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1.

Motivated by engineering applications, Weibull [24], a Swedish physicist, sug-
gested a distribution that has proved to be of seminal importance in reliabil-
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Introduction

ity. The corresponding survival function is given by the equation

with parameters 5, A > 0. The weibull distribution is a very popular model,
and has been extensively used over the past decades for modelling data in
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reliability, engineering and biological studies. However, the weibull distribution
does not exhibit a bathtub or upside-down bathtub shaped hazard rate function
and thus it cannot be used to model the complex lifetime of a system. Hence
a number of extensions of the weibull distribution are introduced to overcome
this shortage. For example, Almalki and Nadarajah [2] reviewed and provided
a comprehensive description of modifications of the weibull distribution.
Some recent developments in distribution theory have proposed new techniques
for building distributions. Among these, the Azzalini’s novel method [6] has re-
ceived a lot of attention. In the statistical literature, this technique has been
used to construct new skewed distribution from a given symmetric distribu-
tion. However there is little work on the use of Azzalini’s method for skewed
distribution.

The now widely known skew-normal distribution is just one special case be-
longing to the family of distributions introduced by Azzalini [6]. For the first
time Azzalini[6] introduced a shape parameter to a normal distribution. Af-
terwards extensive work on introducing shape parameters for other symmetric
distributions have been defined and several properties and their inference proce-
dures have been discussed by Several authors, see for example Balakrishnan[7],
Genton [12], Arnold and Beaver[4] and Nadarajah [16].

Recently some authors effort to implement Azzalini’s idea for skewed distri-
butions, the new class of weighted exponential (WE) distribution obtained
by Gupta and Kundu[14] by implementing Azzalini’s method to the exponen-
tial distribution. Shakhatreh [23] generalized the WE distribution to the two-
parameter weighted exponential distributions (TWE). Kharazmi et al. [18] ex-
tended weighted exponential distribution to the generalized weighted exponen-
tial (GWE) distribution and studied its different properties. Several interest-
ing properties of this distribution have been established by authors. The GWE
distribution contains the above mentioned distributions as its sub-models. It
was observed that the GWE distribution can provide a better fit for survival
time data relative to other common distributions such as weighted exponen-
tial (WE), two parameter weighted exponential (TWE), gamma, weibull and
generalized exponential (GE) distribution.

The main aim of this paper is to introduce the class of generalized weighted
weibull (GWW) distribution in a way that is similar to the way in which
the GWE model is proposed. In fact this way is a modification of Azzalini’s
method. It is investigated that the new model has increasing, decreasing and
upside-down bathtub shaped hazard. We provide a comprehensive description
of some mathematical properties of the GWW distribution with the hope that
it will attract wider applications in reliability, engineering and in other areas of
research. The proposed GWW distribution provides the GWE, WE and TWE
distributions as
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Its sub-models. Also, many well-known distributions can be obtained as special
cases of this model.

The paper is organized as follows. In Section 2 we briefly review the WE,
TWE, GWE distributions and then we define the proposed GWW distribu-
tion. Section 3 provides different representation for construction of the GWW
distribution. Section 4 presents some basic statistical and reliability properties
of the proposed GWW family. Section 5 gives some important theorems about
the GWW distribution and related results. In Section 6, we compare the GWW
and WW distributions with respect to stochastic orders information. Finally
in Section 7, we discuss and study the MLEs, fisher information, simulation
performance and two applications to real data for proposed model. Concluding
remarks are provided in Section 8.

2. Definition and Basic Properties

The weighted exponential distribution was introduced in the seminal paper by
Gupta and Kundu [14]. A random variable X is said to have weighted expo-
nential distribution, denoted by WE(A, ), if its probability density function
(PDF) is given as

a—+1

fx (@,a,\) = -

e AT (1 — e_)‘o‘”’) , (1)
where x >0, a >0 and A > 0. Here o and A are the shape and scale
parameters, respectively. The main properties and different interpretations of
this density are established by authors. A particular property that has received
considerable attention is the generalized form of all life time distribution. The
W E distribution was generalized to the two-parameter weighted exponential
distributions TW E(\, o, &) by Shakhatreh [23] with the following PDF,

(a+1)(1+2a)

e et

fX (J;a «, A) =
where £ >0, a >0 and A > 0. Here a and A\ are the shape and scale
parameters, respectively.
Recently, Kharazmi et al. [18] generalized WE distribution to the generalized
weighted exponential distribution GW E (A, a, n) with the following PDF

Ix (z,a, A\, n) = B @ e (1 — e_)‘w)n, (3)

1/a,n+1)

where the beta function is defined in the usual way as B (a, b) = fol 11— )" dt
andz >0, a>0 ,A>0,n>1.
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The aim of this paper is to provide a similar generalization to weibull distribu-
tions for more flexibility to fitting survival data in the real application. Here,
we introduce the definitions of the weighted weibull and generalized weighted
weibull distribution denoted by WW(a, 8,\) and GWW (a, 8, A\, v), respec-
tively.

Definition 2.1. A random variable X is said to have weighted weibull distri-
bution, denoted by WW («, 8, \), if its probability density function (PDF) is
given as

o’ +1 —z? 8
_ /-1 _ —Xaxz)
Ix (z,a,8,0) e A3z e (1 e ) , (4)

wherex >0, a>0, 3>0 and A>0. Here o, and A are the shape
and scale parameters, respectively.

Definition 2.2. A random variable X is said to have generalized weighted
wesbull distribution GWW («, 8, \,v) with shape parameters «, 3,v and scale
parameter X\, if the PDF of X is given as following

81 —2zP v

Fx (@0, 8, v) = ABzPle (1 — e MOy (5)

where x >0, a>0 ,A>0,8>0,v>0. Fig 1 shows the shapes of
GWW(a=1,=1,A=10v) forv=1, 2, 3 and 4.
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Figure 1. Plots of the GWW (A =1,a = 1,8 = 2,v) for different values of wv.

In the following, it is seen that the GWE(\ a,v), WE(\ ), TWE(\ o, «)
and WW («, 8, \,) are special cases of GWW («, 5, \,v).
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Case 1. When § = 1,v = n(integer), then GWW (o, =1,\,v =n) =
GWE(\ a,n).

Case 2. When 8 =1,v =1, then GWW (o, =1, \,v =1) = WE()\, «).
Case 3. When 8 =1,v =2, then GWW (a, 8 =1,\,v=2) =TWE(\ «, ).

Case 4. When v = 1, then GWW (o, 8, \,v =1) = WW (A, «, §).

To investigate the effect of integer parameter n on the GWW distribution we
plotted the GWW (a, 8, A\, v) density for different values of v and a =1, =2
A=1 in Fig. 1.

3. Methods of Construction

There are different ways to construct the GWW distribution especially, the
ones which are provided for the WE distribution by Gupta and Kundu [14].

3.1 Selection model ( modification of azzalini’s method):

Let X be a random variable form Wiebull distribution and Y be a random
variable from exponentiated Weibull distribution, proposed by Mudholkar and
Srivastava (1993), with distribution function as following

F(y) = (1—exp (—Az”) )", (6)

If X and Y be independent, then X|Y < aX ~ GWW («, 3, A, v).

3.2 Weighted distribution:

The concept of weighted distributions is important in a wide range of statistical
applications. A density function g is said to be a weighted density function
corresponding to density function f with weight w > 0.

x>0, (7)

where 0 < Efw (X)] < oco. Patil and Rao[19,20]. The GWW distribution can
be obtained as a special form of the weighted distribution by taking weighted
function

W(x,a,B,A\,n) =[1 —exp (—aﬂ/\xﬁ) ]U.
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3.3 Beta family distribution:

Form (5) can be obtained from the beta family distributions proposed by Eu-
gene et al. [11]. Let G (z) be a survival function of a random variable with
weibull distribution with parameters § and A, then form (5) has the following
distribution

F _ /1 a—1 b—1
(J?,O{,ﬁ,A,U)— w (1_w) dw ) (8)

B(a,b) Ja@)«

where a = 1/a” and b=v + 1.

3.4 Hidden truncation model:

The GWW distribution can be obtained as a hidden truncation model proposed
by Arnold and Beaver [4]. Suppose Z and Y are two dependent random variables
with the following joint density function

v—1

W B
Fry (z,y) = vB2AT22071 B R g oxe??y T (g

where n is a non-negative integer. It can be shown that the conditionally
random variable Z|Y < a has the GWW distribution.

3.5 Marshall and olkin semi-parametric family:

Another way of obtaining the GWW distribution is the way that introduced
by Marshall and Olkin [15], for the semi-parametric family distributions. By
composing two CDF such as F' (z,a,\) = H(F (x,A), «), where

H(t,a) = [0?/B(1/a®, v + 1)]/0 (1—2°") da

be a continuous CDF supported by [0,1] and F (z,\) = e—Aa’ represents un-
derlying survival function.

To investigate the effect of parameter v on the skewness of GWW distribution
we plotted the 3D-Plots of GWW (v, 8, A, v) for different values of and o =
1,3=2,)=1in Fig. 2.
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Figure 2. 3D-Plots of the GWW (a, 5 = 2, A\ = 1,v) for different values of .

n=2

4. Statistical and Reliability Properties

In this section we study the several statistical and reliability properties of the
GWW distribution, such as the distribution function (CDF), survival function
(SF), conditional survival function (CSF), failure rate (or hazard) function
(FR), moment generating function (MGF), mean residual life (MRL) time and
kth moment.

4.1  Distribution function, survival, conditional reliabil-
ity and failure rate function

By using the Binomial expansion for non-integer powers defined as

(1 -af =35y
=0

The CDF of (5) can be written as
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J v
Fx (z,0,8,\v) =1~ o i (71). (j> 6_’\(°‘ﬁj+1)£ﬁ;; z>0,
B(Z5,v+1) = afj+1
(10)
also, survival function and conditional reliability are given by
_ 8 o (~1)/ (“) |
Fx (z,0,3,\v) = = (O%: = ;J (aﬁ?j +J1 e M) g
J (11)

and

_ oo (ED(5) —A(afj+1)(a+t)

— F t A i=0 “aBii1 ©

Fx (z,a,8,\0|t) = Fx(x-F o BAv) 2i=0 oyt -
X (t7)\70‘7 ﬁ7>\vv) Z

oo DJ(;) —A(aPj+1)ts
Pa+1)t
j=0 "aBj+1 € ( )

z>0,t>0, (12)

respectively. Conditional survival function plays an important role in classify-
ing life time distributions. From (5) and (11) it is easy to verify that the failure
rate function is given by

/\ﬂxﬂ_le_/\xﬂ (1— e‘A(M)ﬁ)U
o (71)J(3}) —XaPj T
Yojco et e M

h(z,a,B,\v) = ; x> 0. (13)

The failure rate is a key notion in reliability and survival analysis for measuring
the ageing process. Understanding the shape of the failure rate is important in
reliability theory, risk analysis and other disciplines. The concepts of increasing,
decreasing, bathtub shaped (first decreasing and then increasing ) and upside-
down bathtub shaped (first increasing and then decreasing) failure rates for
univariate distributions have been found very useful in reliability theory. The
classes of distributions having these ageing properties are designated as the
IFR, DFR, BUT and UBT distributions, respectively. It is investigated that
h(z,a, 3, A, v) is increasing for 3 > 1 and is decreasing or uni-modal (upside-
down bathtub shaped) for 5 < 1.

4.2 On the hazard function shape

Here, we discuss the shapes of the hazard function of GWW distribution. We
initially consider the pdf (5). Fig. 1, indicate that GWW distribution is uni-
modal and
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hHlofx(SC,Oé,/B,A,’U):O ) limfx(‘T,Oé,ﬁ,A,U):O .

The hazard rate function in equation (13) is very complex. For 8 > 1, we con-
clude straightforwardly that the hazard rate function is increasing. For § < 1,
the shapes of the hazard function were obtained numerically. Indeed, it was
verified numerically, considering the R software and the conditions of Glaser’s
theorem[13]. We considered several points within each region of the paramet-
ric space that characterize the shape of the hazard rate function and studied
numerically their properties.

Theorem 4.2.1. Assume that 8 > 1, then , GWW distribution is IFR.

Proof. v
(a) Let 8> 1and g(gj) = m = foo (L)B_le_)‘(tﬁ_xﬁ)(ﬂ) dt,

x xT 1_6—/\(az)3
now by changing variable t# — 27 = z we have

R N N
0= g [T ) 4

Sinc g (x) is written as multiplicative two non-negative and decreasing function
as following

v

) dz. So, g(z) is de-

o (s 4aB
where k (1) = ﬁz% and I (z) = [ e*AZ(M

creasing and proof is completed. O

1_6—)\aﬂzﬁ

Now we discuss the hazard rate shape for § < 1. Define n (z) = —%

where 'y (x,a,8,\,v) is the first derivative of the density function (5) is.
Hence,
B—1 wvBiaPzlt

x erfe?

n(z) = Azt -

The first derivate of n/(z) is given by

_ _ by B..0—2
W @)= B8 -ty T WO E

Uﬂz (6 _ 1) 22028 2(8-1)
(e/\aﬁwﬁ - 1)2 '

To verify that the failure rate function can be decreasing, for instance, we
consider one-point

parametric space (a, 3, A) = (10, 0.2, 1). We verify the condition 7’ (z) < 0 for
x > 0. From Glaser[13], we conclude that the failure rate function is decreasing
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(DFR). To verify that the failure rate function can be uni-modal, we consider
the one point parametric space («, 3, A) = (0.06, 0.4, 1), and we obtain zo =
3.73, such that n'(xg) = 0, n' () > 0 for x € (0,29) and 1’ () < 0 for
x € (x9,00). Further, limy_ofx (z,a, 3, \,v) = 0. From Glaser’s theorem we
conclude that the hazard rate function is uni-modal (UBT). Fig. 3 shows some
failure rate function shapes for some values of o , 3, when A =1 and v = 3.

=02

205
a=1
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Figure 3. Hazard function of the GWW distribution for
different values of « , 5, A =1 and v = 3.

4.3 Moment generating function and mean residual life
time

Now let us consider different moments of the GWW (a, 8, A\, v) distribution.
Some of the most important features and characteristics of a distribution can
be studied through its moments, such as moment generating function, the kth
moment and interested reliability properties such as mean residual life time.
The moment generating function of form (5) is immediately written as



100 O. KHARAZMI

M (t) = /aﬁ v+1) ZZ < )A PR
i=0 j= ()\(a Jj+ 1))
(14)
where t € {t | Mx (t) < oo }.
The kth moment and kth central moment of the GWW distribution can be
derived as

e p(e = ST V()

)\fiB(l/aﬁ U+1 j:O a5]+1)ﬁ+1

Eal

=

of F i+ v - .
n =B ) = gy 2 Y ( ‘ >(j>x\ w(agﬁlﬁ?’“'
(15)

In particular, the mean and variance are given, by

o amﬁm 5 (=17 ()

5 I (16)
B(1/af, v+1) 5 (afj+1)7

= E(

and
Var (X) =1 =EX —m)* =

(/aﬂ o) ii W(-)(?)ﬁ?( +) .

i=0 j= (aﬁj+1)ﬁ+1

Respectively. One of the well-known properties of the life time distribution is
mean residual life time. For the GWW distribution it can be written as

1)7 Biy1)eh
Z — f (@”i+1)z” 1o
m)=EX—-t|X>t)= Jooiﬁii))ﬂ(“t) - - i t>0.
Zj:O e —)\(a Jj+1)t

(18)
By considering the behavior of hazard rate function, for 8 > 1,m (¢) is DFR
and for § <1, m(t) can be IFR or BUT.
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4.4 Median
We can find the median ( m) of GWW by solving the following equation.

Fx (m,a, B, A\, v) = % . (19)

Therefore, by using form (10) we have

0 V) e 1, (20)

B(a%,,v—i—l)jgo abj+1 2

There is no explicit solution for this equation, so the median m cannot be
given explicitly.

5. Main Results

In this section, we proposed main results about the GWW family distribution.

Theorem 5.1. The following properties are satisfied for the family of GWW
distribution:

1. If v— oo, then the GWW random variable is degenerated at point 0.
2.1 a—0, then fx (x,\,«, 3 =1,v) converges to Gamma(v + 1, A).
3. If a« — oo, then fx (x, A\, a, B,v) converges to W (A, 3).

4. Let X1, X, ..., X, be a sample from exponential distribution with mean 1/\.
Then Max (X1, Xo,..., X)) ~ GWW(a=1,8,\,v=n—1).

5 Let X, X{,Xo9,..., X, be a sample from weibull distribution with scale
parameter A and shape parameter (3 , then

X|Min( X1, Xo,..., Xm) <aX ~ GWW (m%a,ﬂ,A,n - 1) = WW(mPa,B,\).
6. Let Y ~W(ANB) and X ~ GWW (a, 8, \,v — 1)be independent random
variable. Then conditionally random variable X |(Xa 2Y) ~ GWW(a, 8, A, v).

Proof. The proofs of all cases are straightforward. O

Theorem 5.2. (Relation between GWE and GWW distributions). Sup-
pose that the random variables X; ,i=0,1,2,...,n be independent and X; ~
exp(A(aPi +1)) , then

(a) the random variable Y =37 X; follows the GWE (X, o n).
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(b) the random variable Z = ( Y0 o X )% follows the GWW («, B, A\, v = n)
distribution.

Proof.

1. See Kharazmi et al. [18].

2. It is straightforward [

6. Stochastic Orders

In this section, we are interested in comparing the WW and GWW distribu-
tions with respect to stochastic ordering information, See Shaked and Shan-
thikumar [22]. The comparison of two random variables is very important in
reliability theory, risk analysis and other disciplines. There are many possi-
bilities to compare random variables or their distributions, respectively, with
each other. One of the most important orderings among stochastic orderings
is the Likelihood ratio ordering which compares lifetimes of systems with re-
spect to their Likelihood information. In this section we give a basic theorem
for comparing the GWW (a, 8, A,v) and WW (U%a,ﬂ, )\) distributions. Now
let us to give a quick review of required definitions of stochastic orders and
notation which are used in the following theorem. Let X and Y be two random
variables with distribution functions F' and G, survival functions F = 1 — F
and G = 1 — G and density functions fand g. It is said that X is smaller than
Y in the following expression.

1. Likelihood ratio order (X<;,.Y) if g(x)/f(z) is increasing in z.

2. Hazard rate order (X<, Y)if G(x)/F(z) is increasing in z.

3. Usual stochastic order (X<,,Y) if F(z) < G(z).

4. Mean residual life order (X <,,,,,Y)if E(X —t|X > t) < E(Y —t|Y > 1).
The following implications hold among these stochastic orders. Y <, X =
Y <pr X = Y <y (mri) X . For further results see shaked and Shanthikumar([23].

Theorem 6.1. Let U ~ GWW (o, 8,\,v) and V ~ WW (v%a,ﬁ,/\>, then
VngU,

Proof. It is sufficient to show that the ratio

Oéﬁ v
fo(z) _ B(Z5. v+1)

fv(z) %)\ﬁmﬁ—1€*/\zﬁ (1— ef/\v(az)[’)

e
ABzP—1e N (1 — e Mew)?)
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is increasing in z. By direct calculation we have -2 (f U(w)) =

E fv(w)
__af -1
B( ) 1U+1) U)\Baﬁwﬁ—l(l_e—/\(az)’s)v [ef)\(az)ﬁ(1_67>\v(az)3)_efhv(az)g(l_efk(az)’s) ]
P 5 20
v —Av(ax ’
Tﬂ“ (1—e=v(am)f)

so the proof is complete. [

Result: V<, U = V<, U = V<@ U.

7. Estimation , Fisher Information Matrix , Sim-
ulation and Application

In this section, first, we discuss the maximum likelihood estimation, fisher in-
formation matrix and simulation performance for the GWW distribution and
then we show that the proposed model can provide better fit than some re-
cent classes of the extended weibull by using two real data examples. Section
7.1 gives procedures for maximum-likelihood estimation of the GWW distribu-
tion. Section 7.2 devoted to the computing of the fisher information matrix. Sec-
tion 7.3 assesses the performance of the MLEs in terms of biases, mean-squared
errors, coverage probabilities, and coverage lengths by means of a simulation
study. Finally in Section 7.4 we discuss the application of GWW distribution.

7.1 Maximum likelihood estimation

Let X7, Xs,...,X,, be a random sample from the distribution with density
(5). The likelihood function based on observed values x1,xo, ..., Z,, is given
by
L AT e
o g '

L(Oz,ﬁ,)\,v,x)=<w> ()\ﬁ)m(Hm) e

x (ﬁ (1 - eMazi)‘*))U.

i=1
Therefore, the log-likelihood function is written as

B m m
I (e, B, \,v,x) = mln 1047 +mln A +mln g +(8-1) zlnxi—)\in’B—f—
B (g5 v+1) i=1 i=1

len (1 — e_)‘(‘”")ﬁ) .

i=1



104 0. KHARAZMI

The associated gradients are found as follows

0 (ln o 8
or B(Zy.0+1) > a1 z;Pe~Mawi)
e =m 90 + vAfa 276 oz =0,
8 (ln L ) m
ol B(Zyv+1)
%:m a5 —s———&—Zlnxl—)\Zlna:
+U/\Z (az,) Be=A(azi)”? Ind(ax,) _o,

1—e— Maz;)P

m —Aax;)?

m
B
m xTr;"e
e B B ¢ _
Zml +Ua21 e/\o(ml _07

aﬂ

55 =™ > Zln Ao:)® )=0.

Due to the non-linearity of these equations the MLEs of parameters can be ob-
tained numerically. In this paper we use the optim function from the statistical
software R (R Development Core Team, [21]) to solve these equations. The
default method for optim is a derivative-free optimization routine called the
Nelder-Mead simplex algorithm (Nelder and Mead, [17]). This algorithm re-
quires initial values. For some functions, particularly functions with many min-
imums or maximums, the initial values have a great impact on the converged
point. Here we use the Method of Moment Estimation (MME) to specify initial
values.

7.2 Fisher information matrix

To obtain the asymptotic variance and covariance of the maximum likelihood
estimators, the local Fisher information matrix must be found. The second
partial derivatives of the log-likelihood function (v is known) are given below:

9 9? (ln ﬁ > B8,—Xaz;)?
ﬂ:m (7 ) +uAB (B ,3225526 '
Oa? Oa? 1 — e—Maw)?

0 x Be—Aawi)”
1
’U)\BO/} Z aa 41 . N aII)B) )
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2 a?
o%¢ 0 (hl B(Zy, v+1) )
a—ﬁQ—m 372 ———)\Z lmc

U)\ii(ami)ﬁe*)‘(a“) Ind(ax;)
— 96 1 — e Aaz)” 7

—XMazx;
ﬂ:—ﬁ+vaﬁz ot Iiﬁe (o)

FICEEPE ONT — e Aawa)?
af
o2 _ 88(1“ B( 5 v+1) ) + Aii(ax»ﬁe-MWlna(axi)
9005~ " da o3 R B e !
xzﬁe—)\(awl) m 9 mlﬁe—)\(ax,-)ﬁ

B—1 B (e
ﬁ Z —A(ozm)ﬁ Toa ; Oa (1 — e—)\(ami)ﬁ ) ’

92¢ 7)\ (az;)? m 9 :Cﬂef)\(azi)@
3 B il v
858)\ le In (z;) +va lnaz haw) 5 toa Zaﬁ

So the Fisher information matrix is given by

821 84 824
-E (W) —E (6@86) —E | 5a0x
I-| -B(&L) -E(%) -BE(&&

2% 9% 9%¢
—E 5300 _E(a,\aﬁ) —B (W)

Therefore,

It can be shown that the GWW family satisfies the regularity conditions.

~ AT ~ ~ T
Hence, the MLE vector (a,8,A) is consistent and y/m(a —a,8 — G, A — A)
is asymptotically normal with mean vector 0 and the variance- covariance
matrix 1! :

m(a - G,B— B7/)‘\ - )‘)TEN3(07I_1)'
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7.3 Simulation

Here, we assess the performance of the maximum likelihood estimates (under
the case A is known) with respect to sample size m for the GWW (o, 5, A = 1,v = 3)
distribution. The assessment of the performance is based on a simulation study
by using the Monte Carlo as follows:

1. generate ten thousand samples of size m for the GWW (a, 8,A =1, v =
3) distribution by using Theorem 5.2;

2. compute the maximum likelihood estimates for the ten thousand samples,
say @; and G; for ¢ = 1,2,...,10000;;

3. Compute I}! | the (1.1) element of I~ (&, Bi), I?2 and the (2.2) element
of I7Y(&y, B; ) for the ten thousand samples;

4. compute the biases, mean squared errors, coverage probabilities and cov-
erage lengths given by

10000

. 1 ~
bias, (m) = 10000 E (i —a),
i=1

| oo
biasg (m) = 10000 Z (ﬁi - ﬁ) .
i=1

10000
1

MSFE - v — 2
(m) = T5000 2 (@i — )7,
1 10000 N 5
MSE - - _5)
1 10000 —
CP, (m) = 10000 Z I{ . — 1.965. Ill < a<a; + 1.965. Iill }7
1 10000 N — R _
CPs(m) = 75000 2 ! {ﬁi ~1.965.0/ 17 < B < f; +1.965.1/ 172 }

1=

10000
2 .1.965 o
CLa (M) = —15500" Z I
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and
10000

2. 1.965 =3
CLs (M) = 5000~ Z i

Where I{ .} denotes the indicator function.

We repeated these steps for m = 10,11,...,100,a = 1 and 8 = 1, so computing
above quantities. Figs. 4-7 show how the biases, the mean squared errors, the
coverage probabilities and the coverage lengths vary with respect to m. Figure 4
shows how the two biases vary with respect to m. The biases for each parameter
decrease to zero as m — oo. Figure 5 shows how the two mean-squared errors
vary with respect to m. The mean-squared errors for each parameter decrease to
zero as m — o0o. Figure 6 shows how the two coverage probabilities vary with
respect to m. The red line corresponds to the nominal coverage probability
of 0.95 . The coverage probabilities for &« and 3 appear to have reached the
nominal level at m = 100 Figure 7 shows how the two coverage lengths vary
with respect to m — oo. The coverage lengths for each parameter decrease
to zero as m — oo. The reported observations are for only one choice for
(a, B) namely that (a, 3) = (1,1). But the results were similar for other choices.

3

VA 1 f \’v‘\/\/\ /\\/\ /\,// \/ V\/\ N

Figure 4. Biases of the MLEs of («, 3) versus m = 10,11, ...,100.
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Figure 5. Mean-squared errors of the MLEs of («, 3) versus
m = 10,11,...,100.
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100

Figure 6. Coverage probabilities of the MLEs of («, 3) versus
m = 10,11,...,100.
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Figure 7. Coverage lengths of the MLEs of («, 8) versus m = 10, 11,...,100.
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7.4 Data analysis and applications

In this section, we illustrate the usefulness of the GWW distribution. We fit this
distribution to two data sets and compare the results with the Beta Weibull-
Geometric (BWG), Weibull-Geometric (WG) and Weibull (W) with respective
densities

b aa—1,—b(Bx)" —(Bz)*\e—1
fBWG(x):(l—p)aﬂx e (e B) x>0
B(a,b)(1 — pe—(B2)*)*T?

« « -2
fva (2) = (1 = plag®at e (1= pe ) 7, a0

fw () = BABZA=1e=C0) 50

For more details, see Bidram et al. [9]. To investigate the advantage of proposed
distribution and its sub-models, WE, TWE, GWE, Weibull (W) and Weighted
Weibull (WW) we consider two real data sets.

First data set (fatigue life data):

The first data set is given by Birnbaum and Saunders [10] on the fatigue life
of 6061-T6 aluminum coupons cut the direction of rolling and oscillated at 18
cycles per second. The data set consists of 102 observations with maximum
stress per cycle 26,000 psi. The data are given below:

233 258 268 276 290 310 312 315 318 321 321 329 335 336 338 338 342 342 342
344 349 350 350 351 351 352 352 356 358 358 360 362 363 366 367 370 370 372
372 374 375 376 379 379 380 382 389 389 395 396 400 400 400 403 404 406 408
408 410 412 414 416 416 416 420 422 423 426 428 432 432 433 433 437 438 439
439 443 445 445 452 456 456 460 464 466 468 470 470 473 474 476 476 486 488
489 490 491 503 517 540 560.

Before analyzing this data set, we use the scaled-TTT plot to verifiy our model
validity, see Aarset [1]. It allows to identify the shape of hazard function
graphically. We provide the empirical scaled-TTT plot of above data set. Fig.
8. Shows the scaled-TTT plot is concave. It indicates that the hazard function
is increasing; therefore it verifies our model validity.
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Figure 8. Scaled-TTT plot of the first data set.

Table 1 shows the MLEs of parameters, Kolmogorov—Smirnov (K-S) distance

between the empirical distribution and the fitted model, its corresponding P-

value, log-likelihood and Akaike information criterion (AIC) for the first data

set. We fit the GWW distribution to the data and compare it with the BWG,

WG and weibull densities. For more details see Bidram et al. [9]. We can see

for this data set the model GWW (a, 8, A, v) provides the best fit among above

models included in data analysis. The relative histogram fitted GWW (v, 8, A, v),
BWG, WG and Weibull (W) PDFs for fatigue life data are plotted in Fig 9

(a). Fig 9 (b) shows the empirical and fitted survival functions GWW («, 5, A, v)

for fatigue life data.

Table 1: The MLEs of parameters for fatigue life data

Model Estimation Log-likelihood AIC K-S P-value
GWW (4,5, ), 0)=(0.002,1.94,9.52,35.91x1075)  -565.96  1139.92 0.044 0.98
BWG (a,b, &, f,p)=(1.63,0.90,7.28,0.002,0.71)  -565.79  1141.6 0.051 0.93
WG (&, &, )=(9.66 ,0.002,0.846) -570.25 11465 0.140 0.033
W (8, \)=(7.0075 ,0.0023) -567.80  1139.6 0.118 0.103
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0.001

0.000
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Figure 9(b). Empirical and fitted survival functions for the first data set:
GWW(a, 8, A, v).
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Second data set (Strength data):

The data represent the strength measured in GPA, Badar and Priest [8], for
single carbon fibers and impregnated 1000-carbon fiber tows. Single fibers were
tested under tension at gauge lengths of 1, 10, 20 and 50 mm. Impregnated
tows of 1000 fibers were tested at gauge lengths of 20, 50, 150 and 300 mm. For
illustrative purposes, we are considering the single fibers data set of 10 mm in
gauge lengths with sample size 63. The data are presented below:

1.901 2.132 2.203 2.228 2.257 2.350 2.361 2.396 2.397 2.445 2.454 2.474 2.518
2.522 2.525 2.532 2.575 2.614 2.616 2.618 2.624 2.659 2.675 2.738 2.740 2.856
2.917 2.928 2.937 2.937 2.977 2.996 3.030 3.125 3.139 3.145 3.220 3.223 3.235
3.243 3.264 3.272 3.294 3.332 3.346 3.377 3.408 3.435 3.493 3.501 3.537 3.554
3.562 3.628 3.852 3.871 3.886 3.971 4.024 4.027 4.225 4.395 5.020.

TTT plot

= PPY YT
essssterese i
.. i
....ooov
Tl
et

TTT

04

02
1

00

T T T T T T
00 02 04 06 08 10

iln
N. failure = 63 N. censored = 0

Figure 10. Scaled-TTT plot of the second data set .

Fig. 10. Shows the scaled-TTT plot for second data set is concave.The results
of the MLEs of parameters and (K-S) distance are reported in Table 2. Analysis
of Table 2 shows that the model GWW (o, 8, A\, v) provides the best fit among
other models all those used here to fit data set. Fig 11(a) shows the relative
histogram and the fitted GWW (v, 8, A, v), BWG, WG and Weibull (W) PDFs
for Strength data. The empirical and fitted survival functions GWW (e, 8, A\, v)
for Strength data are plotted in Fig. 11(b).
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Table 2: The MLEs of parameters for Strength data set

Model

Estimation

Log-likelihood AIC K-S P-value

GWW
BWG (a,b, &, 5, p)
WG A

w

(&, B, A, 0)=(1.88,3.28,0.031,18.76)

27,0.65,21.29,0.123,0.047)
=(8.35 ,0.215,0.973)
)=(5.049 ,0.3016 )

(&, &

(8

)
)

=
)

p
3

-55.782
-55.7819
-57.499
-61.95

119.56 0.066 0.95
121.6  0.067 0.94
120.9 0.0833 0.7093
127.9 0 0.0876 0.7192

Density

OI.?

08

05

04

0|.3

0|.2

0.1

0.0

Figure 11(a). The fitted PDFs and the relative histogram for the Strength



116 0. KHARAZMI
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Figure 11(b). Empirical and fittrd survival functions for Strength data:
GWW (a, B, A, v).

8. Conclusions

In this paper, we have proposed a generalized weigthed weibull distribution de-
noted by GWW. The proposed distribution generalizes the WE, TWE, Weibull
(W) and GWE distributions and contains these distributions as its sub-models.
The GWW model is constructed in a way that is similar to the way in which
the GWE is constructed. It is investigated that the new model has increasing,
decreasing and upside-down bathtub shaped hazard. It is expected that this
generalization will be widely applicable in reliability theory, risk analysis and
other disciplines. Two applications of the GWW distribution to real data sets
are provided to illustrate that this distribution provides a better fit than its
sub-models and some other recent extentions of the weibull distribution.

Acknowledgements
I would like to thank the referee(s) for their helpful comments which improved
signicantly the earlier draft of the paper.



[1]

GENERALIZED WEIGHTED WEIBULL DISTRIBUTION 117
References

M. V. Aarset, How to identify a bathtub hazard rate? IEEE Trans. Reliab,
36 (1987), 106-108.

S. J. Almalki and S. Nadarajah, Modifications of the Weibull distribution:
Areview, Reliability Engineering and System Safety, 124 (2014), 32-55.

R. B. Arellano-Valle, M. D. Branco, and M. G. Genton, A unified view
on skewed distributions arising from selections, The Canadian Journal of
Statistics, 34 (2006), 581-601.

B. C. Arnold and R. J. Beaver, The skew Cauchy distribution, Statistics
and Probability Letters, 49 (2000), 285-290.

B. C. Arnold and R. J. Beaver, Skewed Multivariate Models Related to
Hidden Truncation and /or Selective Reporting (with discussion), Test II,
(2002), 7-54.

A. A. Azzalini, class of distributions which includes the normal ones, Scan-
dinavian Journal of Statistics, 12 (1985), 171-178.

N. Balakrishnan, Discussion of Skewed multivariate models related to hid-
den trun cation and/or selective reporting, Test 11, (2002), 37-39.

M. G. Badar and A. M. Priest, Statistical aspects of fiber and bundle
strength in hybrid composites, Progress in Science and Engineering Com-
posites, T. Hayashi, K. Kawata, and S. Umekawa, Tokyo, (1982), 1129-
1136.

H. Bidram, J. Behboodian, and M. Towhidi, The beta weibull-geometric
distribution, Journal of Statistical Computation and Simulation, 1 (2011),
1-16.

Z. W. Birnbaum and S. C. Saunders, Estimation for a family of life distri-
butions with applications to fatigue, J. Appl. Probab., 6 (1969), 328-347.

N. Eugene, C. Lee, and F. Famoye, Beta-normal distribution and its ap-
plications, Communication in Statistics-Theory methods, 31 (4) (2002),
497-512.

M. G. Genton, Skew-FElliptical Distributions and their Applications: A
Journey Beyond Normality, Chapman & Hall/CRS. New York, 2004.

R. E. Glaser, Bathtub and related failure rate characterizations, J. Amer.
Statist. Assoc., 75 (1980), 667-672.



118
[14]
[15]
16]
17]

[18]

[19]

O. KHARAZMI

R. D. Gupta and D. Kundu, A new class of weighted exponential distribu-
tions, Statistics, 43 (2009), 621-634.

A. W. Marshall and I. Olkin, Life Time Distributions, Springer: New
York, 2007.

S. Nadarajah, The skew logistic distribution, Advances in Statistical Anal-
ysis, 93 (2009), 197-203.

J. A. Nelder and R. Mead, A simplex algorithm for function minimization,
Computer Journal, 7 (1965), 308-313.

O. Kharazmi, A. Mahdaiv, and M. Fathizadeh, Generalized weighted ex-
ponential distribution, Communication in Statistics-Simulation and Com-
putation, 44 (2015), 1557-1569.

G. P. Patil and C. R. Rao, The weighted distributions: A survey and
their applications. In: Krishnaiah, P. R. (Ed.), Applications of statistics.
North-Holland Publ. Co., Amsterdam, (1977), 383-405.

G. P. Patil and C. R. Rao, Weighted distributions and size biased sampling
with applications to wild-life populations and human families, Biometrica,
34 (1978), 179-189.

R. Core and R. A. Team, Language and Environment for Statistical Com-
puting, R. Foundation for Statistical Computing. Vienna. Austria, 2011.

M. Shaked and J. G. Shanthikumar, Stochastic Orders, Springer Verlag,
New York, 2007.

M. K. Shakhatreh, A two-parameter of weighted exponential distributions,
Statistics and Probability Letters, 82 (2012), 252-261.

W. Weibull, A Statistical Theory of the Strength of Material, Ingeniors
Vetenskaps Akademiens, Stockholm, 151 (1939).

Omid Kharazmi

Department of Statistics

Faculty of Mathematical Sciences
Lecturer of Mathematics

Vali-e-Asr University of Rafsanjan
Rafsanjan, Iran

E-mail: Omid.kharazmi@yahoo.com



