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1. Introduction

Optimal Control (OC) theory is applied in different fields such as aerospace,
mechanic, electronics and biomedical engineering [13]. Their problems
are solved by direct and indirect methods, where indirect methods are
usually based on transforming the OC problem into a boundary-value

Received: June 2016; Accepted: August 2016
∗Corresponding author

43

Journal of Mathematical Extension
Vol. 11, No. 2, (2017), 43-52
ISSN: 1735-8299

URL: http://www.ijmex.com

A Modification on Rubio’s Theoretical
Measure Method for Solving Classical

Optimal Control Problems

A. Fakharzadeh J∗

Shiraz University of Technology

M. Goodarzi
Shiraz University of Technology

Abstract. In this paper, a revised measure-theoretical approach is
applied for solving some classical optimal control problems. Indeed, the
problem is converted into an optimization problem in measure space and
then it is transformed into a finite dimensional nonlinear programming
problem by using approximation scheme. At last, the nearly optimal
control and trajectory functions are determined from the solution of
the nonlinear optimization problem. A numerical example is given to
demonstrate the efficiency of this method.

AMS Subject Classification: 49J15; 49J20; 47N10
Keywords and Phrases: Optimal control, measure theory, nonlinear
optimization, approximation, PSO algorithm

1. Introduction

Optimal Control (OC) theory is applied in different fields such as aerospace,
mechanic, electronics and biomedical engineering [13]. Their problems
are solved by direct and indirect methods, where indirect methods are
usually based on transforming the OC problem into a boundary-value

Received: June 2016; Accepted: August 2016
∗Corresponding author

43



44 A. FAKHARZADEH J AND M. GOODARZI

problem [15]. In direct methods, the state and control functions are ob-
tained by applying a suitable function transformation or approximation,
where the necessary coefficients of this action are considered as a solution
of a nonlinear optimization problem [10]. Both methods are sensitive to
the initial guess and are unable to determine the global solution. The
measure theoretical approach is a helpful method for a large class of
applied mathematics problems, particularly in OC and optimal shape
design problems. This approach was based on an idea of Young that
Rubio represented it theoretically [16]. Then some researchers improved
the method like Farahi et al. [8, 9], Kamyad et al. [11, 12], Effati [4, 5]
and Fakharzadeh [6, 7]. Rubio in [16] showed that OC systems governed
by ODE (and also PDE), can be solved by use of Radon measures in the
following way: representing the OC problem in variational form, defining
the related measure and transferring the problem into a measure the-
oretical one by extending the underlying space, discretization schemes
and using two step of approximation. Indeed, the solution of the original
problem is approximated by a nonlinear one and then, this new one is
approximated by a finite linear programming (FLP) one. Here, we try
to modify this method in away that solving the nonlinear problem di-
rectly, and show the way of extracting the optimal control and its related
optimal trajectory from its solution.

2. Statement of The Classical Optimal Control
Problem

A classical optimal control problem is defined as (P1):

Min : I(x, u) =
 tb

ta

f0(t, x(t), u(t))dt

S. t. : ẋ = g(t, x(t), u(t)), t ∈ (ta, tb);

x(ta) = xa, x(tb) = xb.

It is supposed that A and U are bounded and closed subsets in Rn and
Rm, respectively that the trajectory and controls are taken their values
on them, and J = [ta, tb] is the time interval that J0 = (ta, tb). Moreover,
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f0 : Ω → R and g : Ω → Rn are continuous functions, where Ω =
J ×A× U .

Definition 2.1. A pair of trajectory and control p = (x, u) is admissible
if the following conditions hold:

(i) The trajectory function x is absolutely continuous on J and staying
in the bounded set A.

(ii) The control function u is Lebesgue-measurable on J and takes values
in the bounded set U .

(iii) The pair (x, u) satisfies in the constraints of problem (P1).

The set of all admissible pairs denoted by W and assume that it is
nonempty.

3. Modifying Classical Control Problem Into a
Nonclassical One

Rubio demonstrated some characteristics of the pairs in W as below [16]:

• Let B be an open ball in Rn+1 containing J×A; the space of real-
valued continuously differentiable functions on B that they and
their first derivatives are bounded on B is denoted by C (B). Let
φ ∈ C (B), define φg ∈ C(Ω) as: φg(t, x, u) = φx(t, x)g(t, x, u) +
φt(t, x); therefore one can result that:



J
φg(t, x, u)dt = φ(tb, xb)− φ(ta, xa) ≡ ∆φ, ∀φ ∈ C (B).

• Let D(J◦) be the space of infinitely differentiable functions with
compact support in J◦. For ψ ∈ D(J◦), we define: ψj(t, x, u) =
xjψ

(t) + gj(t, x, u)ψ(t), j = 1, 2, ..., n. Then we have:



J
ψjdt = 0, ∀ψ ∈ D(J◦).
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Similarly have:

J f(t, x, u)dt = af , ∀f ∈ C1(Ω), where C1(Ω) is the space

of all functions which depend only on the variable t and af is the
Lebesgue integral of f over J .
Now, consider the following functional for each admissible pair p:

Λp : F ∈ C(Ω) →


J
F (t, x(t), u(t))dt ∈ R.

Λp is a positive continuous linear functional on C(Ω). If we denote the
space of all positive Radon measures on Ω by M+(Ω), by using the
Riesz’s representation theorem [17], there is an one-to-one correspon-
dence that assign each p ∈ W to unique measure µp ∈ M+(Ω) such
that:

Λp(F ) =


Ω
Fdµ ≡ µp(F ), ∀F ∈ C(Ω).

To ensure that problem (P1) has a solution, Rubio extended the under-
lying space and considered all the measures that are satisfies the related
constraints of P1 (not only those that indeed by Riesz’s theorem). So, the
problem (P1) can be changed into the following nonclassical measure-
theoretical one (P2):

Inf µ(f0)
µ∈M+(Ω)

(P2) S. to : µ(φg) = ∆φ, ∀φ ∈ C  (B);

µ(ψj) = 0, ∀ψ ∈ D(J◦);

µ(f) = af , ∀f ∈ C1(Ω).

Let Q be the solution space of the problem (P2). By help of weak∗

topology, after extending the underlying spaces, Rubio then showed that
the new problem has solution. To identify it, he applied some step of
approximations.

4. Approximation Scheme

First, we consider minimization of µ → µ(f0) not over the set Q, but
over a subset of it that satisfied only a finite number of the constraints
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of (P2) that called it Q(M1,M2,M3). This will be achieved by choosing
countable sets of functions whose linear combinations are dense in the
appropriate spaces and then, considering a finite number M1, M2 and
M3 of them [16] as:

Inf I(P ) = µ(f0)
Q(M1,M2,M3)

(P3) S. to : µ(φgi ) = ∆φ, i = 1, 2, ...,M1;

µ(χh) = 0, h = 1, 2, ...,M2;

µ(fs) = afs , s = 1, 2, ...,M3,

where χh is the sequence of functions of the type ψj . If M1, M2 and
M3 tend to infinity, the optimal solution of (P3) will converge to the
optimal solution of problem (P2). But even (P3) is linear, the solution
space of (P3) is still infinite. According to theorem A.5 of [16], we apply
the second stage of approximation by writing an optimal measure µ∗ in
the form:

µ∗ =
M1+M2+M3

j=1

α∗jδ(q
∗
j ) (1)

with α∗j and q∗j ∈ Ω, j = 1, 2, . . . ,M1 + M2 + M3; here δ(q) ∈ M+(Ω)
is the unitary atomic measure supported by singleton sets {q} that q ∈
Ω and characterized by δ(q)(F ) = F (q), ∀F ∈ C(Ω), q ∈ Ω. So, the
problem (P3) is equivalent to a nonlinear optimization problem (P4) that
its unknowns are the coefficients α∗j and supports {q∗j }, j = 1, 2, . . . ,M1+
M2 +M3:

Min

M1+M2+M3

j=1

αjf0(q∗j )

(P4) S. to :
M1+M2+M3

j=1

αjφ
g
i (q

∗
j ) = ∆φi , i = 1, 2, ..., M1;

M1+M2+M3

j=1

αjχh(q∗j ) = 0 , h = 1, 2, ...,M2 ;

M1+M2+M3

j=1

αjfs(q∗j ) = afs , s = 1, 2, ...,M3 ;

αj  0, j = 1, 2, ..., M1 +M2 +M3.
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Rubio in [16] converted the above problem into a finite-dimensional lin-
ear problem by introducing support points in a countable dense subset
of Ω by applying discretization scheme, which also contains an other
step of approximation as well. Here, we solve directly the nonlinear op-
timization problem (P4) without use of discretization and so on.

5. Optimization Algorithms

When M1, M2 and M3 tend to infinity, the above nonlinear problem
(NLP) is a large scale problem; therefore, the metaheuristic algorithms
can be used for solving it. Among of them we apply the PSO (Particle
Swarm Optimization) and TLBO (Teaching-Learning Based Optimiza-
tion) algorithms; PSO is a metaheuristic algorithm that it needs few
assumptions about the problem which being optimized and can search
in a very large spaces of candidate solutions. Indeed PSO algorithm is
widely used and rapidly developed for its easy implementation and few
particles required to be tuned [2, 3]. TLBO algorithm is also a popula-
tion based optimization method that uses a population of solutions to
proceed the global solution [1, 14]; it is important to remind that the pro-
cedure to construct a piecewise constant control and trajectory functions
from the obtained solution set


α∗
j
> 0, j = 1, 2, ...,M1 +M2 +M3


by

solving (P4), approximates the action of the optimal measure in (1). This
fact is based on the presented analysis in [16], since there is no need to
construct any partition on J ×A.

6. Numerical Example

For demonstrating and comparing the efficiency of our method, we con-
sider a numerical example which is also solved in [16].

Example 6.1. Consider the following optimal control problem:

Min

J x(t)2dt

S. to : ẋ = u;
x(0) = 0, x(1) = 0.5,
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-

Figure 2. (a) Nearly optimal control and (b) trajectory functions from
NLP by TLBO algorithm

Figure 3. (a) Nearly optimal control and (b) trajectory functions from
NLP by PSO algorithm

7. Conclusion

By using the measure-theoretical approach, the classical optimal con-
trol problem was transformed to a problem in measure space that is
an infinite-dimensional linear programming problem. By omitting an
approximation step in compare with [16], in this paper we present a
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modified method which that the solution of the problem can be ob-
tained from the solution of a finite-dimensional nonlinear programming
problem; in this regard, the suitable metaheuristic and related heuristic
optimization algorithms can be used and a step of approximation can
be omitted. Therefore, the accuracy of the results are better and the
new obtained optimal approximated solutions (optimal value and op-
timal trajectory and control functions) are nearer to the actual one in
compare with the previous method.
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