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Abstract. Let A be a C*-algebra and o be a bounded linear *-
endomorphism on A. Introducing the notions of x-o-derivations and
two-parameter o-C™*-dynamical sytems, we correspond to each so-called
two-parameter o-C*-dynamical system a pair of o-derivations, named
as its infinitesimal generator. Using the computation formula for o-
derivations, we deal with the converse under mild conditions. Finally,
as an application, we characterize each so-called two parameter o-C™-
dynamical system on the concrete C*-algebra A := B(H) x B(H), where
‘H is a Hilbert space and o is the linear x-endomorphism o(S,T) =
(0,7).
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1. Introduction

Let A be a Banach space and o : A — A be a bounded linear operator. A
o-one parameter group of bounded linear operators on A is a group ho-
momorphism ¢ — ¢, from the additive group R of real numbers into the
set B(A) of all bounded linear operators on A satisfying ¢g = 0. The
o-one parameter group {y;}ier is called uniformly (resp. strongly) con-
tinuous if %1_1% | o+ — o ||= 0 (resp. %E)I(l) oi(a) = o(a), for each a € A).
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The infinitesimal generator § of the o-one parameter group {p;}icr is

iy #1@) — 0(a)
t

a mapping 0 : D(6) C A — A such that d(a) = li where

t—0

D@)={ac A: }g% M exists}.

If {¢¢}ier is a o-one parameter group with the generator ¢, then one
can easily see that

(i) 02 = o and for each t € R, 0y = @10 = .

(i) for each t € R, ¢y is o-bijective in the sense that ¢ (A) = o(A) and
ker(pi) = ker(o).

(7i1) for each a € D(0), 0d(a) = do(a) = d(a).
(iv) o(A) is a closed subspace of A.

This notion was introduced by Janfada in 2008. We refer the reader to
[7] for more details.

The classical C*-dynamical systems are expressed by means of uni-
formly continuous one parameter groups of x-automorphisms on C*-
algebras. On the other hand, the infinitesimal generator of C*-dynamical
systems are x-derivations which play essential role in the operator alge-
bras.

Due to the Gelgand-Naimark-Segal representation, each non-commmuta-
tive C*-algebra can be regarded as a C*-subalgebra of B(H), for some
Hilbert space H. If A is a self adjoint element in the C*-algebra B(H),
then by Stone’s theorem, ([14], Theorem 1.10.8) ¢A is the infinitesimal
generator of a uniformly continuous group {u;}¢cgr of unitaries in B(H),
such that u; = "4, and further D(T') = i[A, T}, as an inner *-derivation,
is the infinitesimal generator of the uniformly continuous group of in-
ner x-automorphisms {uzau; }rer. It is now a pleasant surprise that each
uniformly continuous group of *-automorphisms on B(H) is of this form,
i.e., it is implemented by a unitary group on H, ([4], Theorem. 1.3.16)

Recently, various generalized notions of derivations have been investi-

gated in the context of Banach algebras. For instance, it can be pointed

4

to “o-derivations” as follows.



TWO-PARAMETER o-C*-DYNAMICAL ... 65

Let A be a *-Banach algebra and o be a x-linear operator on A. It is
recalled that a x—linear map  from the x-subalgebra D(d) of A into
A is called a o-derivation if §(ab) = d(a)o(b) + o(a)d(b), for all a,b €
D(9). For instance, let o be a linear *-endomorphism and h be an arbi-
trary self-adjoint element of A. Then, the mapping Jj, : A — A defined
by 67 (a) = ilh,o(a)], where [h,o(a)] is the commutator ho(a)—o(a)h, is
a o-derivation which is called inner, (see [5, 9, 10, 11, 12] and references
therein).

In order to construct an extension of a C*-dynamical system associ-
ated to o-derivation, as its infinitesimal generator, note that each *-
endomorphism on a C*-algebra is norm decreasing. This specific prop-
erty, provides the possibility that o is regarded as a linear *-endomorphism
and the desired extension is based on a class of o-one parameter groups.
Let {¢t}ter be a uniformly continuous o-one parameter group of linear
x-endomorphisms on the C*-algebra A. An immediate consequence of
the o-bijective feature of {¢;}er is that by substituting o = I, we ob-
tain a classical C*-dynamical system. In 2013, the author demonstrated
the mentioned extension of C*-dynamical systems and called it a o-C*-
dynamics which had a o-derivation as its infinitesimal generator.

Assume that {¢;}ier is a 0-C*-dynamics on A with the infinitesimal
generator 0. Then, the one parameter family {i;};cr of bounded linear
operators on o(A) defined by ¢;(c(a)) = ¢¢(a) is a C*-dynamics and
the mapping 0 : o(D(8)) € o(A) — o(A) defined by 5(o(a)) = 6(a) is

its generator,(see [12]).

Let o be a #-linear endomorphism on the C*-algebra A. By a o-inner
endomorphism, we mean a linear endomorphism ¢ : A — A such that
p(a) = uo(a)u*, for every a € A and some unitary element u € A.
In order to construct a o-inner endomorphism, let ¢ be a self-adjoint
element of the C*-algebra A. Then, the mapping ¢ : A — A given by
¢(a) = e“o(a)e™ is a x-o-inner endomorphism.

In this paper, two parameter o-C*-dynamical systems are studied. In
particular, we correspond to each so-called two parameter o-C*-dynamical
systems a pair of o-derivations, named as its infinitesimal generator. Also,
using the computation formula for o-derivations, we deal with the con-
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verse under mild conditions. More precisely, suppose that ¢ is an idem-
potent linear *-endomorphism and d; is a bounded *-o-derivation on A
in which ;0 = 0é; = 6; (j = 1,2). We prove that if 6152 = 9261, then
(61,02) induces a two parameter o-C*-dynamical system on A. Finally,
as an application, we characterize each so-called two parameter o-C*-
dynamical system on the concrete C*-algebra A := B(H) x B(H), where
'H is a Hilbert space and o is the linear x-endomorphism o (S,7") = (0,7)
on A.

The reader is referred to [1, 3] and [13] for more details on Banach(resp.
C*-) algebras and to [2, 15] for more information on dynamical systems.

2. Main Results

Definition 2.1. Let A be a Banach space and o : A — A be a bounded
linear operator. By a o-two parameter group of bounded linear operators
on A, we mean a mapping ¢ : RxR — B(A) which fulfills poo = o and
Osts/ 1+t = PstPs v, for each s, s t, 1 € R.

As in o-one parameter case, the o-two parameter group {Qsi}ster is

called uniformly (resp. strongly) continuous if( )hH(lo 0 | ¢si—0c||=0
s,t)—(0,
R i R = , haeA).
(resp (s,t)f(lo,o)go t(a) =o(a), for each a )

To any o-two parameter group {(Ps,t}s,te]R; we associate two o-one pa-
rameter groups {us}ser and {vi}ier defined by us := @50 and vy == o ¢.
One can see that the o-two parameter group {@s+}ser is uniformly (rep.
strongly) continuous if and only if so are {us}ser and {vi}ier. The o-
one parameter group property implies that

UVt = Q50006 = Ps,t = PO+s,t+0 = P0,tPs,0 = VtUs-

The infinitesimal generators of {us}ser and {vi}er are denoted by &,
and 02, respectively. We denote the pair (01,02) as the infinitesimal
generator of {ps+}sier.

In the case that o = I, the uniformly (resp. strongly) continuous o-
two parameter group {ps}sicr s in fact a uniformly (resp. strongly)
continuous two parameter group in the usual sense. Some applied results
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about two parameter groups can be observed in [6].

Example 2.2. Let M be a closed subspace of Hilbert space H, M=+ be
the set

{reH:<z,m>=0 for every me M},

and let {ts+}ster be a continuous two parameter group on H. If ¢ is
the first projection operator on M, then forzx =y+z2¢€ M & M+ = H,
the two parameter family {¢s;}ser defined by ¢, ¢(x) = 9s(y) forms
a o-two parameter group on H with the same continuity of {1} s ter.

The following lemma provides the sufficient and necessary condition un-
der which the product of two o-one parameter groups be a o-two pa-
rameter group.

Lemma 2.3. Let {us}ser and {vi}ier be two uniformly continuous o-
one parameter groups of bounded linear operators on A with the genera-
tors 61 and 93, respectively. Then, the two parameter family {ps+}s1er
defined by @si = usvy forms a o-two parameter group if and only if

0102 = 6207.

Proof. Consider the associated uniformly continuous one parameter
group {iisbser (resp. {7 }ier) on o(A) defined by (o (a)) = u,(a)
(resp. v¢(o(a)) := vi(a)) with the generator §1 (resp. d2), fulfilling 6;(o(a))
= dj(a), j = 1,2. Assume that {¢s;}sicr is a two parameter fam-
ily on o(A) which is defined by ¢, = usv;. Applying the property (i)
for o-one parameter groups which stated in the first part of introduc-
tion, one can obtain that o(v¢(c(a)) = v¢(o(a)). This fact implies that
esi(a) = ¢si(o(a)).

If {@st}ster is a o-two parameter group, then {¢,:}sscr is a two pa-
rameter group on o(A) with the generator (31,d2). It follows from the
part (b) of Theorem 2.2 in [6] that 6102 = d501. But

and consequently d102(a) = d201(a), for each a € A.
Conversely, suppose that 0100 = d261. Therefore
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glgg(d(a)) = gl (52(@)) = 510'((52(0,)) = (51(52(&) = (5251(@) =
62(01(0(a))) = 620(31(0(a))) = 201 (0 (a)).

Using [6] (the part (b) of Theorem 2.2) once more, we conclude that
{¢s.t}s.ter is a two parameter group on o(.A) and consequently, {¢s ¢ }s ter
is a o-two parameter group. U

The following result gives us a version of the uniqueness ([14], Theorem
1.1.3) in the setting of o-two parameter groups.

Lemma 2.4. Let {ps+}ster and {ts+}ser be two uniformly continuous
o-two parameter groups of bounded linear operators on A with the same
generator (81,02). Then, psr = sy

Proof. Consider the associated uniformly continuous two parameter
group {@st}ser (resp. {isi}sier) on o(A) defined by ¢,.(0(a)) =
st(a) (resp. si(o(a)) == s¢(a)) with the generator (d1,d2) fulfilling
gj(a(a)) = 0j(a), j = 1,2. Since 8, is the generator for the uniformly
continuous one parameter groups {@s o }ser and {{/;570}8611@, hence, by the
uniqueness ([14], Theorem 1.1.3) it follows that @59 = {/;570. A similar
argument for gg implies the equality of ¢g; and 1’/;0715. Furthermore, since
st(o(a)) € 0(A) and o is idempotent, thus, o(@s(0(a))) = ¢s(o(a)),
for all s,¢ € R and therefore

pst(a) = @solpor(a)
@s,00(Po(o(a)))
Ys,00(o(o(a)))
Ys0(Po(o(a)))
Ys,0(Yo(o(a)))
= Ysoto(o(a))
TPS,t(U(a))

= Ygs(a). O

From now on, A is a C*-algebra and o is a *-linear endomorphism on A.

Definition 2.5. A two parameter o-C*-dynamical system, is a uni-
formly continuous o-two parameter group {@s+}ser of linear x-endomor-
phisms on the C*-algebra A.
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According the notations which mentioned in Definition 2.1, to any two
parameter o-C*-dynamical system {ps+}sier, we associate two o-C*-
dynamical systems {us}tser and {vi}ier defined by us = ps0 and vy ==
©o,t-

The infinitesimal generators of {us}scr and {vi}er are denoted by 6,
and 02, respectively. We denote the pair (81,02) as the infinitesimal gen-
erator of {pst}ster-

Theorem 2.6. Let {¢s}sier be a two parameter o-C*-dynamical sys-
tem on A with the generator (01,02). Then, §; is an everywhere defined
bounded x-o-derivation, 7 =1, 2.

Proof. First note that, since {us}ser and {v;}ter are uniformly con-
tinuous, so ¢; (j = 1,2) is an everywhere defined bounded operators
by Theorem 1.1.2 of [14]. Consider the o-one parameter groups {us}scr
and {v;}tcpr associated to {¢s}ser. Let a,b € A, we have

us(ab) — o(ab) us(a)us(b) — o(a)o(b)

lim ———~ = lim

s—0 S e S
= lli% (us(a) —Z(a))a(b) N lg% us(a)(us(j) — (b))
= 61(a)o(b) + a(a)dy(b).

Therefore, ab € D(01) and 1 (ab) = d1(a)o(b) + o(a)d1(b).
Furthermore,

pso(a”) —o(a”) = (pso(a) — o(a))”

and since the conjugation operation is norm continuous, so

. ug(a*) —o(a*) . ug(a)—o(a),, .
fig = =l ()" =du(a)"

Therefore a* € D(61) and d1(a*) = 61(a)* which shows that J; is a
x-o-derivation. A similar argument can be stated for do. O

We are going to establish some conditions making the converse of the
above theorem be held. More precisely, we like to investigate some
restrictions under which a pair of bounded *-o-derivations induces a two
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parameter o-C*-dynamical system. To show this, we need the following
useful lemma which can be found in [10].

Lemma 2.7. Suppose that o : A — A is an idempotent linear operator
and 6 is a o— derivation such that o = 0d = 6. Then,

5" (ab) = Z(Z)d"_k(a(a))ék(a(b)), (a,b e Aand n € N).
k=0

Theorem 2.8. Let o be an idempotent linear *-endomorphism and 6;
be a bounded x-o-derivation on A fulfilling 6j0 = 00; =6; (j =1,2). If
moreover, 6162 = 201, then (61,02) induces a two-parameter o-C*-
dynamical system on A.

Proof. For each s,t € R and a € A, define p,(a) = e*172(g(a)).
Since 0102 = 0201, it follows from Lemma ?? that {@s;}sicr is a o-
two parameter group. Also, similar the method as stated in the proof
of Theorem 1.2.1 of [14], it can be shown that the associated o-one
parameter groups {us}ser and {v;}ier are uniformly continuous with
the generators ¢; and dy, respectively. Hence, {¢s+}ster is uniformly
continuous. Finally, for each a,b € A, we have

us(ab) = €% (o(ab))

n=0 m=0

= wug(a).us(b).

That is us (and similarly v;) is an endomorphism. Therefore,
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pst(ab) = usve(ab)

Ug (vt a)v(b)
us(ve(a)).us(
= psi(a)psi(b

Which means {¢s}stcr is a two-parameter o-C*-dynamical system on
A with the generator (§1,d2). O

)
vr(b))
)-

The following theorem investigates the relationship between inner -
o-derivations and two parameter o-C*-dynamical systems of *-o-inner
endomorphisms.

Theorem 2.9. Let hy and ho be self-adjoint elements in the C*-algebra
A satisfying hiha = hohy. If o is a linear x-endomorphism such that
o(hj) = hj (j = 1,2), then the pair (67 ,07,) of inner x-o-derivations
induces the two parameter

o-C*-dynamical system @5 4(a) = e'SMTthe) g (q)e=shittha) of s« o inner
endomorphisms.

Proof. By using induction on the aforementioned assumption o(h;) =
hj, we obtain that o(h;") = h;" for each n € N and j =1,2.

Taking us ¢ := €' i(sh1+ths)

, it follows that for each s,t € R, u,; is a unitary
element of A. Also, hihg = hahi, so by Lemma 2.3 we obtain {us+}ser

is a uniformly continuous two parameter groups of unitaries in A.

Furthermore, the continuity feature of o implies that for each s',¢' € R,

O'(US/ t’a) — 0_<€i(s/h1+t/h2)a) — 6is’h10(€it/h2a) _ ei(s/h1+t/h2)0-(a) = Uy tIO'(G,)

and similarly, o(auy, ,/) = o(a)uy ..

Hence, ¢, is a *-o-inner endomorphism satisfying ¢ o = o and

Pst(ps (@) = usia(us/’ya(a)u:/’t,)u;t
Us,t-us’,t’o—(g(a)u:Qt’)u;t
Us+s',t+t'02(G)U:/,y-uz,t
Us+s',t+t'0(a>us+s',t+t'
Ps+ts! t+t/ (a).
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Moreover, {¢s}ster is uniformly continuous since

| #s.t(a) —ola) |l | usro(a)us, —ola) |

I (usro(a) = o(a)usug, |

< usgo(a) —o(a)usy ||
< usgo(a) —o(a) || + || o(a) — o(a)usy ||
< 2use—1Illoll|al

and consequently
s —o[IS2] use =Ll o]
Finally, applying the L’Hopital rule we have

eish U(a)e*“hl —o(a)

d1(a) = lin(1)
5— ' s ‘ ' 4
= lir%(ihlelShIO'(a)eil‘Shl _ iezshla(a)hlefzshl)

S—>

= i(hla(a) — a(a)hl).

Therefore, ¢; (and similarly d2) is an inner o-derivation. [

In this step, we apply the C*-algebra B(H) to construct the new C*-
algebra A := B(H) x B(H), where H is a Hilbert space. For this aim,
suppose that A; (j = 1,2) is a C*-algebra. It is easy to observe that,
A= A x As is also a C*-algebra by regarding the following algebraic
structure

(i

) (a,b) + (¢, d) = (a+c,b+d),
(i)  A(a,b) = (Aa, AD)
)

)

(a,b).(c,d) = (ac,bd), (a,b)* = (a*,b*)

(iii

(iv) Il (a,b) [l.a= max{|[ a [[a,; | b [l4.}-

Now, consider A; (j = 1,2) as the concrete C*-algebra B(H), and define
o: A — Aby o(S,T) := (0,T). Trivially, o is an idempotent norm
decreasing linear k-endomorphism on A. We are going to characterize
each so-called two parameter o-C*-dynamical system on 4. Before this,
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we need the following useful representation for bounded *-derivations on
B(H) which is demonstrated in Lemma 1.3 of [4].

Lemma 2.10. Let H be a Hilbert space and d be a bounded x-derivation
on B(H). Then, there exists a self-adjoint operators A in B(H) such
that d(T) = i(AT — TA), for all T € B(H),.

We are ready to state and prove the following main result.

Theorem 2.11. Let H be a Hilbert space. The following assertions are
equivalent.

(i) {©s.t}ster is a two parameter o-C*-dynamical system on A := B(H) x
B(H).

(zz) There exists a uniformly continuous two parameter group {Us,t}s,teR
of unitary elements in A satisfying o(us+) = us¢ and for each T € B(H),
@s(5,T) = us o (S, T)ug,

Proof. Suppose that {¢s;}sicr is a two parameter o-C*-dynamical
system on A with the generator (41, d2). Then, for each S,T € B(H),
there exists a pair (S’,7") € A such that §;(S,T) = (5',7), j = 1,2.
But, 0;(c(S,T)) = 6;(S,T) = o(6;(S,T)) and therefore, S’ = 0 and
9;(0,T) = 6;(S,T) = (0,T"). Define d; : B(H) — B(H) by d;(T) =
T'. Hence, for each S,T € B(H), 6;(S,T) = (0,d;(T)). Trivially, d;
(j = 1,2) is a *-linear mapping. Also, by Theorem 2.6, §; (j = 1,2) is
an everywhere defined bounded *-o-derivation. Then, for each 17,75 €
B(H) we have

(0,d;(T1Ts)) = 9;(0, 1 T3)
;((0,71).(0, %))

0
0
6j(0,11).0(0,12) + 0(0,11).6;(0, T%)
= (0,d
= (0,d

;(T1))-(0,T2) + (0,T1).(0, dj(T2))
(Tl) Ty + T7. d; (Tz))

which means that d; (j = 1,2) is an everywhere defined bounded *-
derivation. It follows from Lemma 2.10 that, there exist self-adjoint op-
erators A; and Ay in B(H) such that for each T' € B(H), d;(T) =
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i(A;T —TAj),j=1,2.
Therefore, for each S,T € B(H),

6;(S,T) = (0,1(A;T — TAy))
(0 )( T) - (0,T)(0,i4;)
- o(S,T) — o (5, T)(O,Aj))
= [( ) o(S,T)).

That is d; (j = 1,2) is the inner *-o-derivation 62’0 A, Further, 0(0, 4;) =
(O,Aj), j=172.

It remains to show that A1 Ay = Ay A;. For this aim, since §; and do are
the infinitesimal generators of {ys0}ser and {yo+}ier, respectively, so
by Lemma 2.3 we have d162 = d261. This means that for each S,T €
B;I(H) we have 67 Al)(‘;&),AQ)(S’ T)) = 5%, Az)(‘% Al)(S’ T')) which follows
that

— A1 AT+ATAy+ASTAI—TA Ay = —Ag A1 T+HAT A +ATA—T A As.

SO7 (A1A2 - A2A1)T = T(A1A2 — AQAl), for all T S B(H) But the
center of B(H) is CI, hence, there exists an element A € C for which
A1As — AsA; = Al. Since By is self-adjoint and Al is in the center of
B(H), by Exercise 4.6.34 of [8], AI = 0. Thus, A = 0 and consequently
A1 Ay = A A Whence, (0, A1).(0, A2) = (0, A2).(0, A1). Applying The-
orem 2.9, we conclude that (52’0 A1) 90,45 )) induces the two parameter

o-C*-dynamical system (S, T) = e/ OsAittd2)q(G T)e 1 0sA1+tA2)

0,s41+t42) - Applying the

of *-o-inner endomorphisms. Take wug; := el
same method as mentioned in the proof of Theorem 77?7, we observe
that o(ust) = usy. Also, since A; (j = 1,2) is a self-adjoint element
in B(H), so (0,4;) is a self-adjoint element in A. By Stone’s Theo-
rem ([14], Theorem 1.10.8) {uso}ser and {ug}icr are one parame-
ter group of unitary elements in A4 with the infinitesimal generators
i(0, A1) and (0, A2), respectively. Moreover, following the method as
stated in the proof of Theorem 1.2.1 of [14], it can be shown that

{ts,0}ser and {ug}rer are uniformly continuous one parameter groups
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and the fact that (0,A;).(0,A2) = (0, A2).(0, A;) implies by Lemma
2.3 that {us+}ster is a uniformly continuous two parameter group and
¢s.t(S,T) = us 10 (S, T)us, which completes the proof.

Conversely, let {us:}stcr be a uniformly continuous two parameter
group of unitary elements in A and (S, T) = us o (S, T)u ;. There-
fore {uso}ser and {ug:}tecr are uniformly continuous one parameter
groups of unitaries in A. Applying Stone’s theorem once more, we ob-
tain that there are self-adjoint elements A;, As, B and Bs in B(H)

such that us o = e?s(B1:41) it(Ba,
et8(B1,A1)+it(B2,Az)

, and ugs = e Az), Consequently, us; =
and

©0st(S,T) = es(BrAN+it(B2,42) (G T)e—is(Br,AN)—it(B2,42)  Rinally, using
the method as stated in the proof of Theorem 2.9, one can conclude that

{@s.t}ster is a two parameter o-C*-dynamical system on A. [
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