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Abstract. The new class of weighted exponential (WE) distributions
obtained by Gupta and Kundu [14] by applying Azzalini’s method to
the exponential distribution. Kharazmi et al. [18] extended the WE
distribution to the generalized weighted exponential (GWE) distribu-
tion. In this study, we generalize the weibull distribution to a new class
referred to as the generalized weighted weibull (GWW) distribution
with one scale parameter and two shape parameters. The GWW model
is constructed in a way that is similar to the way in which the GWE
is constructed. It is investigated that the new model has increasing,
decreasing and upside-down bathtub shaped hazard.
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1. Introduction

Motivated by engineering applications, Weibull [24], a Swedish physicist, sug-
gested a distribution that has proved to be of seminal importance in reliabil-
ity. The corresponding survival function is given by the equation

F (x) = exp
�
−λxβ


, x > 0 ,

with parameters β , λ > 0. The weibull distribution is a very popular model,
and has been extensively used over the past decades for modelling data in
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reliability, engineering and biological studies. However, the weibull distribution
does not exhibit a bathtub or upside-down bathtub shaped hazard rate function
and thus it cannot be used to model the complex lifetime of a system. Hence
a number of extensions of the weibull distribution are introduced to overcome
this shortage. For example, Almalki and Nadarajah [2] reviewed and provided
a comprehensive description of modifications of the weibull distribution.
Some recent developments in distribution theory have proposed new techniques
for building distributions. Among these, the Azzalini’s novel method [6] has re-
ceived a lot of attention. In the statistical literature, this technique has been
used to construct new skewed distribution from a given symmetric distribu-
tion. However there is little work on the use of Azzalini’s method for skewed
distribution.
The now widely known skew-normal distribution is just one special case be-
longing to the family of distributions introduced by Azzalini [6]. For the first
time Azzalini[6] introduced a shape parameter to a normal distribution. Af-
terwards extensive work on introducing shape parameters for other symmetric
distributions have been defined and several properties and their inference proce-
dures have been discussed by Several authors, see for example Balakrishnan[7],
Genton [12], Arnold and Beaver[4] and Nadarajah [16].
Recently some authors effort to implement Azzalini’s idea for skewed distri-
butions, the new class of weighted exponential (WE) distribution obtained
by Gupta and Kundu[14] by implementing Azzalini’s method to the exponen-
tial distribution. Shakhatreh [23] generalized the WE distribution to the two-
parameter weighted exponential distributions (TWE). Kharazmi et al. [18] ex-
tended weighted exponential distribution to the generalized weighted exponen-
tial (GWE) distribution and studied its different properties. Several interest-
ing properties of this distribution have been established by authors. The GWE
distribution contains the above mentioned distributions as its sub-models. It
was observed that the GWE distribution can provide a better fit for survival
time data relative to other common distributions such as weighted exponen-
tial (WE), two parameter weighted exponential (TWE), gamma, weibull and
generalized exponential (GE) distribution.
The main aim of this paper is to introduce the class of generalized weighted
weibull (GWW) distribution in a way that is similar to the way in which
the GWE model is proposed. In fact this way is a modification of Azzalini’s
method. It is investigated that the new model has increasing, decreasing and
upside-down bathtub shaped hazard. We provide a comprehensive description
of some mathematical properties of the GWW distribution with the hope that
it will attract wider applications in reliability, engineering and in other areas of
research. The proposed GWW distribution provides the GWE, WE and TWE
distributions as
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Case 1. When β = 1, υ = n(integer), then GWW (α, β = 1, λ, υ = n) =
GWE(λ, α, n).

Case 2. When β = 1, υ = 1, then GWW (α, β = 1, λ, υ = 1) =WE(λ, α).
Case 3. When β = 1, υ = 2, then GWW (α, β = 1, λ, υ = 2) = TWE(λ, α, α).

Case 4. When υ = 1, then GWW (α, β, λ, υ = 1) =WW (λ, α, β).

To investigate the effect of integer parameter n on the GWW distribution we
plotted the GWW (α, β, λ, υ) density for different values of υ and α = 1, β = 2
λ = 1 in Fig. 1.

3. Methods of Construction

There are different ways to construct the GWW distribution especially, the
ones which are provided for the WE distribution by Gupta and Kundu [14].

3.1 Selection model ( modification of azzalini’s method):

Let X be a random variable form Wiebull distribution and Y be a random
variable from exponentiated Weibull distribution, proposed by Mudholkar and
Srivastava (1993), with distribution function as following

F (y) = (1− exp
�
−λxβ


)υ, (6)

If X and Y be independent, then X|Y  αX ∼ GWW (α, β, λ, υ).

3.2 Weighted distribution:

The concept of weighted distributions is important in a wide range of statistical
applications. A density function g is said to be a weighted density function
corresponding to density function f with weight w > 0.

g (x) =
w (x) f(x)
E[w (X)]

, x  0 , (7)

where 0 < E[w (X)] < ∞. Patil and Rao[19,20]. The GWW distribution can
be obtained as a special form of the weighted distribution by taking weighted
function

W (x, α, β, λ, n) = [1− exp
�
−αβλxβ


]
υ
.
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3.3 Beta family distribution:

Form (5) can be obtained from the beta family distributions proposed by Eu-
gene et al. [11]. Let G (x) be a survival function of a random variable with
weibull distribution with parameters β and λ, then form (5) has the following
distribution

F (x, α, β, λ, υ) =
1

B(a, b)

 1

G(x)
1
a

wa−1(1− w)b−1
dw , (8)

where a = 1/αβ and b = υ + 1.

3.4 Hidden truncation model:

The GWW distribution can be obtained as a hidden truncation model proposed
by Arnold and Beaver [4]. Suppose Z and Y are two dependent random variables
with the following joint density function

fZ,Y (z, y) = υβ2λ
2
z2β−1 yβ−1e

−λzβ(1+yβ)
(1− e−λz

βyβ )
υ−1

, (9)

where n is a non-negative integer. It can be shown that the conditionally
random variable Z|Y  α has the GWW distribution.

3.5 Marshall and olkin semi-parametric family:

Another way of obtaining the GWW distribution is the way that introduced
by Marshall and Olkin [15], for the semi-parametric family distributions. By
composing two CDF such as F (x, α, λ) = H(F (x, λ) , α), where

H (t, α) = [αβ/B(1/αβ , υ + 1)]
 t

0

(1− xα
β

)
υ
dx

be a continuous CDF supported by [0,1] and F (x, λ) = e−λx
β

represents un-
derlying survival function.
To investigate the effect of parameter υ on the skewness of GWW distribution
we plotted the 3D-Plots of GWW (α, β, λ, υ) for different values of and α =
1, β = 2, λ = 1 in Fig. 2.
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FX (x, α, β, λ, υ) = 1− αβ

B
�

1
αβ
, υ + 1


∞

j=0

(−1)j

υ
j



αβj + 1
e−λ(α

βj+1)xβ ; ; x > 0 ,

(10)
also, survival function and conditional reliability are given by

FX (x, α, β, λ, υ) =
αβ

B
�

1
αβ
, n+ 1


∞

j=0

(−1)j

υ
j



αβj + 1
e−λ(α

βj+1)xβ ; x > 0 ,

(11)
and

FX (x, α, β, λ, υ|t) = FX (x+ t, α, β, λ, υ)
FX (t, λ, α, β, λ, υ)

=

∞
j=0

(−1)j( υj )
αβj+1

e−λ(α
βj+1)(x+t)β

∞
j=0

(−1)j( υj )
αβj+1

e−λ(αβj+1)tβ
;

x > 0 , t > 0 , (12)

respectively. Conditional survival function plays an important role in classify-
ing life time distributions. From (5) and (11) it is easy to verify that the failure
rate function is given by

h (x, α, β, λ, υ) =
λβxβ−1e

−λxβ (1− e−λ(αx)
β

)
υ

∞
j=0

(−1)j( υj )
αβj+1

e−λ(αβj+1)xβ
; x > 0. (13)

The failure rate is a key notion in reliability and survival analysis for measuring
the ageing process. Understanding the shape of the failure rate is important in
reliability theory, risk analysis and other disciplines. The concepts of increasing,
decreasing, bathtub shaped (first decreasing and then increasing ) and upside-
down bathtub shaped (first increasing and then decreasing) failure rates for
univariate distributions have been found very useful in reliability theory. The
classes of distributions having these ageing properties are designated as the
IFR, DFR, BUT and UBT distributions, respectively. It is investigated that
h (x, α, β, λ, υ) is increasing for β  1 and is decreasing or uni-modal (upside-
down bathtub shaped) for β < 1.

4.2 On the hazard function shape

Here, we discuss the shapes of the hazard function of GWW distribution. We
initially consider the pdf (5). Fig. 1, indicate that GWW distribution is uni-
modal and
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lim
x→0

fX (x, α, β, λ, υ) = 0 , lim
x→∞

fX (x, α, β, λ, υ) = 0 .

The hazard rate function in equation (13) is very complex. For β  1, we con-
clude straightforwardly that the hazard rate function is increasing. For β < 1,
the shapes of the hazard function were obtained numerically. Indeed, it was
verified numerically, considering the R software and the conditions of Glaser’s
theorem[13]. We considered several points within each region of the paramet-
ric space that characterize the shape of the hazard rate function and studied
numerically their properties.

Theorem 4.2.1. Assume that β  1, then , GWW distribution is IFR.

Proof.
(a) Let β  1 and g (x) = 1

h(x,α,β,λ,υ) =
∞
x

�
t
x

β−1
e−λ(t

β−xβ)( 1−e−λ(αt)
β

1−e−λ(αx)β
)
υ

dt,

now by changing variable tβ − xβ = z we have

g (x) =
1

βxβ−1

 ∞

0

e−λz(
1− e−λα

β(z+xβ)

1− e−λαβx
β )

υ

dz .

Sinc g (x) is written as multiplicative two non-negative and decreasing function
as following

g (x) = k (x) l (x) ,

where k (x) = 1
βxβ−1 and l (x) =

∞
0
e−λz( 1−e

−λαβ(z+xβ)

1−e−λαβxβ
)
υ

dz. So, g (x) is de-
creasing and proof is completed. 

Now we discuss the hazard rate shape for β < 1. Define η (x) = − f X (x,α,β,λ,υ)
fX(x,α,β,λ,υ)

where f X (x, α, β, λ, υ) is the first derivative of the density function (5) is.
Hence,

η (x) = βλxβ−1 − β − 1
x

− υβλαβxβ−1

eλαβxβ − 1
.

The first derivate of η(x) is given by

η (x) = β (β − 1)λxβ−2 +
β − 1
x2

− υβ (β − 1)λαβxβ−2

eλαβxβ − 1
+

υβ2 (β − 1)λ2α2βx2(β−1)

(eλα
βxβ − 1)

2 .

To verify that the failure rate function can be decreasing, for instance, we
consider one-point
parametric space (α, β, λ) = (10, 0.2, 1). We verify the condition η (x)  0 for
x > 0. From Glaser[13], we conclude that the failure rate function is decreasing
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(b) the random variable Z = (
n

i=0 Xi )
1
β follows the GWW (α, β, λ, υ = n)

distribution.

Proof.

1. See Kharazmi et al. [18].

2. It is straightforward 

6. Stochastic Orders

In this section, we are interested in comparing the WW and GWW distribu-
tions with respect to stochastic ordering information, See Shaked and Shan-
thikumar [22]. The comparison of two random variables is very important in
reliability theory, risk analysis and other disciplines. There are many possi-
bilities to compare random variables or their distributions, respectively, with
each other. One of the most important orderings among stochastic orderings
is the Likelihood ratio ordering which compares lifetimes of systems with re-
spect to their Likelihood information. In this section we give a basic theorem
for comparing the GWW (α, β, λ, υ) and WW


υ

1
β a, β, λ


distributions. Now

let us to give a quick review of required definitions of stochastic orders and
notation which are used in the following theorem. Let X and Y be two random
variables with distribution functions F and G, survival functions F = 1 − F
and G = 1−G and density functions fand g. It is said that X is smaller than
Y in the following expression.

1. Likelihood ratio order (XlrY ) if g(x)/f(x) is increasing in x.

2. Hazard rate order (XhrY )if G(x)/F (x) is increasing in x.

3. Usual stochastic order (XstY ) if F (x)  G(x).

4. Mean residual life order (XmrlY )if E(X − t|X > t)  E(Y − t|Y > t).

The following implications hold among these stochastic orders. YlrX ⇒
YhrX ⇒ Yst(mrl)X. For further results see shaked and Shanthikumar[23].

Theorem 6.1. Let U ∼ GWW (α, β, λ, υ) and V ∼ WW

υ

1
β a, β, λ


, then

VlrU .

Proof. It is sufficient to show that the ratio

fU (x)
fV (x)

=

αβ

B( 1
αβ

, υ+1)λβx
β−1e

−λxβ (1− e−λ(αx)
β

)
υ

nαβ+1
υαβ

λβxβ−1e
−λxβ (1− e−λυ(αx)

β )
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The associated gradients are found as follows

∂

∂α
= m

∂


ln αβ

B( 1
αβ

,υ+1)



∂α
+ υλβαβ−1

m

i=1

xi
βe−λ(αxi)

β

1− e−λ(αxi)
β = 0,

∂

∂β
= m

∂


ln αβ

B( 1
αβ

,υ+1)



∂β
+
m

β
+

m

i=1

lnxi − λ
m

i=1

(lnxi)xi
β

+υλ
m

i=1

(αxi)
β
e−λ(αxi)

β

ln∂(αxi)
1− e−λ(αxi)

β = 0,

∂

∂λ
=
m

λ
−

m

i=1

xi
β + υαβ

m

i=1

xi
βe−λ(αxi)

β

1− e−λ(αxi)
β = 0 ,

∂

∂υ
= m

∂


ln αβ

B( 1
αβ

,υ+1)



∂υ
+

m

i=1

ln(1− e−λ(αxi)
β

) = 0.

Due to the non-linearity of these equations the MLEs of parameters can be ob-
tained numerically. In this paper we use the optim function from the statistical
software R (R Development Core Team, [21]) to solve these equations. The
default method for optim is a derivative-free optimization routine called the
Nelder-Mead simplex algorithm (Nelder and Mead, [17]). This algorithm re-
quires initial values. For some functions, particularly functions with many min-
imums or maximums, the initial values have a great impact on the converged
point. Here we use the Method of Moment Estimation (MME) to specify initial
values.

7.2 Fisher information matrix

To obtain the asymptotic variance and covariance of the maximum likelihood
estimators, the local Fisher information matrix must be found. The second
partial derivatives of the log-likelihood function (υ is known) are given below:

∂2

∂α2
= m

∂2


ln αβ

B( 1
αβ

, lυ+1)



∂α2
+ υλβ (β − 1)αβ−2

m

i=1

xi
βe−λ(αxi)

β

1− e−λ(αxi)
β +

υλβαβ−1
m

i=1

∂

∂α
(
xi
βe−λ(αxi)

β

1− e−λ(αxi)
β ) ,
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7.4 Data analysis and applications

In this section, we illustrate the usefulness of the GWW distribution. We fit this
distribution to two data sets and compare the results with the Beta Weibull-
Geometric (BWG), Weibull-Geometric (WG) and Weibull (W) with respective
densities

fBWG (x) =
(1− p)bαβαxα−1e−b(βx)

α

(1− e−(βx)α)
a−1

B(a, b)(1− pe−(βx)α)a+b
, x  0

fWG (x) = (1− p)αβαxα−1e−(βx)α

1− pe−(βx)α

−2

, x  0

fW (x) = βλβxβ−1e−(λx)β , x  0 .

For more details, see Bidram et al. [9]. To investigate the advantage of proposed
distribution and its sub-models, WE, TWE, GWE, Weibull (W) and Weighted
Weibull (WW) we consider two real data sets.

First data set (fatigue life data):

The first data set is given by Birnbaum and Saunders [10] on the fatigue life
of 6061-T6 aluminum coupons cut the direction of rolling and oscillated at 18
cycles per second. The data set consists of 102 observations with maximum
stress per cycle 26,000 psi. The data are given below:

233 258 268 276 290 310 312 315 318 321 321 329 335 336 338 338 342 342 342
344 349 350 350 351 351 352 352 356 358 358 360 362 363 366 367 370 370 372
372 374 375 376 379 379 380 382 389 389 395 396 400 400 400 403 404 406 408
408 410 412 414 416 416 416 420 422 423 426 428 432 432 433 433 437 438 439
439 443 445 445 452 456 456 460 464 466 468 470 470 473 474 476 476 486 488
489 490 491 503 517 540 560.

Before analyzing this data set, we use the scaled-TTT plot to verifiy our model
validity, see Aarset [1]. It allows to identify the shape of hazard function
graphically. We provide the empirical scaled-TTT plot of above data set. Fig.
8. Shows the scaled-TTT plot is concave. It indicates that the hazard function
is increasing; therefore it verifies our model validity.
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