauchy
sequence with respect to A. For, by the a-contraction of T" we get

d(mn+1;xnaa) j Oé(xn,.’lfn_l,a)d(Txn,T.’En_l,a>

1

=< ;A*d(mn, Tn—1,0)A
1

=< gA*oz(zn_l, Tp—2,0)d(TTp_1,TxHn_2,a)A
1 *

j ?(A )2d(zn—17xn—27a)A2
1

= —(A")"d(z1,z0,a)A
Sn

= %(A*)"B A"

Note that for each n,m € N, by Lemma 1 we have

IA

A(Tm+1, Trt1, Tm) (T, Ty T )A(T Ty, Ty Ty

IA

1A*d(:vm,:rn,xm)A =0.
s

Next, let n and m be arbitrary elements in N with n +1 > m. So we have

d(@Tnt1,Tm,a) 2 SA(Tmg1s Tng1, Tm) + 8A(Timt1, T, @) + $A(Tm1, Tntr, @)
1
j 0+ S(Sim(A*ynBaAm) + [Sgd(xm+27 Tm+1, anrl)
+82d($m+2, LTm+1, a) + SQd($m+27 LTn41, a/)]
1 *\m 2 1 * +1 +1
= (o (A" BeA™) + 87( g (A7) BaA™ )
+82d(Tmy2, Tni1,a)
1 *x\m m 2 1 x\ym+1 m+1
= S(STn(A )" BaA™) + 5 (W(A )T B AT

+- " T2, Tp—1,0) + 8”@, Tnti, a)
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L

S( (A*)mBaAm) 4 82( (A*)erlBaAerl)
Sm

8m+1

1 1
NS Snfm(sni_l(A*)nleaAnfl) +Snfm(sin(14>~<)nBaAn)

1 (A*)mBaAm + 1

(A*)erlBaAerl

Sm—l sm—l

-+

1
Sm_l (A*)nleaAnfl 4 E(A*)nBaAn

(A*)kBaAk

=
I

T

S

(A*)¥B2 B A¥

NE

=
I
3
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NE

i
3

| B AM?

NE

>
Il
3

|3 imae]

k=m

n 1
> B2 P |1AKPT

k=m
IBEIP Y 1Al 1
k=m

LA™

B
S e

I—0 (as m — o).

Thus, we have proved that {z,} is a be-Cauchy sequence with respect to A.
By the completeness of (X, A,d), there exists © € X such that lim z, = z.

Therefore

n—oo

0<d(Tz,z,a) = sd(Txp, Tz, x) + sd(Txp,x,a) + sa(xy,z,a)d(Tz,, Tx,a)

< sd(zpy1, Tz, x) + sd(xpi1,x,a) + A*d(xp, x,a)A — 0 (as n — o),

hence Tx = z, i.e., x is a fixed point of 7. O

The usability of this result is demonstrated by the following example.

Example 2.11. Let X = {a,b,c,d}, A be an arbitrary C*-algebra and A € A
with o(A) C (z,1). Define d: X x X x X — A as follows

NG
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d(a,b,c) =0, d(a,b,d) =4A, d(b,c,d) =24, d(a,c,d) = A.

Clearly, (X, A,d) is a complete C*-algebra valued bs-metric space with s = %.
Consider T : X — X defined by Ta = a, Tb = ¢, Tc = d and T'd = ¢, also
a: X x X x X — Ry defined by

1, =y =a,
o(z,y,2) =4 3, z#yand z,y€ {a,b},
0, otherwise.

Then T is an a-contractive mapping and all conditions of Theorem 2.10 are
satisfied, so T has a fixed point.

Theorem 2.12. Let (X, A, d) be a complete C*-algebra-valued by-metric space.
Suppose a : X X X X X - Ry and T : X — X are two mappings satisfying
the following conditions:

(i) T is triangular a-admissible mapping and there exists xog € X such that
a(Txo,xo,a) = 1 and a(zg, Txo,a) > 1,

(ii) if {xn} is a sequence in X such that x, — x, a(Tpy1,Tn,a) = 1 and
oy, Tpy1,a) = 1 asn — oo, then a(x,,x,a) > 1.

(#i) for all z,y,a € X, the following inequality holds:

s*a(z,y,a)d(Tz, Ty, a) < Ald(Tz,y,a) + d(Ty,z,a)], (3)

where A € Al and ||A|| < 3.
Then T has a fized point in X.

Proof. First note that A € A/,, implies that A{d(Tz,y,a) + d(Ty,x,a)] is a
positive element of A.

Take xg € X and set z,, = Txp,—1 = T"xy n =1,2,.... From condition (i)
we get a(zp—1,%n,a) = 1 for all a € X so we have

d(Txn—la Tx,, Txn—Z) = O‘(xn—lv T, ZTz—l)d(Txn—la Tx,, xn—l)
1
j ?A[d(Txn—laxnvxn—l) +d(Txnaxn—1axn—1)]
1
s2

A[d(mna Tn, xnfl) + d(T:L’n, Tp—1, :L’nil)] =0.

Let a be an arbitrary fixed element in X. We denote by B, the element
d(x1,9,a) in A. By (bM4) and using (3) we obtain
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d(xn+17$n7a) = a(xnaxn—ha)d(TxnaTxn—lva')

1

= ?A[d(Tznaxn—laa) +d(Trp_1,7n,a)]
1

= S—QA[d(Tzn,Txn_g, a) + d(xp, Ty, a)]
1

= jA[Sd(Txn—laTxanxn—Z) +
S

sd(Txp—1,Txn_2,a) + sd(Txp_1,TTy,a)
1 1

= —Ad(zp,xpn-1,a) + —Ad(zp, Tpi1,0)
s s

1
Thus we have < ;Ad(mn, Tp—1,0) + Ad(Tpt1,Tn, Q).

1
(I = A)d(zpy1,2n,a) =X —Ad(zp, Tp_1,a),
s
and using Lemma 1.3 we get

1
d($n+1,1’n7a) = *A(I_ A)_ld(l'»,“.')i‘n,l,a)

S

1
= 7td(xn;$n717a)
S

1 1
= S—nt"d(m,mo,a) = S—nt"Ba7

where t = A(I — A)~!. For n+1 > m by induction and Lemma 1, we conclude
that

A Tmt1, Tnt1, Tm) =S Ty Ty T ) A(T Ty, Ty Ty

= S%A[d(T:vm,xn,xm) +d(Txn, Tm, Tm)]

= S%Ad(Txm, Ty T

= S%Aa(xm,xn,l,xm)d(Txm7Txn,1,xm)

= si4A2 [A(T %y Tr—1, ) + A(T X1, Ty T ]
1 _

= mA" AT Ty Timt1, Trm)
1

= WAn_md(Txm,Txm,xm) =0.
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For n + 1 > m, we deduce
d($n+1,$m7 a) = Sd(Tmt1, Tnt1, Tm) + SA(Tmt1, Tm, @) + SA(Tmt1, Tnt1, @)

m

t
= 0+S(Smea) + [s2d(mm+2,xm+1,xn+1) —+

§°d(Tmi2, Tmt1, @) + 8 d(Tmt2, Tnt1, )]

tm m—+1
= S(SmB o) + 57 (7m+1 Ba) + 8°d(Tm2, Tni1,a)
2 tnLB 2 t7n+lB
= S(Sm a)+S(W a)+"'+
s"TMd(Tn—1, Tn,a) + 8" " d(Tn, Tnt1,a)
tm 75m+1 tn—l tn
n—m n—m
2 s(mB o)+ 87( i Ba) + 8T (o Ba) 5" ([ Ba)
1
j ﬁ(tm_’_thrl_'__“_"_tn)Ba
sm—
< (T ") B,
n
- Y.
k=m
n 11
= Y t545BiB:
k=m
L A !
= Y BZtitzB?
k=m
T S
= > (t*BZ)"(t?BZ)
k=m
n o1
= > iiBer
k=m
n o1,
< S este]
k=m
- 2,82
< S Bk P
k=m
1 n
7 k
=< ||BZ| Z (ke
=< HBEH H [ I—0 (asm— o).

= il
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This implies that {z,} is a by-Cauchy sequence with respect to A. By the

completeness of (X, A,d), there exists £ € X such that lim z, = =z, ie.,
lim Tz,,_1 = x. We observe that
d(Tz,z,a) = sd(Tan,Tx,x)+ sd(Tan, x,a) + sd(Txy, Tz, a)
< sd(@py1, T, x) + sd(Xnt1,2,a) + sa(zy, z,a)d(Txy, Tz, a)
1
< sd(@pgr, T, 2) + sd(zny1,¢,0) + —Ald(Tzy, 2, 0) + d(Tx, 2, 0)]
s
1 1
= sd(zps1,Tr,7) + sd(zni1,7,0) + gAd(an,x, a) + gA[Sd(w,T:c, Ty)
+sd(2, 2, a) + sd(z, Tz, a)].
Consequently,
(I-A)d(Tz,x,a) = sd(tpi1, Tz, x)+sd(@ni1, 2, a)+§Ad(mn+1,m, a)+Ad(z, Tz, x,)+
Ad(x, 2y, a),
and so

ld(Ta, )l < T =47 [sld@asr, To,2)] + slld(zns, 2, a)]
1
Al d@as1, 2, )| + Al [d(, T, 20) |
| Allld(@, a,a)l]] 0 (as 0 = o).

Thus Tz = x i.e., z is a fixed point of T. O

Example 2.13. Let X = {(z,0) : z € [0,+00)} U {(0,2)} € R? and A be
an arbitrary C*-algebra. Suppose that A € Ay with |A| < 1 and o(4) C
[2,1). Defined: X x X x X — A by d((x,0),(y,0),(2,0)) = 0, for each

572

(7,0),(y,0),(2,0) € X, otherwise (x — y)?A. Also, define T : X — X by
T(x,0) = (%,0), T(0,2) = (0,0) and a: X x X x X — R, by

. 1, Yy = (Oa 0)7
a(z,y,z) = { 0, otherwise.

The only nontrivial case for checking the contractive condition (3) is when
x = (2,0), y=(0,0), z=(0,2). In this case we have
4

§x2A = s%a((x,0),(0,0), (0,2))d(T(x,0),7(0,0),(0,2))

< A[d(T(2,0), (0,0), (0,2)) + d(T(0,0), T(z,0), (0,2))] = %&4?,

which holds by our assumptions. Considering o = (0,0), all conditions of
Theorem 2.12 hold and so T has a fixed point.
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Theorem 2.14. Let (X, A, d) be a complete C*-algebra-valued by-metric space.
Suppose v : X Xx X x X - Ry and T : X — X are mappings satisfying the
following conditions:

(i) T is triangular a-admissible mapping and there exists xog € X such that
a(Txo,xo,a) = 1 and a(zg, Txo,a) > 1,

(ii) if {xn} is a sequence in X such that x,, — = and a(Tpy1,Tn,a) 2 1 and
a(Tp, Tpy1,a) 21 asn — oo, then a(zy,,x,a) = 1.

(#i) for all z,y,a € X, the following inequality holds:

sa(z,y,a)d(Tz, Ty,a) < Ald(Tz,z,a) + d(Ty,y,a)], (4)

where A € Al and || A < 3.
Then T has a fized point in X.

Proof. Notice that A € A’, implies that A[d(T'x,z,a)+d(Ty,y,a)] is a positive
element of A. Choose zg € X, set x,, = Taxp_1 =T"x9, n=1,2,.... Let a
be an arbitrary element of X. We denote by B, the element d(z1,z¢,a) in A.

Then by (2) and (4), it follows that
Tn41yTn, A O[(xn,flfn 1,0 )d(Tx’nuT‘rI;nflaa)

j *A[d(T.’L‘n“'L'n,a) +d(T.’L'n71,$n71,a)}
S

1
;A[d(xn+l7 Tn, a) + d(.’L'n, Tn—1, CL)]

1

=< Ad (J,'fb 1,Tn )+ Ad(xn;xn 1,@ )
Therefore (I — A)d(zpy1,Tn,a) < (xn,xn 15a). Applying Lemma 1.3, we
get

1 . 1

d(anrlamnva) j 7A(I - A) d(mnaxnflaa) = 7td(mnaxn717a)
s 5
1 1
=< —nt"d(;vl,xma) = —nt"Ba,

5 S
where t = A(I — A)~!
For n,m € N with n + 1 > m, we have

||d(mn+1,xm7a)|| < ||a($n7mmflaa)d(TxnaTxmflaG/)H

1
< S AldT2n, 20, a) + d(T2m-1, 2m-1, 0|

1
= EHA[d(xn—i-lyxnaa) +d(xm7$m—17a)]”
1 n m—
< g||f4||[(||*15 Ba| + 1l =t "By
< ANl 1 Ball + ||A||Ht||m YIBall =0 (as n,m — o).
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By the completeness of (X, A,d), there exists x € X such that lim z,, = =z,
ie, lim Tz,_1 = 2. We show that z is a fixed point of T. For, by (ii) and (4)

n—0o0
we have
d(Tz,z,a) = sd(Ty,Tr,z)+ sd(Txp,z,a) + sa(zy, z,a)d(Tz,, Tz, a)
< sd(zpy1, Tz, z) + sd(zpy1,2,a) + Ald(Ty, 2n, ) + d(Tz, x, 0))].

Therefore we deduce
(I —A)d(Tz,z,a) = sd(xpi1, Tx,z) + sd(xpi1,x,a) + Ad(Tpi1, Tn,ya),
and so,

(T, 2, )| < [I(T = A)7"| [SHd(an,Tx»x)ll + slld(zni1, @, a)]

HIANd(@n 41,20, )]

The right hand side of the above inequality is equal to zero as n tends to infinity.
Thus Tz = x. Hence T has a fixed point. O

Proposition 2.15. In Theorem 2.10, Theorem 2.12 and Theorem 2.14, if
a(z,y,a) = 1 for each x,y,a € X, then T has a unique fized point in X.

We terminate this section with a fact concerning expansion mappings in C*-
algebra-valued bs-metric spaces.

Definition 2.16. Let (X, A, d) be a C*-algebra-valued by-metric space. We call
a mapping T : X — X is an expansion mapping on X, if it satisfies the
following conditions:

(B1) T(X) = X;

(E2) d(Tz,Ty,a) = sA*d(x,y,a)A , for each x,y,a € X,

where A is an invertible element in A such that ||[A7Y] < 1.

Theorem 2.17. Let (X, A, d) be a complete C*-algebra-valued by-metric space,
T:X — X be an expansion mapping on X. Then T has a unique fized point
n X.

Proof. We first show that T is injective. If there exist z,y € X such that
Tx = Ty, then for each a € X we have

0=d(Tz,Ty,a) = sA"d(z,y,a)A.

Since A*d(z,y,a)A € Ay, thus A*d(x,y,a)A = 0. Now invertibility of A
implies that d(z,y,a) = 0 for each a € X. Applying Remark 2.2, we have
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x = y. Therefore T is injective and so by (E1) it is invertible.
Next, we will show T has a unique fixed point in X. Substitute z,y with
T—'x, T~ 1y, respectively in (E2), then

d(z,y,a) = sA*d(T  z, T~ 'y, a)A.
This means
(A”‘)*ld(x,y,a)/r1 - sd(Tﬁlx,T*Iy,a),

and thus
(A_l)*d(:v,y, a)A™ > sd(T_lav,T_ly7 a).

Then by Theorem 2.10 and Proposition 2.15 T~! has a unique fixed point x.
On the other hand, the equality 7'z = 2 gives us Tz = z, and so z is a
unique fixed point of T. O

3. Application

As an application of our results, we will consider the following integral equa-
tion:

= /EK(t,s,x(s))ds—&—g(t). (5)

Let E, X, L(H) and 7, be as in Example 2.5. We will assume that the following
conditions are satisfied:

(i) a: X x X x X — Rtbe such that a(z,y,2) > 1 for all z,y,2 € X

(1i) K : EXEXxR—R and g € X;

(i4i) for some A € L(H) such that ||A|| <1,p>1and z,y,a € X,

3p— ﬂ[rtnaxmln{ /K (t,s,2( dS—/ K(t,5,y(s))ds|,
+/EK(t,s,x(s))dS —af(t)|,
+/EK(t,s,y(s))ds - a(t)l}}p

" [masmin{|a(t) — (1), 2 (t)  a(t)], y(t) - a())}]**

*

PN

Theorem 3.1. Under assumptions (i)-(iii) equation (5) has a unique solution
mn X.

Proof. Define d: X x X x X — L(H) by

@Y 2) = e min {Ja(t) — y(1)], l2(t) — ()], [y(t) — (1) }]""

teE
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Then by Example 2.5, (X, A, d) is a complete C*-algebra-valued be-metric space
with s = 3771, Also we define the mapping 7' : X — X by

Tx(t):/EK(t,s,a:(s))ds+g(t).

We will show that 7' is a contractive mapping. By using assumptions we obtain
that

sd(Tx,Ty,a) = 3P 'a(z,y,a)d(Tz, Ty,a)

= 3 wemin {[T(t) — Ty(o), [T2(0) )], [7(0) — at)]})”

= 3p_17r[maxmin{|/ K(t,sw(s))ds—/K(tysay(s))d5|7|g(t)+

tek
/Ktsx())ds—a )N+ lg(t) /Ktsy ds — a(t |H
2 A [maxmin {mo()—y(o))> Moty -a(o): Ty(0)-a(o) } A
= A"d(z,y,a)A.

Thus we conclude that T has a fixed point, and integral equation (5) has a
unique solution in X. 0O
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